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PREFACE 


* 


The contents of this book have been selected largely from material 
developed for courses in the analysis of statically indeterminate struc¬ 
tures for senior and graduate students at the University of Michigan. 
The methods of analysis that are explained and illustrated are based 
on fundamental principles of structural mechanics that are applicable 
to the design of most frame structures. In the application of the funda¬ 
mental principles, particular emphasis is accorded to numerical solu¬ 
tions by various methods of successive approximations, such as moment 
distribution, iteration, trigonometric series, and the panel method. 
The analysis of indeterminate structures by means of successive ap¬ 
proximations instead of by the more laborious methods that require 
the solution of many simultaneous equations is undoubtedly the most 
notable advancement in structural design in the past two decades. 

Although the numerical work may be performed by methods of suc¬ 
cessive approximations, the student must be able to express the rela¬ 
tionship of the various physical factors in both geometric and algebraic 
form. In other words he must thoroughly understand the various 
methods for calculating displacements in all types of structures and be 
proficient in their use. This work will naturally precede the study 
of deformation equations, in which the redundant forces are expressed 
in terms of displacements. Once the student is familiar with the de¬ 
formation equations, the principle of superposition, and the general 
reciprocal theorem, he should have no great difficulty in developing a 
facility in their application which will enable him to solve most struc¬ 
tural problems. 

I realize that practically all the fundamental principles that have 
been employed in this book were developed years ago by engineers to 
whom the engineering profession is greatly indebted. Among those 
who should be mentioned particularly are Maxwell, Mohr, Miiller- 
Breslau, Ostenfeld, Castigliano, and Williot. In addition to these 
earlier engineers, I also wish to acknowledge the influence of more 
recent work that has been contributed by Maney, Cross, Timoshenko, 
Southwell, and many others. The publications of these men have been 
listed in the references at the end of the various chapters, where they 
can easily be found. It is hoped that the student will use them. 
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In the arrangement of the subject matter and in checking the numeri¬ 
cal solutions, much valuable criticism and assistance have been given 
by former students, particularly C. W. Pan, G. Hoenke, and P. C. Hu. 
I wish to express my appreciation to the Portland Cement Association 
for permission to use the diagrams on pages 321 to 326, to Mr. D. S. 
Ling for the diagrams on pages 327 to 331, and to many friends and 
associates for their help and advice. 

L. C. Maugh 

Ann Arbor, Michigan 
February , 1946 
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CHAPTER I 


CLASSIFICATION AND DESCRIPTION OF STATICALLY INDE¬ 
TERMINATE STRUCTURES 

1. Equilibrium Conditions. The classification of structures as stat¬ 
ically determinate or indeterminate is usually expressed in mathe¬ 
matical form, although the physical character of the structural framing 
is the real factor. By structural framing is meant the arrangement and 
composition of the structural members, the number and characteristics 
of the supports, and the structural details of the connections. It is 
assumed that the reader is familiar with the physical laws that force 
systems must satisfy to maintain a structure in a state of static equi¬ 
librium; that is, that coplanar force systems must have no unbalanced 
components in two arbitrary directions, and no resultant moment 
about any point. These requirements are commonly expressed in the 
convenient algebraic form: 

2F* = 0 = 0 2 M xy = 0 (1) 

For space frames subjected to a three-dimensional force system, an¬ 
other direction of translation and two additional planes of rotation are 
possible, and consequently the equilibrium of such structures requires 
that both equations 1 and 2 be satisfied. 

2F* = 0 ZM* 2 = 0 2 M yt = 0 (2) 

As the external forces applied to the structure are determined first, 
they will ordinarily constitute the constants of equations 1 and 2, 
whereas the reactive forces are the unknowns or variables. When the 
number of unknown forces are just sufficient to satisfy equations 1 and 
2, that is, not more than three for coplanar force systems and not more 
than six for space frames, the structure is statically determinate. 
However, only two of the three coplanar forces can be parallel or inter¬ 
sect at a point, and, for space frames, the directions of the reactions 
must be such that they cannot all be intersected by one straight line, 
otherwise there is not full restraint. When the number of unknown 
forces is more than is necessary to satisfy the conditions expressed 
by equations 1 and 2, the structure is described as statically inde¬ 
terminate or hyperstatic. The surplus or excess forces are termed 
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STATICALLY INDETERMINATE STRUCTURES 


redundant forces, which, although unnecessary for equilibrium, may be 
desirable for other reasons. 

2. Discussion of Redundant Forces. The mathematical require¬ 
ments stated above form a criterion to be used to establish the degree of 
indetermination after the number and nature of the external and 
internal forces have been determined. A careful study of the physical 
action of each support and connection is essential for a correct deter¬ 
mination of the redundant forces that must be considered in the design. 

To decide upon the nature of the reactive forces accurate informa¬ 
tion must be obtained as to the restraint to the motion of the structure 
that is given by each connection. This restraint can, in general, be 
classified as resistance to translation, to rotation, or to both. If the 
amount of this restraint is small, the reactive force produced will also 
be small and can frequently be neglected. The decision made at this 
point may actually decide whether the structure is to be considered 
statically determinate or indeterminate. 

A common example in structural framing is the beam shown in 
Fig. la, which has total restraint of horizontal and vertical motion at 



point A and of vertical motion at point B. Therefore, as there are only 
three reactive forces, the beam is statically determinate. If, in addition 
to these constraints at A and B , points C and D are fastened to rigid 
supports by the rigid bars shown in Fig. 16, there will be five reactive 
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forces and, consequently, there will be two redundant forces. The 
question may well arise as to which two reactive forces should be classi¬ 
fied as redundant. In general, the selection is made on the basis of con¬ 
venience in the mathematical solution. 

Another way of representing the forces in Fig. 16 is given in Fig. lc. 
In this form only the axis of the beam is drawn and the reactive forces 
are replaced by a horizontal force a vertical force V e and moment 
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M e at the left end, and a horizontal force Hi, a vertical force V/, and 
moment M/ at the right end, where 

H’ = H a - H c Me = ~(H a + H c ) jj Mf - +hA 

A positive sign indicates clockwise moment and a negative sign counter¬ 
clockwise, just as vertical reactions are positive when upward and nega¬ 
tive when downward. The end couples or moments should not be re¬ 
garded as bending moments when the entire member is considered for 
the same reason that the vertical reactions are not defined as shearing 
forces until the internal forces are being calculated. The force system 
shown in Fig. lc constitutes the idealized way of showing the forces in 



Fig. lc. 


Fig. 16. The question will undoubtedly arise in the reader’s mind: 
can such a substitution be made and still sufficient accuracy be ob¬ 
tained? The answer to this question will depend upon the importance 
of the localized stresses and strains in the vicinity of the concentrated 
reactive forces as compared to the strain in the entire beam. Certainly 
the stresses and strains in the material at the ends of the beam for the 
actual reactions of Fig. 16 will be greatly different from those calcu¬ 
lated for the idealized force system of Fig. lc. On the other hand, when 
the internal stresses that exist at a distance from the ends of the beam 
of more than twice its depth are compared for the actual and idealized 
conditions, the difference is much less. The magnitude of the error 
will accordingly depend upon the ratio of the span length to the depth 
of the beam and upon the portion of the beam over which the strains 
are computed. If the total strain energy or deformation in a long and 
flexible span is considered the error is relatively small, but if the beam 
is short and deep the error may be considerable. The idealized force 
system is often substituted and used in practical problems without 
question, but sometimes an investigation of the probable error is neces¬ 
sary, particularly for the stresses near the reactions. 

When the entire depth of the beam is fastened to a supporting struc¬ 
ture as in Fig. Id, the reactions are distributed over most of the depth 
of the beam. For this condition the substitution of the idealized force 
system of Fig. lc is more accurate than the substitution for the forces 
in Fig. 16. The reason is, of course, that the internal stresses due to 


t - 
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moments and axial forces are calculated on the assumption of a linear 
distribution over the cross section, and therefore the more nearly the 
forces are applied in this manner the more accurate are the calculations. 



Fig. Id . 


When two points on a cross section are restrained against translation, 
as A and C^Jfig. 16, it is usually assumed that the cross section has no 
rotation. This condition is defined as a fixed end, and the moment M e 
for such an end restraint is defined as a fixed-end moment (written 
Mp e )» At the end BD, as only one point has horizontal restraint, the 
end section undergoes some rotation and consequently the moment M / 
is a restraining moment but not a fixed-end moment. 

3. Internal Redundancy. Structures that are statically deter¬ 
minate with respect to external forces may still be indeterminate with 
respect to internal forces. An excellent example is the articulated truss 
in Fig. 2a, which, although determinate externally, has more members 
than are necessary for internal equilibrium. On any section such as 
a-a, Fig. 26, there are four unknown stresses and therefore, for this 
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Fig. 2. Statically indeterminate truss. 

particular truss, one redundant force. By taking a similar section 
through each panel it is evident that there is a total of four internal 
redundant forces in the truss. 

Another way in which the number of redundant members in an 
articulated truss can be determined is by means of the general equi¬ 
librium requirement that the total number of bars plus the necessary 
reactions must be equal to twice the number of joints. This rule can 
be expressed by the equation 

n = 2j - 3 (3) 

in which n = number of members required for stability. 
j = number of joints. 


STRAIN CONDITIONS 5 

The n members must be properly distributed so as to obtain a stable 
structure. 

In space frames each joint requires three bars to main tain equi¬ 
librium unless all the forces acting on the joint lie in one plane, in which 
event only two bars are needed. Therefore, the number of bars plus 
the number of components of the reactions must be equal to three times 
the number of joints at which the forces are non-coplanar plus two 
times the number of joints at which the forces are coplanar or, for the 
general case, 

n = 3ji + 2/2 — r (4) 

where n = number of members for internal stability. 
ji = joints with non-coplanar forces. 

32 — joints with coplanar forces. 
r = number of components at the supports. 

It is possible, of course, to use less than six reactive forces for special 
types of loading, but most structures should be designed for the gen¬ 
eral case. 

Structures in which the members are subjected to shear and bend¬ 
ing moments as well as axial stress cannot, of course, be investigated 
by equations 3 and 4. Such structures are often many times more 
redundant internally than externally. The building frame in Fig. 3 is 



Fig. 3. Statically indeterminate frame. 


of this type as it has nine redundant external forces besides nine redun¬ 
dant internal forces in each story above the first. This gives a total of 
27 redundant forces for the structure as a whole. In this structure, as 
in many others, no distinction need be made between internal and 
external forces as the classification is mainly a matter of location. 

4. Strain Conditions. The beam in Fig. 16 is assumed to be held by 
rigid bars at points A and C which prevent any horizontal displacement 
of those points. As we shall see in later chapters, it is possible to deter- 
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mine a force system such that the structure not only is in equilibrium 
but also will have no horizontal displacements at A and C —in other 
words, a force system that will satisfy both equilibrium and strain 
conditions. The presence of Hd makes the problem more complex 
because of the severe localized strain near D. 

In many practical problems, however, the beam will be restrained by 
connecting pieces that undergo some change in length. For such con¬ 
ditions the movement of C and D will not be as much as in Fig. la or 
zero as in Fig. 16, but instead will depend upon the deformation in both 
beam and connecting bar. The strain in the connections may be an 
important part of the problem. 

As stated^reviously, the rotation of the cross section can sometimes 
be used to identify the motion. In Fig. 16, the cross section AC, when 
restrained at A and C , has no rotation or is fixed, while at the end BD 
the section rotates through some angle. Now, referring to the idealized 
force system of Fig. 1 c, it is possible to identify the position of any 
point by the linear displacement of the axis of the member and the 
rotation of the cross section. This use of translation of the axis of the 
member and rotation of the cross section to determine the actual move¬ 
ment at any point in the member will be sufficiently accurate unless 
localized effects and shearing deformation are important. It is also 
important to note that the rotation of the cross section is the same as 
the rotation of the tangent to the elastic curve if only the curvature 
due to bending moments is considered, but there is some difference 
when the shearing detrusion is included. 

5. Summary. The fact that the analysis of statically indeterminate 
structures must be based upon a study of the displacements which the 
various members can undergo, both separately and as a unit, has been 
emphasized in the preceding articles. At this time warning should be 
given that the assumption of a certain strain condition presumes experi¬ 
mental evidence to justify it. The designer must study carefully the 
configuration of actual structures and models to secure accurate data 
as a basis for his calculations. A study of the results of actual measure¬ 
ments as recorded in technical literature is important in estimating the 
probable accuracy of analytical solutions. Results that are obtained 
from mathematical solutions that depend upon unverified assumptions 
must always be regarded critically. Therein lies an important differ¬ 
ence between the equations that are established from equilibrium con¬ 
ditions and those that are obtained from assumed strain conditions, as 
the former are unquestionable. 

For this reason the methods and procedures explained in subsequent 
chapters for the analysis of various types of statically indeterminate 
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frame structures give assurance of mathematical accuracy only. The 
material has been arranged, however, so that the astute observer can 
incorporate his ideas of the physical action of the structure into the 
mathematical solution. The design of indeterminate structures requires 
acumen and sound engineering judgment even more than mathematical 
ability, but, when carefully conceived, such a structure will often fulfill 
its function better than a statically determinate one. 


PROBLEMS 

1 . Determine the number of redundant forces, both external and internal, 
for the structures shown. 




2 . Discuss the degree of redundancy of the transverse bent for the vertical 
loads P only if the columns are flexible as compared to the truss; also, if the 
columns are fairly stiff. Do the same for the horizontal loads H . 



Problem 2. 
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CHAPTER II 


FUNDAMENTAL PRINCIPLES OF STRUCTURAL MECHANICS 

6. Hooke’s Law: Principle of Superposition. The derivation of 
most fundamental formulas in mechanics of materials begins with a 
statement that the unit strain is assumed to be proportional to the unit 
stress, or displacements proportional to the load. This linear relation¬ 
ship obviously requires an elastic material, and the deformation of such 
material produces elastic displacements. As this assumption, although 
seldom exact, is the starting point for the mathematical solution of 
many problems, it seems desirable to repeat the fact that this stress- 
strain relation, known as Hooke’s law, plays an important role in all 
subsequent analyses. A study of the stress-strain diagrams for various 
materials under different loading conditions (that are given in many 
textbooks on strength of materials) will indicate the accuracy of this 
assumption. 

The principle of superposition is useful in structural analysis as it 
frequently provides simplification of the mathematical work. Pri¬ 
marily this principle states that the stresses and deformations due to 
any number of forces can be obtained by adding the effects of separate 
equilibrated force systems and that these forces can be considered in 
any order. The correct use of this principle requires that two condi¬ 
tions be satisfied: first, that the deformations due to the various loads 
be computed with the same physical constants, or that Hooke’s law 
holds; and second, that the deformations due to one force system do not 
affect the deformations caused by another. If either of these conditions 
is violated, the order in which the loads are considered will affect the 
final result. 

An important problem in which the principle of superposition cannot 
be directly applied is found in the solution of flexible members that are 
subjected to both transverse and axial loads. Here, the stresses caused 
by the axial load are modified by the curvature of the member which 
must be considered in the calculations. This action means that the dis¬ 
placements caused by one force system will affect those of another. 
Similarly, as the deflection of a cable of a suspension bridge affects the 
magnitude of the internal forces, the values of stresses and deformations 
that are obtained by considering the external forces separately are 
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therefore not exact. In the following derivations, the principle of 
superposition is assumed to apply unless stated otherwise. 

7. The Reciprocal Theorem. When Hooke’s law and the principle 
of superposition are applicable, another important theorem, the Max- 
well-Mohr reciprocal theorem, is readily deduced. This theorem, which 
was stated briefly by Clerk Maxwell in 1864 and developed in more 
detail by Otto Mohr in 1874, can be stated as follows: 

If a structure is acted upon by two equilibrated force systems 
P it ^ 2 ) P3 • • • and F u P 2 , F 3 • • • in which the forces P produce dis¬ 
placements A in the direction of the F forces, and the F forces cause 
displacements y in the direction of the P forces, then the P forces 
times the corresponding displacements y will be equal to the F forces 
times'^ie corresponding displacements A. In algebraic terms, this 
theorem is expressed by the equation: 

Pm + Pm + P3IJ3 + • • • = FjAj + p 2 a 2 + F3A3 + • •. (5) 

_ That the above reciprocal relation follows from the assumptions pre¬ 
viously made can be proved by means of another fundamental principle, 
the law of conservation of energy. Let us consider two force systems 
that are applied to the beam in Fig. 4, the first system consisting of the 
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Fig. 4. 


load Pi, together with the necessary reactions at a and b, and the second 
system consisting of the load P 2 and reactions. The load J\ produces 
displacements Ai and A 2 ; the load P 2 produces displacements A" and 
A 2 . It will now be proved that 


Pi A” = P 2 A 2 


and that the total external work W is equal to 

+ Ai) + ^P 2 (A 2 + A 2 ) 

or 

W = JP 1 A 1 + ip 2 A 2 

Apply load Pi with displacements and A 2 ; then the work done 
equals 

JPiA'i 
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Now add P 2 with displacements A" and A 2 ; the total work equals 
\Pi&i + Pi^i + ^P 2 A 2 

If the load Pi is now removed, the total work done should be the same, 
for an elastic material, as though only load P 2 had been placed on the 
beam, or 

hPi*'i + Pi^'i + $P 2 A 2 - JPiA'j - P 2 A 2 = §P 2 A 2 
from which 

Pi a! = P 2 A' 2 

If the loads P 1 and P 2 are applied simultaneously, the total work done 
will be identical with that obtained by first applying Pi and then P 2 , or 

W = \P, a; + P 1 A 1 + §P 2 a' 2 
but 

Pi A'; = hPi Ai + Wi = |PiA'; + ip 2 A' 2 

since 

Pi Ai = P 2 A 2 

hence, 

TF = iPx(A; + Aj) + !-P 2 (A' 2 + A") = iPiAx + |P 2 A 2 (6) 

The same relations can now be extended, by a similar procedure, to 
force systems consisting of several forces. For example, the force 
system Pj, P 2 in Fig. 5 produces the displacements Ai, A 2 , A m , 0 tt while 

Fig. 0. 

the second system F, M a , causes the displacements y u y 2 , y m , <f> a . The 
work done during the application of Pj and P 2 has just been shown to be 

Wi = ^PjAx + \P 2 A 2 

When the second system F, M a , is applied, the work done is 

W 2 = PlVl + P 2 2/2 + + ^M a <t>a 

If the first system is removed and the material is assumed to be per¬ 
fectly elastic, the work performed is 

— —M a 0 a F A m ^Px.Aj — \P 2^2 
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Now, by the principle of superposition, the energy remaining in the 
beam after the removal of P ly P 2 , should be the same as though only 
F, M a had been applied, and, therefore, 

Wi + W 2 + W 3 = \Fy m + %M a <t>a 

Substituting the values of W\ y W 2y in the above expression gives 

P iVi + P 2 IJ 2 = FA m + M a d a 

which is the same relation as expressed by equation 5. 

The reciprocal theorem is an important tool in the mechanical analy¬ 
sis of comjjJjpated structures by means of small-scale models. The 
following application to the solution of a continuous beam will illustrate 
its use. 

Example 1 . An influence diagram for the reaction R a (value of R a 
for any value of x) of the continuous beam A BCD (Fig. 6a) will be 
obtained by means of a small-scale model. 

Solution. Construct a small-scale model as shown in Fig. 66 in which 
the span lengths and moments of inertia are proportional to the values 
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in the actual beam. The model should be mounted on ball bearings and 
supported as shown. If a transverse force F x is applied, the axis of the 
model will take some curve as indicated by the dotted line. The actual 
values of these displacements can be measured with a microscope or 
micrometer screw. Now let us regard the unit load P and the accom¬ 
panying reactions (Fig. 6a) as one force system and the loads F x , F 2y F s 



Fig. 66. 


that are actually applied to the model (Fig. 66) as a second force 
system. Then, by the reciprocal theorem, equation 5, we obtain 



THE RECIPROCAL THEOREM 


13 


-(1 lb) (2/s) + R a y a + #6(0) + R e { 0) + R d ( 0) + M d { 0) 

= F i(0) + F 2 (0) + F 3 (0) + # 4 (0) + M'( 0) 
or 

R a = 1 lb — (7) 

Va 

The ordinates to the influence diagram for R a can therefore be ob¬ 
tained by measuring the displacements y to the elastic curve produced 
by the F forces. In general, any influence diagram for a redundant 
external or internal force can be obtained from some elastic curve, but 
not every elastic curve is an influence diagram. The best test is to 
apply the reciprocal theorem. The fact that no forces need be measured 
makes the above procedure a valuable tool for the analysis of extremely 
complicated structures by means of small-scale flexible models. 

PROBLEMS 

3. (a) Explain fully how influence diagrams for II a , V a , M a for the frame 
abcdef can be obtained by means of a model. Can the values obtained from the 
model be applied directly to the prototype? 



(6) How would you obtain an influence diagram for the bending moment at 
section 1-1 by means of a model? If section 1-1 is at mid-span, sketch the 
shape of the influence diagram that you think you would obtain. 

4. By means of the reciprocal theorem, show that the angular rotation (3 at b 
for a unit moment at a is the same as the rotation a; at a for a unit moment at 6. 
Is this statement still valid when the cross section of the beam varies? 


J/ia-Unify 


4 




Mu * Unify 

= 4 ) 


Problem 4. 
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5. If the value of y (Fig. a) is given by the equation 

p x 2 

V “ dEI ^ L “ ^ 

show by the reciprocal theorem that the reaction Rb (Fig. b) is expressed by 
the equation 

Wx 2 

Rb = oTT ( 3L “ x ) 




(b) 

Problem 5. 


6. If the value of y (Fig. a) is given by the equation 

Mx 2 / a:\ 


__ Mx 2 / £\ 


show by the reciprocal theorem that the fixed-end moment (Fig. b) is 
expressed by the equation 


M F b a = 






Problem 6. 


8. Internal Deformation and Strain Energy. A structural member 
that must resist the action of applied loads is subjected on any normal 
section to a resultant force system that can be resolved into a bending 
moment M , a transverse or shearing force V, an axial or normal force N, 
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and a twisting moment or torque T. As formulas for the unit stresses 
and strains due to these internal forces are treated in any standard 
textbook on the strength of materials, they will not be repeated here. 
However, for future use it will be convenient to have a summary of 
the strain energy that such force systems cause in the material. 

In a straight prismatic member that is subjected to flexure (Fig. 7a), 
each section tends to rotate about a principal axis of inertia when the 
bending moment M is applied in a plane that contains a principal axis. 



Fig. 7a and b. Rotation due to bending moments and translation due to shear in 

an element of a beam. 


The magnitude of the relative rotation of two normal sections, a dis- 

Q 

tance dx apart, is dd = —— , and the strain energy dU stored in the 

HI 


material will be equal to 



M 2 dx 

2 m 


(8o) 


The strain energy caused by the shear V is somewhat complicated by 
the variable distribution of shearing stress over the cross section. If 
the shearing stress s a were uniformly distributed, the relative trans¬ 
verse displacement dy (Fig. 76) would equal 


and the work done is 


dy = — dx — —— dx 
G GA 



V 2 
2 GA 


dx 


However, as the shearing stress usually varies over the section, the 
correct expression for strain energy is 


dU = k 


V 2 dx 
2 GA 


( 86 ) 


in which G is the modulus of rigidity; A, the cross-sectional area; and 
k, a constant that takes into account the variation of the uni t, shearing 
stress. The value of k is difficult to evaluate except for rectangular 
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cross sections, for which it equals 1.2. When the shearing stress is not 
uniform, the angle of detrusion d<j> will vary across the section. For an 
I-section, A should be taken equal to the web area only and k equal to 
unity. 

An axial force N (Fig. 7c) will produce an extension or contraction 
N 

of the member equal to per unit of length, and a total deformation 
for the entire member of 

Nl 

A =- 

AE 

if the value of N is constant. The elastic strain energy will then equal 

NH 

2AE (8c) 

If N is not constant throughout, the strain energy can be obtained by 
summation or integration. 


U = bN A = 


N 


— 

N 




^ a m 

a AE 

l 





Fig. 7 c . Change in length due to axial stress. 

A torque T produces a rotation or twist about a polar axis through 
the centroid of the section. As this twist causes a warping of the sec¬ 
tion except for circular cross sections, the value of this rotation, d<f >, is 
not easy to obtain mathematically for non-circular members. For a 
circular section 

T dx 

d4> = - 

GJ 

where J is the polar moment of inertia, and the strain energy is 

, rr T d<t> T 2 dx 

w " T " 1ST <“> 

For rectangular sections, the value of J is not the polar moment of 
inertia, but equation 8 d can be used if J is taken equal to 

J - ^ 

~ 3.58(6 2 + d 2 ) 

The total strain energy V in any structural member is obtained by 
combining the energy due to the various components, and the total 
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internal energy in a structure is obtained by the summation of the 
strain energy in all members. 

9. Deflection of Beams by Equating External and Internal Work. 

The work done by external forces acting through elastic displacements 
and the internal work performed by the internal stresses acting through 
the deformation of the fibers, which may be considered strain energy 
stored in the material, are quantities that are frequently used in the 
solution of structural problems. As the nature and magnitude of this 
strain energy for elastic conditions have already been discussed, we 
are now ready to develop some of the methods] by which it can be 
applied. 

The law of the conservation of energy has been mentioned as an 
important principle in engineering science, and, in calculating some dis¬ 
placements, a numerical solution can be made by equating the actual 
external work to the corresponding internal strain energy. In general, 
however, if the external work due to two forces such as P\ and Pa, 
Fig. 4, is set equal to the corresponding internal energy caused by the 
bending moments only, the equation 

/ b M 2 dx 

— = U (9) 

is obtained. The right side of this equation can be evaluated, but, as 
there are two unknowns A x and A 2 on the left side, no solution is 
possible. If only one displacement is involved, a numerical solution 
can be made. This desirable condition can always be produced by the 
simple expedient of placing an auxiliary (frequently called a virtual) 
force system on the structure before the actual forces are applied. 
Then, when the actual forces are applied, the external work done by 
the auxiliary force acting through the actual displacement is equated 
to the corresponding internal energy due to the internal auxiliary 
forces times the actual internal displacements. The auxiliary force 
system must necessarily consist of a force that is applied at the point 
and in the direction of the displacement that is desired, together with 
the reactions that are necessary to form an equilibrated force system. 

For example, if the deflection at the center of the beam in Fig. 8a is 
desired, the auxiliary force system that is shown in Fig. 86 would be 
applied first and would therefore act through the displacements caused 
by the actual loads. By the law of the conservation of energy, the ex¬ 
ternal work that is done by the auxiliary load P' acting through the 
real displacement A must equal the internal work done by the auxiliary 
moments M f acting through the real rotations dd caused by M. By 
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taking advantage of symmetry, this relation is expressed by the 
equation 

r l 2 r li 2 m dx 

P 'A = 2 / M' dO = 2 / M'—— (10 a) 

Jo Jo El 

If P f is assumed equal to unity and M f equal to m, the moment 
!! when P' is equal to unity, the above 

theorem takes the form 


■#'3 


\Eb Constant 




1 lb-A 


-/ 


Mm dx 
El 


p‘ 

£ i] 

i 

2 ?! 


1 *■ 

--- — 




It is important to note that equation 
106 involves the external and internal 
work done by assumed forces acting 
through real displacements. 

If the values of M f and M , in terms 
of x y Figs. 8a and 6, are substituted in 
equation 10a, the force P 9 can be can¬ 
celed out and the value of A becomes 


yt 

SZ Jo 


(x)(wlx — wx 2 ) dx 


5 wft 

J: _ l _Equation 106, for P f equal to unity, 

^ gives the same result. 

(c) If the rotation d a of the end tangent 
7 x ^ at A is desired, the auxiliary force 

T system shown in Fig. 8c would be 

Yiq. 8. used. The external and internal work 

resulting from these assumed forces 
acting through the real displacements is found from the expression: 


MX = f M' x dd = f M' x 
Jo Jo 

, M' a f l (l — x\(wlx wx 2 

Mx - ei i \rrKa 


from which 
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Although the above method for calculating the deflection of beams 
can be used for any type of loading, the numerical work is laborious 
except for simple problems, and, therefore, the conjugate-beam method 
that will be described later is recommended for more complex problems. 
The effect of shearing strain upon the displacement can be included by 
adding the corresponding internal work done by the shearing forces to 
the right side of equation 106: 


lib A 



Mm dx 
El 



Vv dx 
GA 


(ID 


in which v is the shear due to the unit auxiliary force. 

10. Deflection of Trusses by Equating External and Internal Work. 

For the calculation of deflections in trusses in which the internal strain 
energy is primarily due to axial stress in the various members, equating 
of external and internal work provides a direct and convenient solution. 
As the only difference between this calculation and the preceding calcu¬ 
lation of the deflection of beams is in the expression for the internal 
energy, the procedure will be illustrated by a numerical example. 

Example 2 . The movement A of point 6, Fig. 9a, will be calculated 
for the loads, internal stresses, and areas shown on the truss. An 



auxiliary force P f equal to 1 kip and the necessary reactions (Fig. 96) 
are assumed to be acting before the actual loads are applied. As for 
the preceding beam, we can now write: 

(Auxiliary external force P') (Actual external displacement A) = 
(Auxiliary internal forces due to P') (Actual internal deformations 81) 

or, if P' is taken equal to unity, 

OT 

1 kip • A = 2u(3L) - 2 m- 

AE 


(12) 
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where u = stress in any member due to P' = 1 kin 
SL 

* ,42? ^ ~ c ^ an g e i n length of the same member due to actual 

loads. 


The numerical values of these terms are summarized in Table 1. Note 
that the value of E is taken outside the summation sign as it is a 
constant. 



TABLE 1 


Member 

L 

A 

S (kips) 

ab 

6.0 

-262.5 

ae 

24.0 

- 62.5 

be 

6.0 

—262.5 

be 

12.0 

-100.0 

cd 

10.0 

-266.7 

ce 

16.0 

270.8 

de 

10.0 

-200.0 

df 

10.0 

-266.7 

ef 

24.0 

0 

eg 

20.0 

66.7 

fg 

24.0 

0 

fh 

10.0 

-333.3 

gh 

20.0 

66.7 


SL 

A 

u (kips) 

SL 
u — 
A 

-1575 

-0.565 

890 

-1500 

1.414 

-2,120 

-1575 

-0.565 

890 

-1200 

0 

0 

-2667 

-0.754 

2,010 

4340 

0.941 

4,080 

-2000 

0 

0 

-2667 

-0.754 

2,010 

0 

0.471 

0 

1334 

1.507 

2,010 

0 

0 

0 

-3333 

-0.471 

1,570 

1334 

1.507 

2,010 


or 



= 13,350 


a 1 SL 
1 kip-A = - 2 u — = 
E A 


13,350 kips 2 /in. 
29,000 kips /in. 2 


A » 0.46 in. 


Again it should be noted that the above solution involves the external 
and internal work done by an auxiliary or virtual load P' acting through 
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the corresponding actual displacements of the structure. This method 
of solution is extremely useful when the displacements of only one or 
two points are required, but the graphical solution by means of the 
Williot diagram, presented later, is more convenient for obtaining the 
entire elastic curve of the structure. 


PROBLEMS 

7. Compute the vertical displacement of joint L 6 for the load P = 300 kips 
and for the areas of the members that are recorded on the truss. (Use E = 
30,000,000 lb per in. 2 ) Arts. 4.6 in. 



8. Compute the vertical displacement of joint L 2 for the truss in Problem 7. 

Arts. 0.9 in. (upward). 

9. Compute the horizontal displacement of joint Uq for the truss in Prob¬ 
lem 7. Arts . 0.53 in. 

10. Determine the horizontal displacement of L 4 and the vertical displace¬ 
ment of Ui in terms of E. The areas of the members are given in the diagram. 

All values are expressed in kips. 4094 4706 

A ns. -and-. 

E E 

tip 20°” U, 20U 2 20Us 20 a " U 4 


s 

8 

H*l0 k L o 


L > is! ? . £N 

t _1_^ 


8 

u 

H--!0 k 

' yd 

Hinge 

Rollers ^ 

4@24’’96‘ 



Problem 10. 


11. From the answers obtained in Problem 10, determine the value of the 
horizontal reaction H for a vertical load of 40 kips applied at U2, if the structure 
has a hinge at Li similar to the one at Lo. Am . H = 46 kips. 

11. Castigliano’s Theorem. A general method for computing dis¬ 
placements is given by an important relation between forces and strain 
energy that is known as Castigliano’s theorem. To explain the mean¬ 
ing of this theorem, let us first consider the loads and displacements of 
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the beam in Fig. 10. If the loads P 2 and P 3 are applied to the beam 
first, the elastic curve will take some position as shown by the ordinates 
y. When the load Pi is placed on the beam, the elastic curve will under¬ 
go additional displacements as shown by the ordinates &. If the load 
Pi is now increased by some increment dP u the displacements Zy, z 2 , z 3 
will be changed by the amounts dz u dz 2> dz 3 . 



p, 

Pz 

Pj 


IN 

Xl - 

li -— J 

'dz s 1 


m Fig. 10. 

The change in the strain energy dU due to the addition of the in¬ 
crement dPy is 


dU - (pi + dzy + P 2 dz 2 + p 3 
If Hooke’s law holds, then 


dz 3 


or 


dzy = — dPy 

P\ 


, Z 2 
dz 2 = — dP x 
Pi 


dz 3 = —dPy 
Pi 


dU - I dPy dzy + — (PyZy + P 2 Z 2 + P 3 z 3 ) dPy 
ry 

But, by the reciprocal theorem, 

P 2^2 + P 3 Z 3 = Pytjy 
or, neglecting the term 2 dPy dzy, 

, TT (PiZi + Piy{\ 

U = V - Py - ) dPl = Al dPl 

which is usually written 

dU 

-= Ai 

dPy 


(13a) 


where Ay is the total displacement in the direction of Pi. 

Castigliano’s theorem, as represented by equation 13a, can be stated 
as follows: 

When a structure is acted upon by an equilibrated force system 
which produces a total internal strain energy U } the derivative of U with 

respect to any force gives the displacement in the direction of that 
force. 
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A more direct interpretation of equation 13a is obtained from Fig. 11, 
in which the displacement Ai, due to all forces on the structure, varies 
linearly as only the force Pi is increased. The intercept on the Y axis 
gives the value of Aj when Pj is equal to zero. If the force P\ is in¬ 
creased from any value by an amount dP u the shaded area, which 



represents the external work done, must be equal to the change in 
strain energy dU in the structure. That is, 


or 


A v dPi = dU 



(13a) 


Obviously, as this relation holds for any value of P u it can be used 
when Pi is equal to zero; that is, the increment of load can start from 
zero. Consequently, if the displacement is desired at a point where no 
load is applied, a force Pi must be assumed in the direction of the 
displacement and its magnitude reduced to zero after the algebraic 
expression for the strain energy has been differentiated. This opera¬ 


tion implies that, although Pi may be set equal to zero 


R 

P 

, 1 

_ 

a 

A' 

. 

Pz 

P 3 

n 

a 

T71_ _ 


Fig. 12. 


dU 
’ dP i 


is not. 


If a couple M equal to Pc, Fig. 12, is applied, the work done by any 
increase dP in both forces P is 

(A' + A") 

dU = (A' + A") dP = - ; . c-dP 
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A' + A" . 

But is equal to the rotation 0, and c-dP is the increase dM of 

c 

the applied couple. Therefore any rotation 0 can be calculated from 
the relation 

dU 

•-IS < 13W 

The numerical arrangement obtained from equations 13a and 6 is, 
in its final form, identical with the equations previously established by 
equating external and internal work. Castigliano's theorem will fre¬ 
quently provide the most convenient method of analysis when the solu¬ 
tion is expressed in general algebraic terms; but, for most problems, 
the amouifct of work involved in the two methods is about the same. 

Example 3. The application of Castigliano’s theorem to the deter¬ 
mination of displacements in structures will be exemplified by the cal¬ 
culation of the vertical displacement A# of point B and the horizontal 
movement A c of point C for the semicircular arch in Fig. 13a. The 
internal forces acting upon any right section of the arch at an angle 0 
with the horizontal are shown in Fig. 136. The magnitudes of these 
forces are 

„ P P Pr 

N = ~ cos 0 V = — sin 0 M = — (1 — cos 0) 

2 2 2 

The expression for the total strain energy U in the structure will 
therefore be (note symmetry) 

u. r^± + r 

h 2EI J A 2 AG ' J A 2 AE 


V 2 ds r c N 2 ds 

2AG+Ja 


U 


/ W 2 


Pr f 

— (1 — cos 6 ) 

_ 2 


r dd 


2EI 


+ 2 


Jo 


(i 81 ” 9 ) 


r dd 


2 AG 


dU 

since — = Ab, 
dP 


+ 2 / 


»tt/2 




r dd 


2 AE 


A B 


= - f 

El Jq 


,T/2 P[r( 1 - cos 0)] 2 r dd 


+ 


u 


1/2 P sin 2 Or do 


+ 


- f 

AB A 


'* 12 P cos 2 dr dd 


2 
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from which 

Pr 3 Pr Pr 

A a = 0.178 — + 0.393 — + 0.393- 

El AG AE 



Fig. 13a and b. 


Let us assume that the arch is composed of an I-section with the fol¬ 
lowing properties: 

I = 214 in. 4 

Total area A = 8.23 in. 2 
Area of web = 2.7 in. 2 


G = OAE r = 10 ft = 120 in. 


If the web area is considered as taking all the shear, then the above 
value of A# becomes: 


A b ~ 


1437 P 44 6 

-1- p ~|- 

E E E 


P = 


1487P 

E 


A comparison of the relative magnitudes of the three terms shows that 
the displacement due to the bending moment is about 97 per cent of 
the total. Consequently, for many arch structures and for many 
frames, the effect of the shear and direct stress may be neglected. 



Fig. 13c. 


To compute the horizontal displacement Ac of point C, the auxiliary 
force system shown in Fig. 13c will be added to the actual force system 
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of Fig. 13a. The internal forces at any section due to the load H are 

N' = H sin 6 V' = H cos d M' = Hr sin 6 

When the force systems of Figs. 13a and 13c are both applied, the total 
strain energy U will be: 


-*/ 


Pr( 1 — cos 0 ) 


+ Hr sin 0 [ r dd 


/ 7 T/Z < 

- 


~ sin 0 + II cos 0 j r dO 


~ cos 6 — H sin 0 j r dd 


dH A ° El 


1 r'\ r^d - cos o) 


/ TTIZ 

2 

L 


+ Hr sin 0 [r sin 0 ] r dd 


1 r* 12 rp -] 

+ — / 2 — sin 0 + II cos 0 

40 Jo L 2 J 

l p 7r/2 rp i 

AP Jo L 2 J 


sin 0 + H cos 0 cos 0 r c ?0 


sin 0 ] r dd 


To obtain the correct value of Ac, the auxiliary force II must be reduced 
to zero, giving 

l r 12 m i /-W 2 

~ P ^ ~ cos s * n Q dd I Pr sin 0 cos 0 dd 


1 / .. . i r' 2 

~ 1?t I P ^ ~ cos ^ s * n ^ dd + —- / Pr sin 0 cos 0 
nl Jo AG Jo 

l s*vf 2 

— 7 — / Pr sin 0 c< 

r._u- u a E J 0 


Pr sin 0 cos 0 dO 


from which 


Pr 3 Pr Pr 

Ac —- 1 - 

2 El 2AG 2AE 


Although the practical application of equation 13 is often laborious, 
nevertheless it is a useful tool in the solution of many problems. The 
example just solved shows that the numerical work is greatly reduced 
if the differentiation is performed before the integration. The principal 
advantage of the method is the ease with which the energy for all in¬ 
ternal forces, i.e., moments, shear, axial stress, and torque, can be in¬ 
corporated into the equations. The disadvantage lies mainly in the 
laborious task of solving the equations that are often involved. 

12. Theorem of Minimum Energy. In the solution of redundant 
structures, a common method of analysis is to transform certain in¬ 
ternal forces into external forces by cutting sections through the struc- 
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tural members. The strain energy can then be expressed in terms of 
these unknown internal forces in the same manner as for external 
forces. As there is no relative motion between the two parts made by 
the cutting section, then 



(14) 


which proves that the stresses in a redundant structure will take such 
values as to make the strain energy a minimum and still provide 



equilibrium. In other words, the configuration of the structure is such 
that the amount of internal work performed will be the least possible. 

The determination of redundant forces by the above method will be 
illustrated by the analysis of the frame shown in Fig. 14a. ■ 

Example 4. As the frame is once indeterminate, the internal forces 
must contain one unknown which is taken as Af*,, the bending moment 
at the comer b. The bending moment in each member is recorded in 
terms of Af& and w in Fig. 14b. 
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The total strain energy in the frame due to flexure only is 


U 


-*/ 

*/o 


K)' 


dy 


2 El 


+ 


X 


(wL 
L \2~ X 


wx‘ 

~2 




dx 


2 El 


If the joint at b is assumed to be rigid, that is if the rotation of the end 
tangent 06 C of be is the same as the end rotation 0 & o of ba y no relative 
rotation can occur between the two tangents, and consequently 




dU 

Therefore** 


dM b ~ 

dU _ 2 r h /M b y\ 
dM b El Jo V h ) 

)-dy + - 
'h L 

giving 

1 1 

(2M b h 

from which 

EI 

* 

K 3 


— 06a 06c — 0 


sjTC 


wL wx 2 
2~ X 2~ 


Mbj(—dx)=( 


wL 3 


12 


+ M b L 


)-° 


Mfc = 


u>L 2 


12 


(-S) 


The positive sign obtained for indicates that the direction of the 
assumed moment is correct. 



Example S. The redundant stresses in trusses, such as in Fig. 15, 
can also be solved by equation 14. Thus, if Si represents the stress 
in the diagonal bd, the stresses in the other members are 


cd = P — O. 6 S 1 
ac- — 1.67P + Si 


ad = — O.&Si 
be = 1.33P - 0.8/Si 
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The total strain energy U = 2 —-—, or 

2 AE 

12 rsj(io) (P - 0 - 6 'S 1 ) 2 ( 6 ) (—0.8<S 1 ) 2 (8) 


2E L 4 


(- 1.67P + Si) 2 (10) (1.33P - 0.8 <Si) 2 (8)" 


d!7 12 f 

- = — 2 . 

?i E L 


from which 


_ (P- O.ftS,)(-O.0)(6) , (-0.aSxK-0.8K8) 

5&+ --- +-- — 

(-1.67P + 50(10) (1.33P - 0.85j)(—0.8)(8)' 


]- 


S\ = 0.902P (tension as assumed) 


If the truss contains many members, a tabular arrangement of the 
calculation should be used. Note that each term contains the expres¬ 
sion 

dS 

S — L 
dS\ SuL 

AE ~~AE 


where u is the stress in the member for Si equal to unity. 


PROBLEMS 

12. (a) Determine the rotation of the end section due to flexure only. 



Problem 12. Problem 13. 


13. (a) Determine the horizontal reaction at a by means of Castigliano’s 
theorem. Consider the effect of flexure only. Arts . 4.17 kips. 

(6) Draw the bending-moment diagram and the elastic curve for the frame. 
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14. Determine the reactions at a for the frame in Problem 13, if the structure 
is fixed at a and hinged at c. 

Ans. II a = 7.14 kips; M a = 28.6 ft-kips; V a = 22.86 kips. 

15. Calculate the redundant stresses Si and S 2 if all members of the truss 
are acting. Arrange the calculations in tabular form. 

Ans. Si = +37.2 kips; S 2 = —57.6 kips. 



13. Theorems of Area Moments (Relative Displacements in 
Beams). In the discussion of strain energy due to flexure, the state¬ 
ment was made, and illustrated in Pig. 7a, that two normal sections of 
a straight beam that are a distance dx apart undergo a relative rotation 



when subjected to a bending moment M. The result of such a deforma¬ 
tion in one element abed of a beam is shown in Fig. 16^ where the sec¬ 
tions ab and cd have a relative rotation dO 1 . 



Fig. 16. 


From the relative position of the portions of the beam on each side 
of the element as indicated by the dotted lines, it can be seen that any 
section m to the left of the element will be rotated through the same 
angle dOi with respect to any section n on the right side. This rotation 
does not define the position of either section m or however, as we do 
not know how much sections ab or cd have rotated or translated from 
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their original positions. It can also be seen that a point B in section n-n 
will be at a distance of dA equal to x dd i from the rotated axis rs on 
the left side. It is assumed that dA can be measured perpendicular to 
the original axis of the beam, as the rotations are extremely small. 
When the deformation of two elements is considered, the relative posi¬ 
tions of the various segments are indicated in Fig. 17. Although only 



the axis of the beam is shown, it is not difficult to see that the angle 
between sections m and n will be the sum of the two rotations dd\ and 
d0 2 while the displacement dA of point B from the axis rs will be the 
sum of dAi and dA 2 , or 

dA = x\ dd i + x 2 d0 2 (15) 


When this procedure is extended to include the deformation of all 
elements of the beam, it follows from the above discussion that the 
total relative rotation between any two sections m and n will be the 
summation of all the dd 's between them, or 



M dx 
El 


= Area of 


M 

El 


diagram between m and n 


(16) 


It will also be evident that the total displacement A of point B from 
the tangent rs will be the summation of the products x dd for each 
element between the sections m and n, or 


f n M 

A = / xdd = / — x 

Jm Jm 


dx 


M 

= Statical moment of — diagram between m and n about n (17) 
El 


The geometrical relations that are expressed by equations 16 and 17 
are designated as the first and second theorems of area moments, re- 
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spectively.* Special consideration should be given to the fact that the 
actual position of the axis of the deflected beam cannot be determined 
until the position of one section or tangent is known. For instance, if 
the beam in Fig. 18a has a constant cross section, the shape of the 
M 

— diagram will be as shown in Fig. 18c. The value of the angle 0 



between the tangents to the elastic curve at sections m and n (Fig. 186) 

M 

is equal to the area of the — diagram between sections m and n, or the 
rectangle abed. That is, 


or 


M 

0 i = area of — diagram between m and n 
El 



PL 2 

Wl 


lb in. 2 in. 2 
lb in. 4 


= radians 


However, the angle through which the tangent at m or n has actually 
rotated is not known until a further study is made. 

The movement A of point n with respect to a tangent at m can be 
obtained from theorem II, equation 17, by taking the statical moment 
M 

of the area of the — diagram between sections m and n (abed) with re¬ 
spect to n (point where A is desired). This numerical operation gives 


f m ( M \ r m 

-J, \m iz )^-£ x 


dA 



PL 3 
32 El 


It will be emphasized again that the actual displacement y is still un¬ 
known. 


♦These theorems were first presented by Charles E. Greene, University of 
Michigan (1873), and by Otto Mohr in Germany (about 1868). 
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For a beam with a fixed tangent, as at end A of beam AB, Fig. 19a, 
where the tangent is prevented from rotating by the support, the rota¬ 
tions 0 and the displacements A will be the actual movements. From 
M 

the — diagram, Fig. 196, these quantities are obtained directly, that is 
El 

M PI 2 

Oh = Area of — diagram between A and B — - 

El 2EI 

M PI 3 

A;, = Statical moment of — diagram about B =- 

El 6 3 El 



(a) 




•— m 

c.g. of 2 j Diagram 


From the above discussion it is apparent 
that the theorems of area moment can 
be used directly for the solution of fixed- 
end beams . Moreover, the reader should 
note that, if the value of El is not con- 
M 

stant, the — diagram will not take the 
El 

same shape as the bending-moment dia¬ 
gram. In this case, the numerical solution 

is often simplified by substituting an approximate summation for the 
exact integration , a procedure that is illustrated later. 

14. Conjugate-Beam Method (Actual Displacements in Beams). 
The actual displacements in a beam with two non-yielding simple sup¬ 
ports are easily calculated by a further development of the slope and 
moment-area relationship that is commonly designated as the conjugate- 
beam method (Ref. 2*10) or the method of elastic weights (Ref. 2*4). 




This convenient mathematical analogy is readily derived by the geo¬ 
metrical relations illustrated in Fig. 20. If we let A equal the area of 
M 

the — diagram for the entire span ab, and if x is the distance from 6 
El 


34 FUNDAMENTAL PRINCIPLES OF STRUCTURAL MECHANICS 


to the centroid of this area, then, by equation 17, A& is equal to Ax, 

and the end rotation 6 a (for small angles) is therefore equal to — , or 

L 


Ax 

~L 


(18) 


The actual rotation 6 of the tangent at any section m will be the end 
rotation 6 a minus <t>, the relative rotation between sections a and m 
which is equal to the shaded area A m between the two sections. There¬ 
fore, 

Ax 

e = e a -ct> = — -A m ( 19 ) 


M 


If we regard the — diagram as a weight on a beam of span L with 
supports at a and . b, which will be called the conjugate-beam, then 

— , or 6 a , will equal the left reaction of this beam, and the rotation 0 

is equal to the reaction minus the load A m , or equals the shear in the 
conjugate beam at that section. 

Also, the actual displacement y at the section m is equal to A x — A 2 , 
or 

V A i A 2 (Pa) ( 2 ) A m z = —- z A m z ^20) 

Ju 

Equation 20 states that the ordinate y to the elastic curve of a beam 
at any section m is numerically equal to the moment of the reaction of 

the conjugate beam — about section m minus the moment of the — 
E El 

diagram between the reaction and the section about section m. There¬ 
fore, y equals the bending moment in the conjugate beam. 

The above analogy can be conveniently summarized as follows. 
To obtain the rotations and displacements for any beam with two 
non-yielding supports a and b, construct a conjugate beam by using the 
M , , ' 

— diagram as a load on a similar beam of span ab. Compute the value 

of the reactions, shear, and bending moment in the conjugate b eam for 

M 

the — loading. From equations 19 and 20, the shear in the conjugate 

beam equals the rotation in the actual beam, and the bending moment 
in the conjugate beam equals the displacement in the actual beam. 

This analogy holds for any continuous elastic curve between the two 
non-yielding supports a and b. 
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Example 6. The end rotations and maximum displacement in beam 
AB, Fig. 21, will be computed by means of the conjugate beam A'B'. 
M 

The area A of the — diagram is 
hi 


t 120,000 150,000 

~ 2 El El 



200,000 

3 El 


radians 



250,000 

———. radians 

2>EI 


The value of El must be in pounds times feet squared. 



Fxa. 21. 


The maximum displacement in AB will occur where the slope is 
zero, that is, where the shear in the conjugate beam A'B' is zero. 
The shear in the conjugate beam at any distance x from A' is 



/l\ /200Oc\ 200,000 lOOOx 2 „ 

\2/ {X) \ El ) ~ ZEI ~ El 


and, therefore, for zero shear 

x 2 = 66.7 x = 8.15 ft 


The displacement at this point is equal to the bending moment in 
the conjugate beam, or 
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PROBLEMS 


16. Determine the displacement under W and the rotation of the tangent at 


A in terms of El by the conjugate-beam method. 


Problem 16. 


Arts. $a = 


WL 2 

im' 



W 


L 

T 

L 


- n 


3 


17. Det e j ayi ne the rotations of the tangents at A and B in terms of El. 


A ns. 9 a 



Problem 17. 


Mg L MgL 
3 El ’ 6 m ’ 


18. Determine the rotations of the tangents at A and B in terms of M a L 
and Eh. 



C l'l ,y 


I--21 0 

-X- 

L 

r 

A $ 


3 


Problem 18. 


19. Calculate the rotations 9 a and 6 b and the displacement A c for a vertical 
load P at the center of the beam in Problem 18 if M a is removed. 

15. Calculation of Redundant Forces from Specified Beam Dis¬ 
placements. The numerical calculation of displacements in the pre¬ 
ceding examples have been made for statically determinate beams. 
The elastic curve of a beam can be completely determined by the above 
methods for any known force system. However, there is no reason 
why the displacements cannot be expressed in terms of any number of 
forces, known or unknown, by means of equations 16, 17, 19, and 20. 
The development and use of such equations are treated in more detail 
in succeeding chapters, but a few applications can be discussed con¬ 
veniently at this time. If certain strain conditions, as discussed in 
Chapter I, are known, one redundant force can be determined for each 
specified strain condition. These strain conditions can be expressed 
in terms of either rotations or translations. 
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M 

When drawing the — diagram for general force systems, a conven¬ 
ient arrangement is to separate the known loads and their reactions 
from the redundant forces and their reactions. This resolution of 
forces is permissible if the principle of superposition can be applied. 
Any displacement is then expressed in terms of both the given loading 
and the unknown forces, from which the unknown forces can be cal¬ 
culated so as to satisfy any known strain conditions. The n um erical 
procedure is best explained by the following examples. 

Example 7. The fixed-end moment M Fab for the beam abc, Fig. 22a, 
will be determined for a uniform load of 2 kips per foot (El = con¬ 
stant). As previously defined, a fixed-end moment is an end couple 
that will prevent rotation of the cross section at a. 



\ c (o) 


M 

For convenience the — diagram for the span ab is drawn in three 

JC/i 

parts: (1) for the uniform load on the span ab, Fig. 226; (2) for the 
Uniform load on the cantilever portion be, Fig. 22c; (3) for the fixed- 
end moment M Fab which is assumed positive, Fig. 22 d. These three 
diagrams constitute the load on the conjugate beam, and, if the tang ent 
at a is to remain horizontal (6 a = 0), the shear in the conjugate beam 
from this loading must be zero, or, taking the statical moments of the 
M_ 

El 


diagrams about point 6, 




(I) (I) (i6)<8 > - (01 < i6 > (?)+1 *sr < i6 > (!) - ° 


from which ,. 

Mp a b = — 56 ft-kips 

The negative sign shows that the assumed direction is wrong. 
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The reaction Rb is now known as 

R b = 16 + 9 - = 21.5 kips 

Example 8. The fixed-end moments M Fa b and M Fba , Fig- 23a, will 
be calculated for the concentrated load of 10 kips at the center of the 

M 

span and for the variation in I as shown. Again the — diagram is 

El 

drawn for three different force systems: (1) for the concentrated load of 
10 kips, Fig. 236; (2) for the fixed-end moment M Fa b, assumed clock¬ 
wise, Fig. 23c; (3) for the fixed-end moment M Fba assumed clockwise, 


mm 

f°' , I /O' | 

i 

I--2L 1 I--I„ l 

a/ y 

. --- 

/ 

/ 

A 

(o) P 



Fig. 23d. In this problem the shear at both ends of the conjugate beam 
must be zero ( 6 a = 06 = 0). Consequently, the statical moment of the 
M 

combined — diagram about both a and 6 must be zero, 


El 


2 M b 


- is omitted from all terms 
+ 


) 


-0 (-Lis 

Wo 

/40\ /20\ f /50\ (2.5) (20)1 

125 (y) + 250 (y) + M Pab y 1.25 (yj + (2.5) (15) + — ^ - j 

-M Fba [(1-25) (y) + (5)(5) + (2.5) (“)] = 0 


2 M a = 0 


125 


(y) + (250) (y) + M Fab [ (1.25) (y)]+ (2.5) (5) + (2.5) (y) j 
Mp b a [(1.25) (y) + (5)(15) + (2.5) (y)] = 0 
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or 

22.5 M Fab - 15.0M Fba = -1000 


from which 


15.0Mf O 6 - 37.5M Fba = -1250 


Mpab = -30.3 ft-kips M Pba = 21.2 ft-kips 

The negative sign for Mp ab shows that it is counterclockwise instead of 
clockwise as assumed. 


PROBLEMS 

20. Determine the fixed-end moment M Fab (El = constant). 

Ans. Mpab = —yV WL. 


Fixed A 


„Cj 

Mfab ' 


W 


• P \t c 


Problem 20. 


V Fixed 


Problem 21. 


21. Calculate the value of M F ba for a load P as shown. Beam is simply- 

supported at a and fixed at b. El is constant. . Pc 

Ans. M Fba --. 

2 

22. Calculate the value of M Fab and the rotation of the tangent at b for a 
moment M ba applied at end b and variation in I as shown. 

Ans. MFab = - M ba ; 0 b = 0.229 

3 ^7 0 


MFab A 
Fixed (^i 


I--2L- 


I Z lo 


2 




^Mba 

*b 


Problem 22. 


23. Determine the value of R b so that points a, b , c will remain on a straight 
line (El constant). (Suggestion: Consider a single span ac acted upon by two 
loads, the applied load of 10 kips and the redundant force R b .) 

Ans. R b = 6.88 kips. 


5-0" 

I0 k 

1 

i_: 

Q 

R o /0 ._ 0 „ 

b 

R b /O'-O" 




Problem 23. 


24. Solve Problem 23 by considering the moment M b as the redundant force 
and continuity of the elastic curve over R b as the known strain condition to be 
satisfied. 
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16. Williot Diagram (Relative Displacements in Trusses). In many 
structures, particularly trusses, the members are subjected to large 
axial stresses which cause a change in length of the member equal to 
SL S 

— , where -7 is the average unit stress. As the allowable average 
AE A 

stress for structural steel will not usually exceed 20,000 lb per in. 2 , the 

total deformation will be less than —and consequently it is practi- 

1500 

cally impossible to show the change in length of the members to the 



same scale as the truss itself is drawn. To avoid this difficulty, a 
diagram that uses only the change in length of the members due to the 
axial stress was devised by Williot, a French engineer, to show graphi¬ 
cally the relative motion of all points with respect to one point and a 
reference axis. This information is often used directly in the solution 
of special problems, such as the calculation of the secondary stresses 
in large trusses, but in addition, when combined with a rotation dia¬ 
gram, it provides an extremely practical method for the determination 
of the actual movement of all joints. The construction of the Williot 
diagram will therefore be discussed in detail. 

If three points, a, 6, and c, are connected by any three members as in 
Fig. 24a, and if ab and be both shorten 0.2 in. while ac elongates 0.3 in., 
the new position of c can be determined if the positions of a and b are 
known. For instance, if point a remains in position, then point b must 
be somewhere on arc 1-1 whose radius is (ab — 0.2 in.) (not to scale) 
while c will be somewhere on arc 2-2 whose radius is (ac + 0.3 in.). 
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However, before the position of c on arc 2-2 can be determined, the 
position of 6 on arc 1-1 must be known. Thus, if b moves to b', then c 
must be at c', the intersection of arcs 2 and 3 (radius be — 0.2 in.), 
whereas, if b moves to b", then c must be at c", the intersection of arcs 
2 and 4. Now, if we assume that b moves to b', then, since the deforma¬ 
tion has been shown to be extremely small as compared with the length 
of the member, the same movements can be obtained with sufficient 
accuracy by using perpendiculars as shown in Fig. 246 instead of arcs. 
Moreover, it is now apparent that the movements represented by these 



perpendiculars can be drawn separately to a large scale as in Fig. 24c, 
which gives the motion of c relative to a and b. After the position of 
point c with respect to a and b has been obtained, the same procedure 
can be followed to obtain the motion of another point d (Fig. 25a) with 
respect to b and c. Both this movement and the preceding one are 
shown in Fig. 25a. The member bd shortens 0.2 in., which moves d 
toward b by that amount, while the member cd elongates 0.15 in., 
which moves d away from c by that amount. The intersection of the 
perpendiculars 5 and 6 will therefore give the movement of d with re¬ 
spect to b, c, and a. The construction in Fig. 256 is so arranged that 
the displacement vectors need not be duplicated for each joint but are 
drawn only once. In this respect, the diagram is similar to a stress 
diagram for a truss, which combines force polygons for each joint 
without repeating the stress vectors. 

Example 9. The Williot diagram in Fig. 26 shows the relative dis¬ 
placements for the truss in Fig. 9a (see data in Table 1). The diagram 
was started by assuming that point a does not move, which is correct, 
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and that point b moves vertically toward a, which is incorrect. How¬ 
ever, this incorrect assumption, that the member ab does not rotate, 
does not affect the relative displacements of the joints, and, as we shall 
see later, the error can be corrected so as to give the true displacements. 
By starting with known positions of a and b, the movement of the 
joint e can be obtained in the manner just described, and then joints 
c, d, /, < 7 , and h, in the order named. Point e is peculiar in that the end 
of the vector representing the movement ae intersects on the perpendic¬ 
ular to the vector be. All graphical constructions should be studied 
until each step is thoroughly understood. 

17. Rotation Diagrams (Actual Displacements in Trusses). The 
Williot diagram determines the actual displacement of the joints only 



if the two reference points that start the construction have their cor¬ 
rect position with respect to each other. Sometimes this condition 
can be realized for a particular loading, but more frequently it is neces¬ 
sary to start with a known fixed point and some reference axis that is 
assumed not to rotate. This assumption was made in constructing the 
Williot diagram in Fig. 26, where a is the fixed point and ab the refer¬ 
ence axis. If the deflected position of the truss is drawn by using the 
relative displacements from the Williot diagram, a diagram like Fig. 
27 a is obtained, in which the displacements are, of course, greatly ex¬ 
aggerated. Since reaction h is now some distance off the support, it is 
apparent that the assumption that the member ab does not rotate is 
incorrect, and that the entire structure must be rotated about point a 
until point h comes back to the support. As all movements are small, 
the displacement hh! can be taken perpendicular to ah, and the magni¬ 
tude of the displacement is the distance hh' in Fig. 26. The movements 
of the other points due to this rotation 6 are shown in Fig. 27 b, where it 
can be seen that each point moves perpendicular to a line connecting 
it with point a and the magnitude of the motion is proportional to the 
distance from a and the angle 0 . The magnitude of the rotation 0 is 
obtained from the distance hh!. Professor Mohr was the first to point 
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out that the movement of all points due to rotation of the structure 
can be obtained graphically, if one displacement such as hh' in Fig. 276 
is known, by drawing a diagram of the truss rotated 90° as in Fig. 27c. 
For example, in Fig. 276, if the distance ah is made to represent the 
distance hh' to some scale, then by proportion ad represents dd', ac 
represents cc', etc. If this displacement diagram is now rotated until 
the member ah is in the direction of hh' (Fig. 27c), that is rotated 90°, 




the displacement hh' will be given both in magnitude and direction by 
All and the rotated figure becomes a vector diagram for all displace¬ 
ments due to rotation. 

If the Mohr rotation diagram is drawn to the same scale as the 
Williot diagram and superimposed upon it so that the fixed points, such 
as point a in Fig. 26, coincide, then the actual displacement of any 
point is the vectorial sum of the displacement vectors of the two dia¬ 
grams. As an illustration, in Fig. 26, the relative motion of point d 
is given by a vector ad and the movement due to rotation is given by a 
vector Da, consequently the actual displacement is the resultant Dd. 
Similarly, Bb, Cc, Ee, etc., represent the actual displacements of points 
6 , c, e, respectively. 

If the Williot diagram is not started from any fixed point but with a 
known axis, a correction will be necessary only for translation of the 
structure, but, if neither a fixed point nor a fixed axis is used, a correc¬ 
tion must be made for both translation and rotation. Such corrections 
are not difficult to execute, and they often provide some interesting 
graphical solutions. In general, either a fixed point or a fixed axis is 
taken in starting the Williot diagram, but at times another point may 
be more convenient. 

18. Relative Displacements in Frames. A Williot diagram can also 
be used to obtain the relative displacements of the ends of members 
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that undergo considerable flexure but have small axial stresses. This 
is the condition that usually exists in rigid-frame structures, and a 
study of such displacements is an important factor in their analysis. 
For example, if the frame abed (Fig. 28a) is moved to the right by the 
load P, the displacements of the joints will be largely due to the in¬ 
ternal strains that are caused by bending moments, instead of axial 
stress as in a truss. If the change in length of the members is neglected, 



Fig. 28. Relative displacements in a quadrangular frame. 

point b must be somewhere on arc 1-1 which has the fixed point a for 
a center and ab as radius. Also, point c must be somewhere on arc 2 
whose radius is cd and arc 3 whose radius is be and center 6'. As the 
rotations of the various members are small, the arcs can be replaced by 
perpendiculars as for trusses. From the construction it is apparent 
that the triangle cc'b" gives the movement of b with respect to a, and c 
with respect to b and d. If this diagram is drawn out separately, as in 
Fig. 286, it is identical in construction with a Williot diagram in which 
the elongations are all zero. Thus, a'b' is perpendicular to a6, c'd' to 
cd, b'c' to be. All displacements can be expressed in terms of A, the 
horizontal movement, as follows: 

a'b' = 66' = A sec <t>\ 

c'd' = ce' = A sec (21) 

b'c' = A (tan <t >i + tan <t> 2 ) 

The value of A can be ascertained by methods that will be explained 
later. 

The same procedure can be followed for the gable frame in Fig. 29a, 
in which 6 and d must move horizontally to b' and d', respectively. 
Point c will then move to c', which is on the intersection of arcs 1-1 
and 2-2. If the arcs are replaced by perpendiculars, the movement 
of all joints can be shown by the displacement diagram of Fig. 296, 



46 FUNDAMENTAL PRINCIPLES OF STRUCTURAL MECHANICS 



which is simply the construction at c in Fig. 29a to a larger scale. 
From the geometrical relations of the displacement diagram 

A4 Aj — A2 


or 

but 

and 


sin (90° - fa) sin (180° - fa) 
cos fa 


A 4 = (A, - A 2 ) - 


cos fa — 


sin (180° — fa) = 


sin (180° — fa) 

n 
cd 

L sin fa Lg 


cd (cd) (be) 
from which the rotation of member be is equal to 

A 4 n 

— = (Ai - Aa) — 
be gL 


( 22 ) 


Similarly the rotation of cd which is equal to — is obtained from the 
relation: 

_A3_Aj — A 2 

sin (90° — fa) sin (180° — fa) 
which, by the relations already established, is equal to 


A3 s m 

~ = (Ai - A^ — 
ca gL 


(23) 


In the analysis of such frames, it is therefore necessary to consider only 
the two independent displacements, A x and A 2 . 
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PROBLEMS 

25. Determine the displacements of all joints by means of a Williot diagram. 



26. Solve Problems 7, 8, and 9 by means of a Williot diagram combined with 
a Mohr rotation diagram. 

27. Solve Problem 10 by means of a Williot diagram. Note that member 
U 2 L 2 does not rotate. 

28. If joint b moves 10 units horizontally, calculate the rotations of members 
be and cd due to flexure only. 
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CHAPTER III 


CONTINUOUS BEAMS AND FRAMES WITH STRAIGHT 
PRISMATIC MEMBERS 

Derivation and Application of Slope-Deflection Equations 

19. Definitions and Assumptions. The term continuity is applied 
to structures when the members are so connected that moments as 
well as shears and thrusts are transmitted from one member or unit to 
another. The building frame in Fig. 30 illustrates this type of framing, 
which has been used in reinforced-concrete construction for many years 

and is now frequently employed in steel 
structures. When there is practically 
no deformation in the connection itself, 
the continuous frame is often called a 
rigid frame. The characteristic action 
of such a structure is the restraint or 
assistance that the columns give to the 
b beams when the beams are subjected 
to vertical loads and the restraint that 
the beams give to the columns when the 
Fig. 30. Rigid-frame construe- frame is subjected to horizontal loads, 
tlon ' such as those caused by wind or earth¬ 

quake action. 

The analysis of continuous frames will be initiated by a study of cer¬ 
tain mathematical relations between forces and displacements that are 
essential for a satisfactory understanding of recent analytical methods. 
The most convenient displacements to use in the solution of many con¬ 
tinuous frame structures are the rotations 0 and the translations A 
of the various joints. The term joint denotes the material at the 
intersection of several members that is common to all. It cannot be 
described exactly. A common example is given in Fig. 30, in which 
each member of the frame is considered to be of constant cross section 
up to the intersection of the dotted lines that represent the axes of the 
members. Such an assumption will reduce the joint to a point, a con¬ 
ception that is useful for analytical purposes but which must be modi¬ 
fied in the final design. If the elastic curve of each member is assumed 
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to be continuous to the intersection of the axes and no deformation 
takes place within the joint, then the rotation of the end tangent must 
be the same for each member, as for example 9 a in Fig. 30. This rota¬ 
tion can also be described as the joint rotation. Any position of the 
frame can be defined in terms of the displacements of the joints and the 
elastic curves of the members. 

The coplanar end forces acting upon any member of the frame, such 
as ab , are shown in Fig. 31. As there are three forces acting at the end 
of each member, the number of forces that must be considered, if used 
as unknowns, will increase rapidly as the number of members increases. 
On the other hand, if the rotations 

and displacements of the joints are M ? b I Mba 

used as unknowns, the number in- _ L 

creases only with the number of ' < 3 ? && J^bo 

joints. Another advantage already L 

mentioned is that the necessary 'Ifaq 

strain conditions at the joints can p ia . 31 . 

be automatically satisfied. That is, 

by using but one 9 and usually one A value at each joint, the condition 
of perfect continuity is satisfied. Before the strain conditions can be 
expressed in algebraic form, however, it is necessary to know the mathe¬ 
matical relations that exist between the end forces and the rotations 
and displacements at the ends of the members. Several methods for 
solving these problems, as well as a number of examples, were explained 
in Chapter II, and therefore the student should be able to provide most 
of the derivations for himself. The most important relations will now 
be discussed. 


20. End Moments Expressed in Terms of End Rotations and Trans¬ 
lations. Two apparently different derivations are available for ex¬ 
pressing the mathematical relations that exist between the forces act¬ 
ing on any member of a continuous frame, like that in Fig. 31, and the 
rotations 6 and displacements A of the end sections. Actually, the only 
difference is in the nature of the different force systems into which the 
force system is resolved for analytical purposes. The four separate 
force systems of Fig. 32a, 6 , c, and d , indicate one method of resolving 
the forces in Fig. 31. The forces in Fig. 32a prevent rotation of the 
end tangents when the transverse loads are applied. The force system 
of Fig. 326 will rotate the tangent at a through an angle 0 a while the 
tangent at 6 remains fixed, and the forces in Fig. 32c will rotate the 
tangent at 6 through an angle 9b while the tangent at a remains fixed. 
The end forces in Fig. 32 d hold both end tangents fixed when the two 
ends undergo a relative transverse displacement A. By adding these 
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force systems together any desired set of displacements 0 and A can 
be obtained, or by assigning numerical values to 0 and A the forces can 
be calculated. For any given structure and loading, only one set of dis¬ 
placements will satisfy equilibrium conditions because the number of 
displacements is just equal to the number of equilibrium equations. 



Fig. 32. 

We can, therefore, say that any end moment such as M ab must be 
equal to the sum of the moments that will provide the proper rotations 
6 a and 06 and displacement A, and will carry the transverse load without 
movement of the supports. That is, 

Mab = Mpab + M' ab + M'a b + M’” b (24 a) 

M ba = Mpba, + Mfa + M ba + Mfa (246) 

Each of the above four problems can be solved by means of the 
conjugate-beam method or the theorems of area moments. The reader 
should refer to Articles 13, 14, and 15 and check the numerical values 
given in Fig. 32 for himself. 
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If the moments are now expressed in terms of the rotations and 
translations at the ends of the member, equations 24a and 246 become 


EI r A1 

M a b — Mpab + — ^40 o + 2 Ob dz 6 — J 

ei r a 1 

IMba = Mpba + — J^20 a + 4 Ob dh 6 — J 


(25a) 

(256) 


In these equations the numerical values of the fixed-end moments 
Mpab and Mpba should be used with their proper signs: positive when 
acting clockwise on the member and negative when acting counterclock - 
wise on the member. The unknown angles 6 should be assumed posi¬ 
tive or clockwise, while the direction of A can be taken either positive 
or negative, if unknown. The sign of the fixed-end moments due to A, 
/ 6EIA\ 

\ — / ’ mus ^ consistent with the direction of A. 

When one end of a member is hinged, such as 6, the moment Mb a 
equals zero and the angle 6b can be eliminated from equation 25a. 
This simplification gives the following equation: 


M Fba 

M ab = M Fab -— + 3 


EI ( A\ 

T\' ± l) 


When Mab equals zero, a similar equation is obtained for Mba 

Mfab EI ( A\ 

Mba = Mfba -- -f- 3 — \0b dz —J 


(26a) 


(266) 


As the fixed-end moments Mp a b and Mpba are usually of opposite 
sign these terms will actually be added when the numerical values are 
substituted in equations 26a and 266 with their proper signs. 

Equations 25a and 256 can also be obtained by using the force 
systems shown in Fig. 33a, 6, c, and d, which, when added together, give 
the actual forces acting on any member. For this combination of force 
systems it is necessary that the resultant angle 0 be the sum of the 
angles caused by the different force systems, that is 


&a = Ot a + 0 a — d' a — 

(27 a) 

6b — —otb — 6b + 6 b — ~ 

L 

(27 b) 
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Fig. 33. 

When the values of <f a , 0", d' b , and 6 b are expressed in terms of M a b and 
M ha (see conjugate beam, Article 14), equations 27 a and 276 become 


0 a = da + 


MabL* Af baE A 

3£7 ~~ 6 A 7 ~~ Z 


RfiabE M baE A 

06 = — OL b -1- 

6EI 3 El L 

Solving these equations for M ab and Mb a gives 


El [ 

ah — ~j~ |^40 a 

£/r 

ba — “|T" |^20 a 


+ 206 + 6 — 4a a + 2«6 

/v 


+ 406 + 6 -- — 2a a + 4«6 
L 


Equations 25 and 28 are identical since 


Mfab =-— [4a 0 — 2a&] 

L 


(27 c) 
(27d) 

(28a) 

(286) 

(29a) 


=-— [2a 0 — 4aJ 


(296) 
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^+fiL* f4L ' 3a ) 

Fig. 34. Fixed-end moments for beams with constant EI. 

As the angles a a and due to the applied loading are easily com¬ 
puted by the conjugate-beam method, equations 29a and 296 provide a 
convenient means for obtaining the fixed-end moments . Figure 34 gives 
values of the fixed-end moments for beams with constant cross section 
for ordinary types of loading. 

21. Equilibrium Conditions. After the unknown end moments that 
act upon the various members have been expressed in terms of the 
rotations and translations of the joints, it is then necessary to consider 
the equilibrium requirements of the various parts of the structure. In 
general, the equilibrium conditions for each member and the structure 
as a whole must be satisfied and, further, the resultant of the external 
and internal forces acting upon any joint must be zero. It is therefore 
important that both correct and sufficient conditions of equilibrium be 
established. 

To illustrate this statement, let us consider the end forces that act 
upon the members of the frame shown in Fig. 35 and their relation to 
the equilibrium of the structure. All end moments will be assumed 
positive or clockwise, while the direction of the H and V forces can be 






54 


CONTINUOUS BEAMS AND FRAMES 



assumed in any convenient direction if the signs are consistent through¬ 
out. The conditions of equilibrium then require that the following 
equations be satisfied: 


(a) 

M ba M bc = 0 

(d) 

Hab 4" Hdc = o 


Q>) 

M c b + M c a = 0 

(e) 

Vab - V ba = 0 

(30) 

(c) 

Vab + Vdc — W = 0 

(/) 

Vdc - V cd = 0 



A study of the forces acting on each member will show that only one 
set of end moments will satisfy equations 30a, 5, and d and, further, 
that any set that satisfies these equations can be used in the solution 
of equations 30c, e, and /. Therefore, the magnitude and direction of 
the end moments should be calculated from equations 30a, 6 , and d. 
The first two equations, 30a and b, are expressed directly in terms of 
the end moments, and equation 30d can be transformed into the same 
quantities by means of the following relations: 

T7 T7 W M bc + M ch 
V a b - V be = — - - - 

L Lj 

TT M a b + M ba + V ab m 
H a b = “ 

(31) 

W M bc + M cb 

Feb = V dc - - + --- 

2t Lj 


H dc 


M cd + M dc ~ V dc n 
- 
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When the above quantities are substituted in equation 30d there will 
be three independent equations each in terms of the unknown end 
moments. As all end moments can be expressed in terms of 6b, 6 C , and 
A, the rotations and horizontal displacement of the joints b and c, by 
means of equations 25 or 26, there are sufficient equations for calculat¬ 
ing these displacements. In the above equations h is the vertical 
projection of members ab and cd. The use of the slope-deflection equa¬ 
tions in determining the end moments in certain types of rigid frame 
structures will now be illustrated by several numerical examples. 

Example 10. A structure formed by three members whose axes are 
represented by ab, be, and bd (Fig. 36) is so constructed that the end 


<7^rrr\'\ umi rr-rr rr-rr it' 

b vv a 10 “/ft *5 ] 

\c 

X Fixed 

fixed \ ^ /2' 


rii ‘ 1 1 1 1 1 1 1 1 1 1 1 i r r T-i-m 

k /8' 

^ {=IO 

n 

Hinge 

§ 

d , 

t 8 


77 77777 


Fig. 36. 


tangents at a and c are fixed in position ( 0 a — 0 C = 0) while the tangent 
at d is free to rotate (hinged at d). The members are rigidly connected 
at b, that is, the tangent to each member at the joint b rotates through 
the same angle 0 b , thus maintaining a 90° angle between the tangents. 
No translation is considered. 


The end moments acting on each member can be expressed in terms 
of the rotation of the joints, which in this particular case is only 06, by 
equations 25 or 26. For convenience in writing the equations, let 6 b 
equal E times the true angular rotation of b. Then, from equation 25, 


but 

Mpab ~ — 
therefore, 


wL 2 
~12 ~ 

M a b 


Mab — (2)(1O)06 + Mpab 

(1 kip) (12) 2 


= —12 ft-kips (counterclockwise) 


12 

2O0 6 - 12 

M ba = (4) (10)06 + M Fba = 4006 + 12.0 
Mbc = (4) (8) (0&) + M Fbc = 3206 — 27.0 


(32) 


M c 6 = (2) (8)06 + M Fc 6 = 1606 + 27.0 
by equation 26, M bd = (3)(8)06 = 240 6 . 
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The above equations are dependent upon continuity of the members 
at joint b . Moreover, these moments must also satisfy the equilibrium 
condition for joint 6, that is 

Mba + Mb c + Mbd = 0 (33) 

If the values in equation 32 are substituted in equation 33, we obtain: 
4O0*> + 12.0 + 320 6 - 27.0 + 240 5 = 0 
9606 = 15.0 

06 = 0.1563 (actually Ed) 

When this value of 06 is substituted back in equation 32 for the end 
couples, following values are obtained: 

M a b = —8.87 ft-kips M C b = 29.5 ft-kips 

Mba =» 18.25 ft-kips Mbd = 3.75 ft-kips 

Mbc — —22.00 ft-kips 

After the numerical values of the end couples are known, the end 
shears for each member can be calculated and the ordinary shear and 

8.Q7' k J8.25' k 1536* 



Fig. 37. 

bending-moment diagrams drawn. In drawing the bending-moment 
diagrams, it is essential in design work to use the ordinary conventional 
signs for the bending moments, which are in terms of the curvature 
of the member. As the analysis by means of the slope-deflection equa¬ 
tions gives the direction of the end couples acting on each member, 
the direction of the curvature of the axis of the member is known and 
consequently the usual bending-moment diagram is easily drawn. 
For example, from the frame of Fig. 36 we would obtain the diagrams 
in Fig. 37. 
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The axial forces acting on members ab and be cannot be determined 
unless the horizontal displacement of the joint b is considered, and, as 
this movement would affect the values of the end moments, the above 
solution is not exact. However, it is sufficiently correct for all practical 
purposes. 



Fixed 

Fig. 38. 


Example 11. The frame shown in Fig. 38 represents a structure 
which has neither angular nor linear displacement at support a but is 
free to rotate at d. The members are rigidly connected at joints b and c, 
which have both rotation and horizontal displacement. Vertical 
motion of joints b and c due to change 

in length of the members will be ^\M c d 

neglected. The end moments can ^ * 

be expressed in terms of the displace- /0 K t ^ 

ment of the joints by means of equa- _h_ cA 

tions 25 and 26. It should be noted Ki ^d 

that the length is taken in foot units v w ^ab ^ 
and therefore the values of 0 and A that J A. 


Ed E A 

are obtained are actually — and- Fig. 39 - 

J 12 144 

These relative values are more convenient than the absolute values 
when only the end moments are desired. 

IT . _ ,ox Z' 20 ’ 00 ^ - ™ F°’ m \ ( A \ (10)(8)(12)(8) 


/ft . /20,000\ , x /20,000\ / A \ 

ab = (2) \~w) db - (6) V“ar) W - 


(20) (20) 


Mab = 200006 - 300A - 19.2 

M ba = 400006 - 300A + 28.8 

M hc = 400006 + 2OOO0 C - 57.6 

M ch = 200006 + 40000c + 38.4 

„ / 20 , 000 \ /20 
Mcd = 3 0c- (3) (- 

M cd = 60000c - 600A 
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The displacement A is assumed to the right and will therefore produce 
negative moments. However, it could just as well have been assumed 

A 

to the left, that is, +6i£ - could have been used. Then A would 
have come out negative. 

The end moments must satisfy the following equilibrium equations: 


M ba + M bc = 0 

(35a) 

M cb + M cd — 0 

(356) 

II a + II d + 10 = 0 

(35c) 


Equations 35 a and 356 are expressed directly in terms of the end 
moments gg^that only equation 35c need be modified. By considering 
the equilibrium of members ab and cd for the forces shown in Fig. 39 

we can write ,, , 

Tr M ab + M ba - 80 
II a — 

20 


II d = 


M cd 

lo~ 


By substituting the values of II a and H d in equation 35c this equation 
is then expressed in terms of the end moments. 


or 


M ab + M ba — 80 M cd 

20 + "To" 

M a b + Mba + 2 M c d — 


+ 10 = 0 
-120 


(35c') 

(35c?) 


When the values of the moments in equations 35a, b, and d are expressed 
in terms of the displacements of the joints by means of equations 34, 
the following equations are obtained: 


8OOO0 6 + 20000, - 300A = 28.8 
200006 + 10,0000, - 600A = -38.4 (36) 

600006 + 12,0000, - 1800A = -129.6 
Solving these equations, we obtain 


06 = 0.0072 


0 , = 0.0008 


A = 0.1013 

Substituting these values in equations 34 gives 

Mab — —35.2 ft-kips M cb = 56.0ft-kips 

Mba = 27.2 ft-kips M cd = —56.0 ft-kips 

Mbc = —27.2 ft-kips 
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Example 12. The frame in Fig. 40 will illustrate a problem that 
involves a cantilever member and an eccentric load on a column, two 
conditions that are often encountered. The calculatiorf of the fixed- 
end moments for the eccentric load will be explained although the 



method has already been discussed in Article 15. An arrangement of 
the numerical solution that is particularly convenient is to determine 
first the angular rotation of the end tangents due to the applied loads 
on the member for the conditions of free or hinge supports and then 
by means of equations 29a and b to compute those end moments that 
would produce equal but opposite angles. These end moments are the 
fixed-end moments, as they will prevent the tangents from rotating 
when the loads are applied. 

For determining a a and a b , the conjugate-beam method is most 
convenient. As this method is explained in Chapter II, it will be 
applied here without further description. 

If member cd is considered simply supported at both c and d y the 
bending-moment diagram is given by Fig. 41a. 



d 

Fig. 41. 


If this — diagram is considered as an applied load (Fig. 416) on the 
El 

conjugate beam, the reactions of this beam are numerically equal to 
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the rotation of the end tangents of the original beam, or 


88 


«c 


(c)ockwise) 


296 


<*d = — 


16 El ' ' 16 El 

For the beam fixed at c and hinged at d 

(3) (88) 


(counterclockwise) 


.. J EI \( 88 \ ( 3 ) 88 ) 

Mpcd = 3 ( — ) ( - ——) = - t -= -1.03 ft-kips 

\L/\ 16EI/ (16) (16) 

if both c and d are fixed; then, by equation 29a, 

iHj) + 2 (S)0 - +»- 935t *-«p 

The slope-deflection * equations for all end moments in Fig. 40 can 
now be written as follows: 

„, 0 /20,0(J0\ /20,000\ / A \ 

Mab ~ 2 ) e » + 6 {-£-) (u) = 1667 * h + m3A 


Mb a = 333406 + 208.3A 
/36,000\ 

M bc = (J (406 + 20 c ) = 600006 + 3OOO0 C 
M cb = 300006 + 60000c 

3A\ 


(37) 


,, /24,000\ / 

The end moments must satisfy the following equilibrium conditions: 


30c + —) - 1.03 = 45000c + 281.3A - 1.03 
16/ 


Mba + Mic + 60 = 0 

(38a) 

M c b + M c d = 0 

(38 b) 

Ha + H d = 0 

(38 c) 

Equation 38c can be written 


M a b + Mba M cd + 12 


-H-= 0 

24 16 

(38d) 


Substituting the value of the moments from equation 37 in equations 
38a, b, and d gives 


933406 + 30000c + 208.3A = -60 
300006 + 10,5000c + 281.3 A = 1.03 
5OOO0J + 67500c + 838.6A = -16.46 


(39a') 

(395') 

(39c') 
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A solution of these equations gives 

6 b = —0.00725 Q c = 0.00196 A = 0.00783 
and when these values are substituted in equation 37, we obtain 
Mab = -10.5 M cb = -10.0 

M ba = -22.6 M cd = +10.0 

M bc = —37.6 

PROBLEMS 

29. (a) Compute the end moments for the frame shown by means of the 
slope-deflection equations. 



(b) Draw the shear and bending-moment diagrams for all members. 

(c) Show the deformed position of the frame by a colored line. 

Ans. M ba = +27.0 ft-kips; M bd = —41.4 ft-kips; M db = +19.4 ft-kips. 

30. Determine the end moments by means of the slope-deflection equations, 
and show the elastic curve of the structure by a colored line. 

Ans. M ba = +11.04 ft-kips; M dc = +3.36 ft-kips. 



31. If the member abc has restrained supports (not fixed) at a and c and a 
movable hinge at 6, express the moments at a and c in terms of the rotations 
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d a and 0 C only. Keep lengths in foot units. (Suggestion: Write the slope- 
deflection equations for moments M a b and M cb , and then eliminate A& by satis¬ 
fying the shear condition at b.) Arts. M a b = 8OO0 o + 4OO0 C — 26.67. 



.JO* /rl-XOOin* 
1 . / . * 1 


y'Hinge 




Problem 31. 


Moment-Distribution or Cross Method 

22. Moment-Distribution Method. A method of successive approxi¬ 
mations that is especially useful in the analysis of continuous frame 
structures was presented in 1932 by Professor Hardy Cross (Trans. 
Am. Soc. C. E ., Vol/96). This method, which is commonly referred to 
as the moment-distribution or Cross method, can be applied directly 
to continuous structures that are acted upon by force systems that will 
prevent any translation of the joints. In other words, the frame must 
be supported so that the fixed-end moments in equations 25 and 26 are 
modified only by the rotations 0 of the joints. In calculating the cor¬ 
rections that must be added to the fixed-end moments because of the 
rotation of the joints, it is possible to carry out the numerical operations 
by recording the change in the moments produced by the successive 
rotation of each joint. The entire frame can therefore be analyzed if a 
convenient method for determining the end moments due to the rota¬ 
tion of one joint is known, as that operation can be repeated until all 
the necessary strain and equilibrium conditions are satisfied. 

Let us consider the frame shown in Fig. 42, in which the joint x 
(any joint) is allowed to rotate until it is in equilibrium while ends 
a, 6, and c are fixed and d is hinged. As no translation during the rota¬ 
tion is permitted, any change in length of the members must be neg¬ 
lected or corrected later. 

The moments at the ends of the members meeting at the joint x can 
be expressed in the usual form by equations 25 and 26. 

M xa = Mp xa + 4 Ki6 x M xb = Mpxi + ^K 2 B X 

(40) 

M xc = Mf X c ~b ^K%6 x M x d = Mpxd “b SK^Ox 

in which 

M' Fx d = Mpxd — 2 Mpdx 

For equilibrium, 

M xa -j- M xb ~b M xc + M X d = 0 
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Substituting the value of the moments in the equilibrium equation gives 
(4i?i + 4A 2 + 4iv 3 + 3A" 4 )0 x + (M Fxa + Mpxb + M Fx c + M' Fxd ) = 0 


2CA = 4 K x + 4 K 2 + 4A 3 + 3A 4 

where C equals 3 or 4, depending upon whether the opposite end of the 
member is hinged or fixed. 

If 

2 Mp x = Mfxa + Mpxb + Mfxc + M' F xd 

then 

. _ ™ Fx 
x ZCK 

and the value of the moments will therefore be 
4 K x 

M X a ~ Mpxa 4" = Mf xa + ^1 (““ 2 M Fx ) 

ZCK 


M X b = Mfxb + ——: ( — ^Mpx) — Mpxi + r 2 ( — '2M Fx ) 
ZLK 


M xc = M Fxc + —e(-2 M Fx ) = M Fxc + r 3 (-2M Pl ) 
ZLK 


M xd = MVxd + — (~SM Fx ) = MVxd + r 4 (-2¥ ft ) 
ZLK 


The above equations can be stated in the following way: the correction 
that must be added to the fixed-end moment acting on any member at a 
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particular joint, because of the rotation of that joint, is equal to the 


ratio r 


CK 

2CK 


times minus the algebraic sum of all the fixed-end 


moments at the joint. It should be always kept in mind that we are 
considering the end moments acting on the members and that clockwise 
moments are taken positive. 

If the other end of the member has been held fixed during the rota¬ 
tion of joint x, then the fixed-end moment at that end has also been 
changed by the rotation 6 X) as expressed by the equation 


Max — Mpax + 2 Ki6 x — Mpax + ^*i( — ^Mpx) (42) 

The correction at the end a due to the rotation $ x is therefore one-half 
of the correction at the x end (see Fig. 326). The corrections at 6 and 
c are also one-half of the corresponding corrections at x for members 
bx and cx. No moment is caused at point d as the correction at x for 
the member xd was calculated for a hinge condition at d. In other 
words, if a member has a hinged end, no moments need be considered 
at that end due to the rotation of any joint. 

As the various joints can be rotated separately and the moments due 
to the rotation recorded as shown in Fig. 42, the true value of the end 
moment is approached as the correction r(—ZM Fx ) approaches zero. 
The numerical procedure is most easily explained by specific examples. 

Example 13. The frame shown in Figs. 36 and 43 can be solved 
directly by equations 41 and 42 as only the rotation at joint 6 affects 
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the fixed-end moments. Particular attention should be given to the 
arrangement in Fig. 43 for computing the distribution factors r, as 
this procedure is especially desirable when members with variable 
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moments of inertia are used. The algebraic sum of the fixed-end 
moments at joint b equals -27.0 + 12.0 or -15.0. Therefore a 
moment of r (distribution factor) times +15.0 is added to each member 
at joint 6. Thus, the correction for M ba equals (0.417) (15) or 6.25, 
and the correction added to M ab is half of this value or 3.12. Notice 
that both corrections have the same sign. 

Example 14 . When more than one joint must be considered, the 
above procedure is repeated until the necessary strain and equilibrium 
conditions are satisfied for all joints. This numerical procedure will be 
illustrated by computing the end moments for the continuous beam in 
Fig. 44. The fixed-end moments are determined first, which should not 

6 K 
e 


Fig. 44. 

cause any difficulty except possibly for M Fcd . This moment is com¬ 
puted on the assumption that there is no resistance to rotation at d 
when the 20-kip load is applied to the span cd , and therefore the value 
of Mpcd for that load is — t$PL or —60 ft-kips. The moment M dc 
applied to the span cd from the overhanging end is 24 ft-kips, and, 
therefore, a fixed-end moment of one-half of 24 must also act at c to 
prevent rotation. The total fixed-end moment M Fcd is therefore the 
sum of these values, or —48.0 ft-kips. 

Cl 

The distribution factors at b are determined from the CK or — 

L 

values for members ba and be. In this case, a value of C equals 4 is 
used for both, as 0 a and 6 C are kept fixed while joint b rotates to a con¬ 
dition of equilibrium. The distribution factors at c are computed for 
a value of 4 K for cb and 3 K for cd, since 6 b and M d are kept constant 
while joint c is rotated. Joint c is balanced first by distributing 
— (—48.0 + 24.0), which is equal to 24.0 according to the r ratios. 
The fixed-end moment required at b to keep 0 b constant is one-half of 
14.4 or 7.2. This fixed-end moment should be added in with the other 
fixed-end moments. The unbalanced moment at joint b is now 7.2, 
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and therefore a — 7.2 is distributed according to the r values. The 
moments required at a and c to keep 0 a and 6 C fixed are 5 ( — 3 . 6 ) or 
—1.8. Joint c is again unbalanced, and the first operation is repeated. 
It should be apparent that if this operation is repeated the corrections 
will steadily decrease and therefore the moments will converge to their 
true values. Mathematical proof that the series is convergent can be 
given but seems unnecessary. 

Example IS . The moment-distribution method will also be used to 
analyze the frame shown in Figs. 38 and 45. As only the change in 
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Fig. 45. 


eigj moments due to the rotation of the joints can be considered in the 
moment-distribution method, an auxiliary force F must be applied, as 
shown in Fig. 45, to prevent any horizontal movement of b and c. 
The fixed-end moments due to the loading are then corrected for the 
successive rotation of the joints b and c. Joint c is balanced first, and 
then joint 6 , the various operations being indicated in Fig. 45. After 
the end moments are determined, the value of the auxiliary force F is 
calculated from the equilibrium condition 

IU + H d + F - 10 = 0 
or 

F = 5.04 kips 
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The force F must now be removed from the force system by applying 
an equal arid opposite force. 

To determine the moments caused by a force equal but opposite to 
F ) the following procedure will be used. Assume that the joints b 
and c are moved horizontally to the right a fixed amount by a force F* 
(see Fig. 46a). If no rotation of the joints is to take place, a fixed-end 
(EA\ . 
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J at joint c for member cd. 


These fixed-end mo¬ 


ments are corrected for the rotation of the joints in the same manner as 
were the fixed-end moments for the transverse loading in Fig. 45. 
Thus, if a displacement of EA = 0.10 is taken to the right, the fixed-end 
moments at both ends of ab are 

,, _ ( 6 ) ( 1000 ) ( 0 . 10 ) 

Ilf Fab — Mf'ba — _ — —30 


and at joint c for member cd 
Mpcd = — 


20 


(3) (2000) (0.10) 


= -60 


10 
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These fixed-end moments are corrected for rotation of the joints as 
shown in Fig. 46a. If the actual value of A is to be used,' it must be 
kept in the same units as E, I, and L; but, if only the moments that will 
provide equilibrium are required, any choice of units can be made, pro¬ 
vided that such use is consistent throughout the calculations. 

The value of the force F’ necessary to give the displacement EA 
equal to 0.10 and the moments recorded in Fig. 46a is equal to 

F' = II a + H d = 2.30 + 2.68 = 4.98 

However, a force — F equal to 5.04 kips was required, which, by Hooke’s 
Law, can be obtained by increasing the value of F' and the correspond¬ 
ing momenta by 

F _ 5.04 
F' ~ L98 

Consequently, the true value of the moment M ab will be the algebraic 
sum of —9.6 ft-kips, the moment caused by the actual force system 
including F, and 

5.04 

s (-25.3) - -25.6 


which is the moment due to —F. The final values of the moments are 
recorded in Fig. 466. 

23. Effect of Shearing Deformation. The deformation due to shear¬ 
ing stresses reduces the CK, or stiffness factor, and the carry-over factor. 
The fixed-end moments are also modified when the loading is unsym- 
metrical. The amount of the reduction is readily calculated by includ¬ 
ing the strain energy due to shear in the solution of the problems that 
are given in Fig. 32a, 6, c, and d. Thus in Fig. 326 the total strain 
energy is 



(Ml, - V' a x) 2 dx 
2 El 


+ 



(43a) 


By applying Castigliano’s theorem we obtain 


a _ - f L (Mk ~ KgXzf) dx , f L K dx 

° dV' a Jo El + J 0 AG 

from which 


= 0 


V' = 

r a 



(436) 


3EI 


where 
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The relationship between the end moment and rotation B a of the end 
section is 

~ L (Ke, - V' a x) dx 

(43c) 


from which 


6 j su _ r 

a dM^ J 0 


El 


M '“ - (oB+i) K) - “ d <■ - (t+j) «U, <43.0 

If M'fo — 0 (hinge at b), 


M' 


ab 


1 +j 


KB a 


(43c) 


From equations 43d and 43e, the stiffness factors CK are 
/ 1 "f* j \ 

W 25 + j) K " instead of 4 K for fixed ends (43/) 

K • " instead of 3K for hinged ends C43 g) 


and the carry-over factor is 


0.5 — j 

—- 7 - instead of 0.5 ( 43 /t) 

1 +3 


E T 

For steel beams the ratio — is approximately 2.6 and the ratio — 

O A 

depends upon the depth of the beam and the shape of the cross section. 
For I-beams or girders, the area of the web should be used for A which 
tends to increase the value of j. The effect of shearing deformation is 
most important for short deep I-sections, but even for them the change 
in the end moments can usually be neglected. 

The fixed-end moments for symmetrical loads on the beam are not 
changed by shearing deformation. The reason for this is that the end 
sections remain vertical when the shearing displacements occur as long 
as the deformation is symmetrical about the center line. Therefore 
the rotations a of the end cross sections will be due to bending moments 
only. If <x a = —a b , 



which is the same as when the shearing force is not considered. 
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However, when the loads on the beam are unsymmetrical, the rota¬ 
tions a a and ab of the end sections may be modified by the shearing 
deformation. These rotations can be calculated by Castigliano’s 
theorem and the fixed-end moments then calculated by the equations 


Mpab 

Mpba 


’ l+i ) 

}#(-««) + ! 

(0.5-A 

.0.25 + j) 

\0 25 + j) 

0.5 -j\ 

)K(-a a ) + \ 

( 1+ ’\ 

.0.25 + j) 

\0.25 + j) 


K(-cc b ) 


(44 a) 
(446) 


The values of a a and ab must be used in equations 44a and 446 with 
their propeftign. 

Example 16. A 24-in. WF @ 74-lb beam is continuous over three 
spans as shown in Fig. 47. The end moments will be calculated by the 
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moment-distribution method with the effect of shearing deformation 
included, and these moments will be compared with the ordinary 
values. The following properties of the I-beam can be obtained from 
a steel handbook: 


1 = 2034 in. 4 A (of web) = 9.7 in. 2 


For span ab 


(3) (2.5) (2034) 
(360) (360) (9.7) 


For span be 


(3) (2.5) (2034) 
(120) (120) (9.7) 


0.0121 

0.109 
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Therefore, the CK values (equations 43/ and 43 < 7 ) for the spans are 


+ 0 . 012 ; 


For ba (— »- ) (™) = 16 . 7 

\1 +0.012/ V 360 / 

, / 1 + 0.109 \ /2034\ 

For be (--) (-) 52.3 

V0.25 + 0.109/ V 120 / 


The distribution factors at joints b and c , 


16.7 

Tba = ——- = 0.242 

16.7 + 52.3 


52.3 

Tbc — -= 0.758 

69.0 


The carry-over factor (equation 43 h) for span be is 

0.5 - 0.109 

-- 0.353 

1 + 0.109 

For a uniform load of 4 kips per foot on span ab the fixed-end moment 
is 

,, / 3 \EI ( 3 \/FA wL 3 

Mpba — ( - ; ;) —- ab — ( -——-) ( — )- = 444 ft-kips 

Vl + ]J L \1 + 0.012/ V L ) (24 El) 1 


The distribution of the fixed-end moments as shown in Fig. 47 gives 
the final moments at b and c as 297.1 ft-kips. If the effect of shear is 
not included, a value of 300 ft-kips is obtained which shows that the 
final moments are reduced by only 1 per cent even though the distri¬ 
bution and carry-over factors are reduced as much as 30 per cent. If 
a concentrated load of 80 kips is placed at the center of span be, the 
moments at b and c are 33.3 when shear is neglected and 33.1 when it is 
considered. Therefore, it appears that in this problem the shearing 
deformation has practically no effect upon the end moments even 
though it affects the stiffness and carry-over factors considerably. 

Example 17. A plate girder is continuous over three spans as shown 
in Fig. 48. The moment of inertia I is 20,000 in. 4 , and the area of the 
web is 16 in . 2 The maximum and minimum moments in the girder 
that are obtained by first considering the shearing deformation and 
then by neglecting it will be compared. 
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The values of j and CK for the end and center spans are: 
For end spans 


. (3) (2.5) (20,000) 

j --= 0.65 


For center span 


(120) 2 (16) 


j = 0.026 and CK 


For end spans 


= ( 1 + 0C 
\0.25 + 0 


026 \ /20,000' 


+ 0.026 


JK 


600 


) 


3o 3 

\1 + 0.65/ V 120 / 


Carry-ovejj^or center span 

0.5 


0.026 


1 + 0.026 
The distribution factors at b and c are 
303 


= 0.462 


Tba ~ 


426.8 


= 0.71 


rbc 


123.8 

426.8 


= 0.29 


w-4 K /ff 


Fig. 48. 
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Because of symmetry the fixed-end moments are not affected by the 
shearing deformation and therefore are equal to 


wL 2 (4) (50) (50) 


12 


- ±833 


12 
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The numerical operations shown in Fig. 48 follow the usual procedure 
and give the final bending moments at b and c equal to -683 ft-kips. 
These end moments give a positive bending moment of 567 ft-kips at 
the center of span 6 c. 

If the moments are now calculated by the usual distribution and 
carry-over factors in which the shearing deformation is neglected, the 
bending moments at 6 and c are equal to —735 and the positive 
moment at the center of span be is 515 ft-kips. Therefore, the shear¬ 
ing deformation decreases the negative bending moments at 6 and c 
by 7 per cent and increases the positive moment at the center of span 
be by 10 per cent. The distribution factors 0.882 and 0.118 are obtained 
by taking advantage of the symmetry of the structure. Since d c = - 6 b) 

M 6c = M Fbc + 4 K6 b + 2 Kd c = M Fbc + 2 K9 b 

Therefore, if C equal to 2 is used for member 6 c, the problem is solved 
with one distribution. 

PROBLEMS 

32. Compute the end moments for the continuous beam abc by the moment- 
distribution method. Use I = 240 in. 4 for both spans. 

Arts . M ab = —118.6 ft-kips. 



Problem 32. 


33. Determine the end moments for the continuous beam abed by the mo¬ 
ment-distribution method. Use I = 960 in . 4 for all spans. 

Ans. M ba = +3.3 ft-kips; M cd = -18.5 ft-kips. 



Problem 33. 


34. Compute the moments in the frame of Problem 29 by the moment- 
distribution method. 

35. Solve Problem 30 by the moment-distribution method. 
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36. If the member be shortens 0.07 in. as the result of a change in tempera¬ 
ture, what is the value of the end moments in all members? Use E = 30 X 
10 6 lb per in. 2 Ans. M ba = —5.6 ft-kips; M cd = 20.0 ft-kips. 
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Problem 36. 


Hinge 


(Suggestion: Hold joint b without translation by an auxiliary force F, and 
then remove F as in Example 15.) 
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CHAPTER IV 


BUILDING FRAMES SUBJECTED TO VERTICAL LOADS 

24. Introduction. At the present time the design of reinforced- 
concrete buildings and many types of steel structures is based primarily 
upon a recognition of continuity among the various structural ele¬ 
ments. The degree of continuity that can be expected in reinforced- 
concrete buildings requires careful study, but, in general, when the 
floors, girders, and columns have been properly reinforced and con¬ 
structed with adequate supervision, the assumptions already made for 
rigid frame structures will apply. As continuity can exist in all direc¬ 
tions, a building is a space structure and must be so regarded if its true 
structural action is to be properly interpreted. This means that the 
floors act as slabs and, with the girders, are subjected to bending, shear, 
and torsion, and that the columns are subjected to direct stress, to¬ 
gether with shear and bending in two directions. If no girders are used, 
but the floor slabs are supported directly on the columns, the building 
falls in the classification of a flat slab structure which is usually de¬ 
signed by standard coefficients that have been determined from a math¬ 
ematical and experimental study of slabs under various loading and 
boundary conditions. The analysis of such structures as equivalent 
frames has been recommended by some engineers, but as yet this pro¬ 
cedure has not been generally adopted. 

When the floor slab is supported by beams and girders that frame into 
columns, the usual procedure is to neglect the torsion in the girders and 
to calculate the stresses due to the bending in each direction as a two- 
dimensional problem. Under these conditions the frame becomes simi¬ 
lar to the idealized structures that have already been discussed except 
that the number of members is greatly increased. At this time it 
should be emphasized that no indeterminate structure is actually de¬ 
signed as a single unit, but, instead, a number of substitute structures, 
that represent the action of the actual structure as closely as possible, 
are proportioned and analyzed. The analysis of the substitute struc¬ 
ture will be considered first and then its relation to the actual condi¬ 
tions will be discussed. 

In buildings with steel framework, the amount and effect of the 
deformation that may occur in the connections of the beam and girders 
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to the columns constitute a most important and difficult problem. 
Most riveted connections will be of a semi-rigid type, although some 
types can be made to undergo very small deformations under working 
conditions. Many kinds of welded connections and some riveted con¬ 
nections are used that will give practically no local deformation and 
therefore come within the assumptions that have been made in the pre¬ 
ceding chapters. The following analysis is based upon the assumption 
of rigid connections, that is, that the end tangents of all members meet¬ 
ing at a joint rotate through the same angle. The problem of semi¬ 
rigid connections can be treated better after members with variable 
moments of inertia have been considered. 

26. Selej&on of the Primary Frames. The frame shown in Fig. 49 
is typical of those encountered in many buildings in which torsional 
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action is neglected and in which the connections undergo practically no 
local deformation. In such frames the vertical loads on the girders will 
be carried to the foundations largely by the adjacent columns. The 
end moments acting on any girder are affected by the amount of end 
restraint, which is primarily a function of the stiffness of the girder as 
compared to the stiffness of the adjacent members. Horizontal move¬ 
ment of the floors may be of importance in some structures, but for the 
present it will be assumed that the frame is supported against any side- 
sway, and, consequently, the fixed-end moments need be corrected only 
for the rotation of the joints. The removal of the restraining forces, 
if necessary, will be treated in the following chapter. 

When a span of the frame in Fig. 49, such as ab , is loaded, the end 
moments in the various members, due to this load only, will be affected 
by the rotation of joints a and b and, to a much less degree, by the rota¬ 
tion of other joints such as e, /, c, j, and k. Frequently the rotation of 
these other joints can be neglected or, in other words, the members can 
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be considered as fixed at those points. A better approximation is often 
obtained by assuming that these joints do undergo some rotation, the 
amount of this rotation and its effect upon the moments of the various 
members being estimated by the conditions stated in the following 
derivation. 

Let any member ab, Fig. 50, be subjected to a moment M ab at the 
end a, and let the end b be restrained by the members be, bd, be, that are 
either fixed as at c and d or hinged as at e. Usually a fixed-end condi¬ 
tion should be assumed. 



Applying the slope-deflection equations to the frame in Fig. 50 gives 
Mab = Kabila “t" 2 db) M ba — K ab (29 a -f- 4 9b) 

M bc = IKbcOb M bd — 4 Kbd9 b M be — ZK be 9b 

Since 2 M b = 0, 


6 b (4K ab + ±K bc + 4 K bd + ZK be ) + 2K ab 9 a = 0 


or, using the notation of Article 22, 


0 b = — 


2 Kab 

2 ~^ck 


Oa 


1 

“ YbaOa 
I 


where r*> a is the distribution factor for the member ab at the joint 6. If 
this value of 06 is now substituted in the above expressions for M a b and 
Mba, the following equations will be obtained: 

Mab = Kab(,^6 a Tbafia) = (4 ^ba)-^ab^a 


Mba — K a b(20a 2 Tba^a) — 2(1 — rba)K a bO a 


(45 a) 
(456) 




4 - r ba 

is the carry-over factor from a to b. From equations 45a and 45c, the 
distribution factor at the end a and the carry-over factor from a to b 
can be obtained for any degree of restraint (1 — r) at the end b. Thus, 
when the end b is considered fixed, r equals 0, and when hinged, r equals 
1. The stiffness factor for the member ab at the end a can therefore 
vary from 3 K to 4/v, and the carry-over factor from 0 to 

In the analysis of a building frame that is subjected to vertical loads, 
it is frequently convanient to analyze the structure for the loads on each 
span separately and then to combine the loadings so as to obtain the 
maximum and minimum moments. When only one span is loaded, such 
as ab, Fig. 49, it is often assumed that all joints except a and b remain 
fixed. In many problems, however, it is better to make use of equations 
45a and 45c, which enable a more accurate analysis of the structure to 
be made. The part ol the structure considered in the analysis will be 
designated the primary frame. It may sometimes be necessary to in¬ 
clude more of the structure than is used in this illustration. Equations 
45a and 45c are not easily applied to members that have transverse 
loading. 

26. Analysis of the Primary Frame. The end moments acting on 
the members of the frame in Fig. 51 will be calculated by the moment- 
distribution method, using the modified stiffness factor (4 — r)K for all 
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members, except ab. Although this procedure gives only a slight change 
in the distribution factor, it makes a considerable difference in the 
carry-over factors which affect the moments at the joints away from 
the loaded span. The distribution and carry-over factors for members 
at joints a and b when Equations 45a and 45c are used are: 





Joint a 



Member 

c 

K 

CK 

r 

Carry-over 

ae 

(4-0.333) 

2 

7.33 

0.172 

0.362 

ab 

4 

6 

24.0 

0.563 

0.5 

aj 

(4-0.23) 

3 

11.31 

0.265 

0.408 



2CK = 42.64 

1.000 





Joint b 



ba 

4 

6 

24.0 

0.277 

0.5 

bf 

(4-0.23) 

3 

11.31 

0.131 

0.408 

be 

(4-0.4) 

10 

36.0 

0.415 

0.333 

bk 

(4-0.16) 

4 

15.36 

0.177 

0.437 



2CK = 86.67 

1.000 



The numerical solution for the end moments by the moment-distribu¬ 
tion method is given in Fig. 52. The fixed-end moment at joint a, 
— 16.33 ft-kips, is first distributed, and one-half of the correction for 
M a b is carried over to M Fba ; that is, 

(i) (9.20) = 4.6 

is added to the fixed-end moment 16.33 at b. 



Fia. 52. 
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The unbalanced moment of 20.93 at b is now distributed, and the 
correction -5.80 applied to M ha produces a moment of -2.90 at a . 
Joint a is again balanced, and the procedure is continued until the de¬ 
sired accuracy is obtained. 

After the moments at the joints a and b are determined the other end 
moments can be obtained from the carry-over factors that have already 
been computed. Thus the moment at e will equal (0.362) (3.33) or 
1.21, which is correct within the limits of the conditions represented by 
Fig. 51. 

The moments caused by a uniform load of 1 kip per foot on the span 
be are shown in Fig. 53. The solution of this problem is carried out like 
the precedyjg one; that is, the distribution factors for the members 
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framing into joint b and c are calculated for a modified restraint for all 
members except be. The carry-over factors have also been determined 
on the basis of a degree of flexibility at the far ends equal to r. 

The moments at the ends of the members that provide the restraining 
action for the unloaded spans can also be obtained with sufficient 
accuracy from the above analysis. Thus, in Fig. 52, the moment M cb 
(—3.0) is resisted by a +3.0 in the members eg, cd , and el, Fig. 51, which 
is distributed to the three members in proportion to their K values. 
The value of M cd will therefore be (iV)(3.0) or 1.6 and M dc will be 
(0.225) (1.6) or 0.36. This use of modified restraints in determining the 
distribution of moments can be extended further, but in general an ex¬ 
tension is not of practical importance. 
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27. Maximum and Minimum Moments. The preceding analysis 
mdicates that, although a vertical load on one span of a building frame 
will produce moments over several bays and in the adjacent stories, in 
most practical problems only the moments in the adjacent beams and 
columns need be considered. From the moments that have been com¬ 
puted for a unit load on each span, the combined effect of the dead load 



of the structure and of the live load (for full span loadings) can be ob¬ 
tained by superposition. However, although only the end moments 
have thus far been computed, it is necessary that the designer also 
investigate the moments that may occur at any intermediate section. 
Such moments can be pictured graphically both by drawing moment 
diagrams for loads on various spans and by constructing influence dia¬ 
grams for the moments at various sections of the girders. 

In Fig. 54a, the moment diagram is shown for a load P on the span 
ab y and in Fig. 546 for a load on span be. A study of these moment 
diagrams yields some interesting information; for instance, when the 
load P is applied anywhere on span ab, the moment diagrams for spans 
be and cd pass through the points f 2r and / 3r , respectively. These two 
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points, which are commonly called “fixed points,” are sometimes used 
in the analysis of continuous frames. The position of the fixed points 
can be obtained directly from equation 45c, since 


and 


M c b x 

Mb c + M c b L 


M c b — 


2(1 ~ r) 
4 — r 


Mbc 


From these expressions the distance x of the fixed point from any end 
whose degree of flexibility is r will be given by the expression 


x = 


2(1 -r) 
3(2-r) 


(46) 


For all practical purposes, the value of r can be taken equal to the ordi¬ 
nary distribution factor. 

Each span will have two fixed points that are useful in determining the 
nature of the moments that are produced in that span by loads on adja¬ 
cent spans. For convenience, any span such as be can be considered in 
three parts: the portion between the fixed points f 2 i and f 2r , which is 
subjected only to negative moments from either adjacent span; the por¬ 
tion between the fixed point f 2r and the support c, which is subjected to 
positive moments from loads on span ab and negative moments from 
loads on span cd; and the portion between f 2 i and the support b } which is 
subjected to negative moments from loads on span ab and positive mo¬ 
ments from loads on span cd . 

The most important features of the diagrams in Fig. 54 can be sum¬ 
marized as follows: 

(a) Influence diagrams for moment for sections between a fixed 
point and the support will be of the type shown in Fig. 54 d for point m. 

(b) Influence diagrams for sections between the fixed points will be 
of the type shown in Fig. 54e for point n. 

(c) For points such as m, the maximum and minimum moments will 
be obtained for partial loading of the span itself and with one adjacent 
span loaded. 

(d) For point n, the maximum moments will occur when the span 
itself is fully loaded together with alternate spans. The moment caused 
by the loads on the alternate spans can usually be neglected as it is 
comparatively small. The minimum moment at point n will occur with 
no live load on the span be but with the adjacent spans ab and cd fully 
loaded. 
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(e) If each span is loaded separately with a unit uniform load as in 
the preceding analysis, the separate values for dead and live loads can 
be combined to give actual maximum and minimum values for all sec¬ 
tions between the fixed points and at the supports, but only approxi¬ 
mate values for sections between the supports and the fixed points. 

Example 18. The maximum and minimum moment curves will be 
drawn for the spans ab and be of the frame in Fig. 49 for a uniform dead 
load of 2 kips per foot arid a uniform live load of 4 kips per foot. The 
end moments for a unit uniform load on spans ab and be have already 
been calculated in Figs. 52 and 53. Therefore, the moments at interme¬ 
diate points can be computed from the conditions for statical equilib¬ 
rium, or by scaling the ordinates to the bending-moment diagrams. 
The effects of loads on the floors above and below will be neglected, al¬ 
though they can readily be included and for the exterior spans it is 
sometimes necessary to do so. In Table 2 the ordinates y u y 2 , y$ give 
the values of the moments at various sections in span be for a uniform 
load of 1 kip per foot on spans ab, be, and cd, respectively. The dead¬ 
load moment is given by column 5, and the maximum and minimum 
live-load moments by columns 6 and 7. The maximum and minimum 
combined values are recorded in columns 8 and 9. 

The above values are shown graphically by the curves in Fig. 55. 
The solid portions of the curves between the fixed points represent ac¬ 
tual maximum and minimum values; the dotted portions are estimated. 
The error involved in the dotted portion, however, is relatively small. 


TABLE 2 


Point 

2/1 

2/2 

2/3 

2 2 y 

4£ 4- y 

4S - 2/ 

Max 

Min 

1 

2 

3 

4 

5 

6 

7 

8 

9 

6 r - 

9.02 

-23.06 

3.52 

-57.12 

14.08 

-128.32 

-43.04 

-185.44 

7 

7.0 

4.50 

1.08 

-2.84 

22.32 

-28.00 

19.48 

-30.84 

hi - 

6.12 

13.00 

0 

13.76 

52.0 

-24.48 

65.8 

-10.72 

8 - 

5.0 

20.91 

-1.38 

29.06 

*3.64 

-25.52 

112.70 

3.54 

9 - 

3.0 

26.12 

-3.83 

38.58 

104.48 

-27.32 

143.06 

11.26 

10 - 

1.0 

20.33 

-6.29 

26.08 

81.32 

-29.08 

107.40 

-3.00 

hr 

0 

13.0 

-7.50 

11.0 

52.0 

-30.0 

63.0 

-19.0 

11 

1.0 

3.34 

-8.74 

-8.80 

17.36 

-34.96 

8.56 

-43.76 

12 

3.0 

-24.75 

-11.20 

-65.90 

12.00 

-143.80 

-53.90 

-209.70 


From a study of the curves for maximum and minimum moments, 
Fig. 55, it can be seen that large variations in bending moments are 
obtained at the various sections and that the position of the points of 
contraflexure vary over a considerable distance. The amount of this 
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variation depends upon the arrangement of the spans and upon the 
ratio of the live to the dead load. 



28. Maximum Shear. The maximum shear that can occur at any 
section of a girder in a continuous building frame will be largely due to 
the loads on that span except for unusual span arrangements. Never¬ 
theless the effect of continuity upon the shear should be studied, at 
least to the extent of knowing the error involved if the loads on adjacent 
spans are neglected. The influence diagram for the shear at any section 
m of an interior girder in a continuous frame, as shown in Fig 56 is 
uselul in studying the problem. The shape of the influence diagram 
can be easily sketched by the use of the reciprocal theorem as illus¬ 
trated m Chapter II. The problem of determining the maximum shear 
is studied best by considering, first, the shear due to loads on the span 
itself, and second, the shear from loads on one of the adjacent spans 



The influence diagram in Fig. 56 shows that the maximum positive 
live-load shear for a uniform load on span be occurs when the load is 
p aced on part of the beam. This condition is the same as for a simply 
supporte earn. The effect of end restraint upon the maximum shear is 









MAXIMUM STRESS IN COLUMNS 


shown in Fig. 57a, in which maximum shear curves have been drawn for 
uniform loading on the span be for three different end conditions, 
namely, simply supported at both ends, fixed at both ends, and simply 
supported at one end and fixed at the other. These curves were drawn 
for a live load equal to twice the dead load. A study of these maximum 
shear curves shows that the difference in end restraints and not the 
degree of restraint is the more important factor. The values for both 
ends simply supported differ but slightly from those for both ends fixed, 
whereas when one end is simply supported and the other fixed there is a 
noticeable difference. This comparison indicates that, for interior 



/Fixed at B - simply supported at C) 


(5/mply supported at both ends) 
(Fixed af both $nds) 


Maximum Shear Curves tor Single 
Span with Various End Restraints 
(Ordinates for 20'span with O.L n 2 K /ft &LL*4 K /ft. 


Fig. 57a. 


spans, the shear from loads on the span itself is practically the same as 
for a simply supported beam, whereas for exterior spans some allowance 
must be made for the increased shear at the interior support. An in¬ 
crease of 20 per cent over the maximum shear for a simply supported 
span will usually be a sufficient allowance for the end shear, but at 
intermediate sections a larger allowance should be made. 

The shear due to loads on adjacent spans can be calculated directly 
from the end moments that have been determined. This effect is rela¬ 
tively small unless the adjacent spans are large as compared to the span 
itself. A more important action is the fluctuation in the shear values 
that takes place if any unequal settlement of the supports occurs, and 
consequently some reserve strength to allow for such redistribution of 
shear is desirable. 

29. Maximum Stress in Columns. As the end shear in the girders 
must be resisted by the axial stress in the columns, the latter can be de¬ 
termined directly from the shear values. The maximum axial load in 
any column will be obtained when the adjacent bays are fully loaded in 
all stories. For exterior columns such loading will also give large bend¬ 
ing moments whereas for interior columns the maximum bending mo¬ 
ments will be obtained with a different loading arrangement. In other 
words, maximum direct stress and maximum bending moment do not 
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occur simultaneously for interior columns. The most critical stress con¬ 
ditions will vary for different span arrangements. 

The maximum moment in an exterior column such as aj (Fig. 49 ) 
can be calculated with sufficient accuracy by loading spans ab and jk; 
for the interior columns, such as bk, by loading be and kl. The numeri¬ 
cal values can be obtained by combining the moments that have already 
been computed for the loads on each span. 

Example 19. The maximum value of V ab , V ba> and V bc for the 
building frame in Fig. 49 will be computed for a dead load of 2 kips per 
foot and a live load of 4 kips per foot, and maximum shear curves will 
be drawn. 

The maximum value of V ab occurs with both dead and live load on 
spans ab and cd but with only dead load on be. By using the end mo¬ 
ments that are recorded in Figs. 52 and 53 for spans ab and be and by 
making similar calculations for a uniform load on cd, the following val¬ 
ues are obtained: * 

From span ab V ab = 42.0 - —-^ 15 ' 7 ^~ 8,45 - ) = 33.9 

From span 6 c F„> = - M 1 + 2.64 )g) = _ j g 

From span cd F„ = ^ + 0-42) _ 0 „ 

Total Vab = 38.0 _ 

For maximum value of V ba , full dead and live loads are placed on 
spans ab and be while dead load only is placed on span cd. 

From span ab V ba = -42 - ( 6 )( 15 - 72 ~ 8 - 45 ) _ _ 45 ^ 

14 

From span be V ba = — —- 264 ) = —5 5 

From span cd V ba = + ff )(L6 ^ 4 + °' 42) = 0 .3 

Total V ba = -50.3 

For maximum value of V bc , dead and live loads are placed on spans 
ab and bc while only dead load is on cd. 

From span ab V* = M 9 - 02 + 3 ~°> = 3 6 

20 

From span bc Vhc = 60 - 23 '^ = 59 5 

From span cd F* = - « &* + 3 ' 52 > = _ u • 


Total Vhc = 61.6 



SUMMARY 


$7 

The above values of V abl V ba , and V bc vary by -9.5 per cent, 
+19.8 per cent and +2.7 per cent, respectively, from the corresponding 
values that would be obtained for simply supported beams. 

The maximum positive and negative shear at the center of span ab 
for the live load on span cib can be determined with sufficient accuracy 
by taking the maximum positive live load shear as one-fourth of the 
live load end shear V ab , and the negative shear as one-fourth of the live 
load end shear V ba . From the preceding calculations, the live load end 
shears for a uniform load of 4 kips per foot are: 

At end a (38.9) = 26.0 .*. +F$ = ~ = 6.5 

At end b (^j (-45.1) = -30.0 -F$ = — ^ Q '° = - 7.5 

As the dead load end shear V ab is 13.0 kips, the dead load shear at the 
center is 

13.0 — (2) (7.0) = —1.0 kips 

As the shear at the center of span ab for loads on the other spans be and 
cd is the same as for the end shears V ab and V ba , the combined values 
give: 


F<& — 6.5 — 1.0 — 1.8 + 0.9 = 4.6 (3.2 by exact analysis) 

F<£ = —7.5 — 1.0 — 5.5 + 0.3 = —13.7 (—13.5 by exact analysis) 


The typical maximum shear curves illustrated in Fig. 57 a show that a 
straight line is a close approxima¬ 
tion to the actual curve, and, there¬ 
fore, a linear variation will be used 
for this problem (see Fig. 576). 

30. Summary. The preceding 
discussion of the analysis of build¬ 
ing frames under the action of 
vertical loads is concerned with a 
general method of solution rather 
than a detailed procedure for de¬ 
sign calculations. The application 
of this method of analysis to any 
building frame will naturally re¬ 
quire a careful study of some of the following factors: 

(a) The distribution of the load in any bay to the various two-dimen¬ 
sional frames into which the building is divided. This distribution de- 
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pends upon the bending and torsional resistance of the floor and its 
relation to the members of the various frames. The recommendations 
of the various building codes should be studied with respect to this 
problem. 

(6) A selection of relative - values based upon an estimate of the 

critical conditions for various members. In the preliminary design, 
it should be noted that the shear in the beams and the direct stress in 
the columns will not be affected greatly by the end moments. If 
haunched members are used, more difficulty may be encountered in 
making a preliminary design, particularly for built-up steel sections. 
For reinforced-concrete structures the recommendations of the A.C.I. 
BuildingCode on assumptions for design should be studied. 

(c) Any unusual conditions should be noted and provided for in the 
preliminary design by means of an approximate analysis or from experi¬ 
ence. 

(d) The designer should always remember that the moments that 
are computed are but one factor in the design, and that only reasonable 
accuracy, in their determination is essential. A considerable variation 
in the stiffness of a member is required to produce an appreciable 
change in the moments. The designer must be able to recognize in ad¬ 
vance the relative importance of various factors. 

PROBLEMS 

37. Calculate the end moments in the roof beams and supporting columns 
of the frame in Fig. 49 for a uniform load of 1 kip per linear foot on span ef. 
Do the same for a unit uniform load on spans fg and gh, respectively. Draw the 
bending-moment diagrams for each loading, and establish the positions of the 
fixed points. 

38. From the results of Problem 37, prepare maximum and minimum mo¬ 
ment curves for spans ef and fg for a dead load of 2 kips per foot and a live load 
of 3 kips per foot. 

From the data given in Figs. 52 and 53 together with your results from 
Problem 37, draw the maximum and minimum moment curves for columns 
ae and bf. 

39. Calculate the maximum end shears for spans ef and fg for the same dead 
and live loads as in Problem 38. By the method followed in Example 19, draw 
approximate maximum shear curves. 
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CHAPTER V 


CONTINUOUS FRAMES WITH JOINTS HAVING DIFFERENT 
LINEAR DISPLACEMENTS 

The Use of Auxiliary Force Systems to Control Translation of the 

Joints 

31. Nature of Auxiliary Forces. When the joints of continuous 
frame strwetures undergo motion of translation as well as rotation, 
direct methods of successive approximation are not easily applied as 
the increments may then converge slowly if at all. Failure to obtain 
convergence is largely due to the fact that the translation of any joint 
will have an important effect upon the end moments of many members 
whereas the rotation of a joint affects primarily the contiguous mem¬ 
bers. For this reason the analysis of many continuous frames by 
methods of successive approximation, such as the moment-distribution 
method, is practical only if the translation of the joints is controlled by 
the use of auxiliary force systems. The nature of such auxiliary force 
systems will necessarily depend upon the motion that they must give 
or prevent in the structure, but, for any problem, the summation of the 
auxiliary force systems and their displacements must be equivalent to 
the actual force system and the actual movement of the frame. 

The use of an auxiliary force system in controlling one displacement 
has already been illustrated by the analysis of the frame in Fig. 45. 
The application of this method of procedure to frames with several dis¬ 
placements will now be discussed. A common example is the frame in 
Fig. 58a, which is acted upon by forces P u P 2 , P 3 . To prevent any hori¬ 
zontal displacements of the joints it will be necessary to apply a system 
of auxiliary forces F b , F c , F d , as shown by the dotted lines. The analy¬ 
sis by the moment-distribution method can now proceed in the or dinar y 
manner, and the values of F b , F c , and F d can be calculated. To remove 
these forces, three different auxiliary force systems, as shown by Figs. 
586, c, and d, will be required, each of which permits but one horizontal 
displacement. The algebraic relation existing between any single dis¬ 
placement A and the force system producing it will then be known if it 
is determined for any assumed value of A, as the relationship is a linear 
one. For this reason each auxiliary force system and the shears and 
moments which it produces can be expressed in terms of one displace- 
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ment A, and the summation of all auxiliary force systems can be ex¬ 
pressed as functions of the various A values. The numerical value of 
the displacements A arc calculated from the necessary equilibrium con¬ 
ditions. As an example of such equilibrium conditions the forces in 



Figs. 586, c, and d, when combined, must remove the virtual loads Fb f 
F C) and Fa used in Fig. 58a, or, expressed algebraically, 

Fbi + Fb2 + Fb3 + Fb = 0 

Fci Fc2 T" F C Q F c = 0 

F<n + Fd 2 + Fd3 + Fd = 0 


( 47 ) 
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Although these equations are sufficient to determine the true value of 
Aj, A 2 , and A 3 , it will be shown later that the numerical calculations are 
often simplified if the equilibrium conditions are taken with respect to 
sections through the structure rather than around the joints. 



Further examples of auxiliary force systems are given by the frame in 
Fig. 59a, which is subjected to the load P and will require the auxiliary 
forces F b ,F c , and F e to prevent translation of the joints. These forces 
are removed by combining the auxiliary force systems shown by Figs. 
596, c, and d, each of which is expressed by a single value of A. The 



values of Aj, A 2 , and A 3 are obtained from the equilibrium conditions 
that will be explained in a numerical example. 

• 1U ,u 8 ^f^ ar manner > frame of Fig. 60a can be solved by combin¬ 
ing the solutions of the force systems shown in Figs. 606, c, and d. (See 
Article 18, Chapter II, for the motion of joint c.) 
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Fig. 60. 


Example 20. The above procedure for controlling the translation of * 
the joints will be followed in solving for the moments in the frame of 


Fig. 61. The solution can be made 
by means of the moment-distribu¬ 
tion method if the horizontal move¬ 
ment of the structure is considered 
in terms of three separate quanti¬ 
ties, Ai, A 2 , and A 3 , as illustrated 
in Figs. 686, c, and d . Let us first 
assume that EAi is equal to 10 kips 
per foot and all rotations are zero 
except at the supports a and a'. 
Then, the only members subjected 
to flexure are ab and a'6', which 


4 k d K~6 d' 



Fig. 61. 


will be acted upon by fixed-end 


moments at 6 and 6' equal to (see equation 26, Article 20) 


Mfba = Mn'a' = 


3 El Ai 

T L 


(3) (12) (10) 
16 


— 22.5 ft-kips 


(The value of K is also taken in foot units, although this assumption is 
not essential if the actual motion is not desired.) 
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The fixed-end moments due to the translation A can also be repre¬ 
sented by the term Mp as these moments are always kept separate from 
those due to transverse loads on the members. These fixed-end mo¬ 
ments that are due to an assumed value of Aj are corrected for rotation 
of the joints by the moment-distribution method as indicated by the 
numerical operation in Fig. 62. In this problem considerable numerical 



Fig. 62. 


work is saved by taking advantage of the symmetry of the structure. 
The slope-deflection equation for the moment M w , which is 

M w = (4) (14)0 6 + (2) (14)0y 

can be written 

M b b f = (6)(14)06 = 8406 

since by symmetry we know that 6 b is equal to 6 b ,. Therefore, when 
joint b is permitted to rotate an amount 6 b that is necessary to balance 
the moments around the joint, joint b ' is assumed to rotate the same 
amount. This means that joints b and b f are rotated at the same time. 
Joints a and a' are free to rotate while the remaining joints are kept in a 
fixed condition. The moments around the joint b due to any rotation 
06 and 06/ will therefore be 


M ha - (3) (12)06 = 3606 M w = 8406 M bc = (4) (10)06 = 4O0 6 
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The distribution factors at joint b will be 


36 

Tba “ 0.225 

160 


puted: 

40 

i*cb — — 0.357 

112 


Yr.r* — 


84 

40 

= — = 0.525 

r^c — —— = 0.25 

160 

160 

bution factors 

at joint c can be com- 

48 

24 

-= 0.429 

r cd =-= 0.214 

112 

112 


and, at joint d: 


24 

r dc = — = 0.4 
60 


36 

Tdd f = — = 0.6 
60 


The distribution of the fixed-end moments is carried out in the usual 
manner as indicated by the arrows in Fig. 62. After the end moments 
have been determined, the value of the shear in each panel and the 
value of the auxiliary forces can be calculated. Thus, the value of the 
shear, due to A x , is 


Panel 1 
Panel 2 
Panel 3 


„ (2) (17.33) 

Vi =-;-= 2.17 or 0.217Ai - 

16 

T7 _ (2)(5.25 + 1.82) 

*2 — -- —1.18 or 

12 

Tr (2) (0.75) 

V 3 =-= 0.125 or 0.0125Aj - 

12 


-O.II8A1 


In a similar manner, fixed-end moments of —50 ft-kips in panel 2> 
due to an assumed movement of EA 2 equal to 10, are distributed and 
the shear in each panel calculated. The shear values will be 


Vi = -O.II 8 A 2 V 2 = 0.995A 2 V 3 = — 0.196A 2 
For a horizontal movement EA 3 equal to 10 , fixed-end moments of 


(6)(6K10) 
12 


= —30 ft-kips will occur in panel 3. After these mo¬ 
ments are distributed, the followmg shears in each panel are obtained. 
Vi = 0.0125 A 3 V 2 = -0.196A 3 F 3 = 0.592A 3 


If the shears in each panel due to the auxiliary force systems are now 
set equal to the actual shear of the applied forces, a set of linear equa¬ 
tions in terms of Ai, A 2 , and A 3 is obtained. 


Panel 1 +0.217 Aj - 0.118A 2 + 0.0125A 3 = 20 

Panel 2 -0.118 Aj + 0.995A 2 - 0.196 A 3 = 12 

Panel 3 +0.0125AJ - 0.196A 2 + 0.592 A 3 = 4 
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As the coefficients of these equations are arranged symmetrically with 
respect to the main diagonal and with the large coefficients on the 
diagonal, a solution for the A values can be made by the method of 
iteration. This method is of sufficient importance in solving such 
simultaneous equations to warrant a detailed description of the pro¬ 
cedure. 

The equations will be rearranged by solving the first for Ai, the 
secdnd for A2, and the third for A3, giving: 

Ai = 92.2 + 0.543A 2 - 0.058A 3 

A 2 = 12.1 + 0.119Ai + 0.197A 3 

** A 3 = 6.75 - 0.02lAi + 0.331A 2 

If we first assume that A 2 and A 3 are zero, a value of 92.2 is obtained as 
a first trial value for Aj. This value of A* is then put in the next equa¬ 
tion for A 2 , which gives 

A 2 = 12.1 + (0.119)(92.2) + 0 = 23.0 

These values of Ai and_A 2 are then inserted in the equation for A 3 , 
giving 

A 3 = 6.75 - (0.021) (92.2) + (0.331) (23.0) = 12.4 

A new value of Ai can now be obtained b} r using the above values of 
A 2 and A 3 , 

A! = 92.2 + (0.543) (23.0) - (0.058) (12.4) = 104.0 

This procedure is continued until the desired accuracy is obtained. 
The values are tabulated in Table 3, from which it can be seen that the 
convergence is rapid. In this case three cycles are sufficient for all 


practical purposes. 


TABLE 3 


Cycle 

E Ai 

E A2 

E Ag 

1 

92.2 

23.0 

12.4 

2 

104.0 

26.8 

13.44 

3 

106.0 

27.2 

13.62 

4 

106.2 

27.3 

13.55 


As the moments in Fig. 62 are for EA values of 10, the moments for 
the above values of EA can be obtained by proportion, thus 

M ba = (-1.733)(106.2) + (0.941)(27.3) - (0.100)(13.55) = -159.8 

M bc = (0.525)(106.2) - (3.137)(27.3) + (0.334)(13.55) = -25.4 

M cb = -46.8 M cd = —8.0 M dc = -16.1 
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Example 21. The frame shown in Fig. 63a will be analyzed by the 
procedure that has already been discussed for Fig. 59. Here the verti¬ 
cal load of 21 kips that is applied on the member cd will produce a rota¬ 
tion and displacement at each joint. If the change in length of the 
members is neglected, three different linear displacements, two hori¬ 
zontal and one vertical, must be considered. These displacements can 


+,28.0 

-56.0 +140 



be prevented by applying auxiliary forces at 6, c, and e as illustrated in 
Fig. 63a. When the frame is held in this position, the fixed-end mo¬ 
ments 


and 


Mpcd = — 56.0ft-kips 


Mpdc = +28.0 ft-kips 


due to the concentrated load of 21 kips, are distributed in the usual 
manner. The distribution procedure as well as the final moments are 
given on the diagram. After the end moments have been determined 
the end shears in each member are calculated and from these values the 
magnitude of each auxiliary force is obtained. For instance, the force 
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cc' must be equal to the algebraic sum of the shears in members be, 
de, and fg, or 

30.9 + 10.0 — 9.9 — 3.1 + 4.4 + 1.0 
cc ~ ~ ----= 2.78 kips <— 

Similarly, 

-6.0 - 1.4 

W =-—- 2.78 = -3.24 kips -» 

10 

ee' = V dc + V d/ + V eb + V ee = +6.74 + 1.16 - 0.19 - 0.17 

= 7.54 kips t 

i +300 



To remove these auxiliary forces, the procedure already explained 
for Figs. 596, c, and d is used, i.e., giving the structure three separate 
displacements Ai, A 2 , and A 3 . Let us first assume A x = 12 units to the 
right; then 


Mf be — Mfcb 


Mped ~ Mp de 


(6)(10)(12) 

12 

( 6 )( 6 )( 12 ) 


= -60 

= -36 


12 
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In the distribution of these moments (Fig. 636) advantage can be taken 
of the.symmetry of the structure to reduce the numerical work. 

For Aj equal to 12 units, the auxiliary forces are 


(-26.7 - 31.2)(2) - 31.2 - 29.4 


12 


= -14.68 or 1.222Ai 


,,, 14.4 + 14.4 

66 -(- 14.68 = 16.48 or 1.374Aj 


16 


ee' = 0 



If a value of A 2 equal to 16 units is assumed (see Fig. 63c), and if the 
joints are held without rotation, there will be fixed-end moments in 
members ab and gh equal to 


Mpba = Mfgh 


(3) (12) (16) 
16 


= -36 


The joints are now permitted to rotate in the following order: 6 , c, g,f, 
e, d. It will be found that, owing to symmetry, only the joints 6 , c, d^ 
and e need be used in the distribution of the moments. The numerical 
operations and the final moments are given on the diagram. 
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The auxiliary forces in terms of A 2 are 


cc = 


W = 


2(12.9 + 3.3) - 2.9 - 0.4 
12 

- 22.6 - 22.6 


= 2.43 or 0.1618A 2 


16 


— 2.43 = —5.26 or 0.329A 2 


ee' = 0 


For a value of A 3 (see Fig. 59d) equal to 18 the fixed-end moments are 
( 6 ) ( 10 ) (18) 


Mpcd = Mpdc — 


18 


— 60 M F d/ = Mp/d — -4-60 


( 6 ) ( 8 ) (18) 

M F be = M Feb -- — 48 

18 


MF eg — Mpg e — +48 


The distribution of these fixed-end moments, as well as the final value 
of the end moments, is given in Fig. 63d. The auxiliary forces required 
to produce these moments are 


cc' = 0 W = 0 


, 2(33.2 + 46.6 + 37.8 + 42.9) 

ee --- = 17.84 


18 
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To determine the values of Aj, A 2 , and A 3 that will reduce the auxiliary 
force system to zero, the following equilibrium equations are necessary. 
Horizontal forces at c must equal zero, or 

(a) 1.222A! - 0.1518A 2 - 2.78 = 0 

Horizontal shear in first story must be zero, or 

(6) 1.222AJ - 1.374A! - 0.1518A 2 + 0.329A 2 - 2.78 + 3.24 = 0 

which gives — 0.152Aj + 0.1772A 2 = —0.46. 

Forces at e must equal zero 

„ (c) — 0.99A 3 + 7.54 = 0 

From (c) 

7.54 

A 3 =-- 7.62 

17 , s j 0.99 

From (a) and (6) 

A x = 2.185 A 2 = -0.723 


The final moments are obtained by multiplying the moments in Fig. 636 

b y - 72 “ , m Fig. 63c by-— , and m Fig. 63d by and then 

by combining these values with the moments of Fig. 63a. The sum of 
the four sets of moments (Fig. 63e) gives the actual values. 



Fio. 63e. 
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32. Frames with Inclined Members. The roof frame of Fig. 60a is 
one example of a continuous frame in which the axes of the various 
members do not intersect at right angles. Many similar structures can 
be found in practice, all of which can be analyzed by the preceding 
methods of solution. The geometrical relations that exist between the 
linear displacements of the joints for the assumption that the lengths 
of the members do not change must always be carefully established. 


As the construction and application 
this problem are explained in Article 



of the Williot diagram for solving 
18, Chapter II, it will now be used 
directly in the solution of specific 
structures. 

The bent in Fig. 64a, which is a 
type of structure that is common 
in viaducts, must undergo the dis¬ 
placements shown by the dotted 
lines. The relative magnitudes 


_J 



Fig. 646. 


of these displacements in terms of Ax and A 2 , the horizontal displace¬ 
ments, can be readily obtained from the displacement diagram in 
Fig. 646. The rotations of the axes of the various members are 


Member ab 
Member ef 
Member be 
Member 6c 
Member de 
Member cd 


A ab A 2 COS 0 1 A 2 


ab 

COS 0i 

h 

h 




A ef _ 

a 2 

COS 0 2 

a 2 




ef 

COS 0 2 

h 

h 




A&e 

A 2 (tan 0i + tan < 

fe) = 

a 2 

<fo 

-h) 

be 


h 


h 


h 

A be 

Ai — A 2 

cos 4> i 

= Ai_ 

— 

A2 

a; 

~bc = 

COS 0i 

h 


h 


k 

A de 

<N 

<1 

1 

< 

1 

COS 0 2 

= Ai. 

— 

A2 

A'l 

de 

COS 02 

h 


h 


h 


A cd _ Ax (tan + tan 0 2 ) _ (Aj + A 2 ) (hi — h 0 ) 
cd ho l\ Kq 
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In the solution of any numerical problem, the unknown moments and 
forces are taken either in terms of the relative horizontal displacement 
A in each panel or the actual displacements Aj and A 2 . The numerical 
calculations are based on the use of auxiliary force systems as in the 
preceding problems. 

Example 22. In the analysis of the frame in Fig. 65a only half of the 
structure need be considered in the computations because of symmetry. 



Thus, it is apparent that 6d — 9 C and 0 e = $ b) and, consequently, the 
moments at ends of members cd and be are equal to 6 K6 C and 6 K0 b , re¬ 
spectively, when only joint rotations are considered. For this condi¬ 
tion, the distribution factors at joints b and c are equal to 



Joint b 


Member ba 
Member be 
Member be 

(3) (40)& = 12006 
(6) (20) 06 = 12006 

(4) (20)06 = 8006 

Ha = 0.375 
He — 0.375 
r bc = 0.250 


32006 

1.000 


Joint c 


Member be 
Member cd 

(4) (20)0, = 800, 
(6) (100)0, = 6000, 

r bc — 0.118 
r c d ==0.882 


68O0 C 

1.000 


Let us first assume an auxiliary force system P[ and P^, together 
with the reactions, that will produce a relative horizontal movement 
between joints b and c of Ai equal to 10 units with Ag equal to zero. 
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For this displacement the fixed-end moments (see equations 48) neces¬ 
sary to prevent rotation of the joints are 


Mp ba = 0 


M Fbe = 0 M Fbc = M Fcb = - — ( - ^ )(10) = -60 
M Fcd = H- (6) (100) ~ (—= +75 


The final moments and the horizontal and vertical components of the 
end forces are given in Fig. 656. It should be noted that the shearing 



forces in the horizontal members cd and be must be calculated before the 
vertical and horizontal forces in the columns can be obtained. The 
values of P'i and P' 2 are equal to 

P\ « (2) (5.75) = 11.50 P 2 = (2)(5.75 + 0.23) = 11.96 
or, in terms of 

Pi = 1.150A; P' 2 = 1.196A; «- 


In the same manner, the auxiliary force system necessary to give a 
relative horizontal movement between b and a is determined. Let us 
assume a value of A 2 equal to 10 units and A\ equal to zero. Then 


M Fba = — 


(3) (40) (10) 
20 


= -60 


M Fbe = + (6) (20) 


(10) (3) 


Mpcd = + 


20 15 
(6) (100) (10) (3) 


20 


12 


+12 

+75 
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From the moments and forces given in Fig. 65c the auxiliary force 
system for any displacement A 2 is found to be 

P? = 0.042A 2 P 2 = 0.516A 2 -» 

The actual values of Aj and A 2 are obtained from the equilibrium con¬ 
ditions that 

(a) . P'i + Pi' = 12.0 
or 

1.150Aj - 0.042A 2 = 12.0 

(b) P 2 + P '2 = 6.0 
or 

-1.196A' X + 0.516A2 = 6.0 

from which A; = 11.9, A 2 — 39.2. 

The final moments given in Fig. 65a are obtained by multiplying the 
moments in Fig. 656 by 1.19 and those in Fig. 65c by 3.92. 

Example 23. The ridge or gable frame illustrated in Fig. 66a can 
also be solved by the foregoing procedure with the aid of the geometrical 



relations derived in Article 18, Chapter II, for this type of structure. As 
the translation of joint c is dependent upon the movement of joints b 
and d, two auxiliary forces, F& and Fd, will be sufficient to prevent trans¬ 
lation of all joints. The fixed-end moments due to the uniform loads on 
members ab and be are distributed in the usual manner. With the end 
moments known, the horizontal components at the ends of each mem- 
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ber can be determined without difficulty. Thus, in members ab and de, 

5.36 


Ude 2q — 0.268 


„ (0.600) (20) (10)+38.38 

H>. - - -7.919 

and, considering the portion bed, 

(16.0)(10) + (8) (5) - 38.38 - 5.36 
v dc ---= 2.604 T 

V bc = 16.0 - 2.604 = 13.396 T 

By taking moments about c for forces on member be 

**-200 — 38.38 + 14.74 + (13.396) (20) 

Htc ----- 4.428 - 


for member cd 


10 


tt (2.604) (40) + 5.36 + 14.74 

Hdc = -—-- 12.426 

The auxiliary forces F b and F d will therefore be 
F b = 7.919 - 4.428 = 3.491 
F d = 12.426 + 0.268 = 12.694 


Forces F b and F d must now be removed by superimposing the force 
systems required to produce the separate displacements A b and A d (see 
Figs. 60c and d). If joint b is assumed to move to the right an amount 
A b equal to 10 and A d equal zero, then, by the relations given in equa¬ 
tions 22 and 23, Chapter II, 

Aft - Ag _ 10 Ae- Aft _ (10) (40) 2 

ab 20 be (10) (60) ~ 3 

A c - A d _ (10) (20) 1 

cd ~ (10) (60) “ 3 

From the above relations the fixed-end moments for the various mem¬ 
bers for Aft equal to 10 are 

/10\ q 

M Fba = -(3) (8) j = -12.0 M Fbc = M Fcb = +(6)(4) - 


Mpcd = Mpdc = —(6) (3) (f) = —6.0 


= +16.0 
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The correction of these fixed-end moments for rotation of the joints and 
the auxiliary forces F|, and Fd necessary to hold the structure are given 
in Fig. 666. 



If joint d is now assumed to move to the right an amount A d equal to 
10 while joint b is prevented from moving, the fixed-end moments in the 
various members are 


Mfbc = Mpcb = — 


Mpcd — Mpdc = + 


(6) (4) (10) (40) 
(10) (60) 

(6)(3)(10)(20) 
(10) (60) 


-16.0 


+6.0 


M Fde = -(3) (8) 



- 12.0 


The moments and auxiliary forces that will produce such a displacement 
of the frame are given in Fig. 66c. From the conditions that 

K + K + F b = 0 
and 

K + K + Fd = 0 

the following equations are obtained: 

0.2585A& - 0.224A,; - 3.491 = 0 
—0.2240Aj + 0.2261Ad - 12.694 = 0 
from which A b - 439.4, A d = 491.6. 
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Fig. 66c. 


The resultant moments (Fig. 660?) are obtained by combining the 
moments in Fig. 66a with 43.94 times those in Fig. 666 and 49.16 times 
those in Fig. 66c. 



Fig. 66d 


33. Advantages and Disadvantages of Auxiliary Force Systems. 

The method of solution for continuous frames in which the translation 
of the joints is controlled by auxiliary force systems has certain advan¬ 
tages and disadvantages that will be summarized at this time. 

(a) .For building frames of many stories and bays that are subjected 
to horizontal loads, the above procedure can be conveniently applied to 
any part of the structure. The distribution of the fixed-end moments 
for a relative displacement in any story will extend for only one or two 
stories on each side. For this reason the solution of the shear equations 
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by the method of iteration, as in Example 20, can be performed quickly 
with a slide rule. The relative stiffness of different frames is also deter¬ 
mined at the same time, a factor that is of assistance in the allocation of 
the total horizontal load to the various frames. 

(6) After the moments have been obtained for one loading condition, 
solutions for other types of loading can be quickly made. The only dif¬ 
ference will be in the constants for evaluating the A values. 

(c) In the following chapter it will be shown that the method is also 
applicable to frames whose members have variable moments of inertia, 
once the proper coefficients have been obtained. 

(d) In structures such as the Vierendeel truss with inclined chords, 
the numerical work is often laborious although less so than for many 
other methods. The panel method, explained in the following section, 
is recommended when it is applicable. 

(e) The moments in certain frames, such as in Example 23, are ob¬ 
tained from the differences of large numbers, and, therefore, in such 
problems, the A values must be computed with considerable accuracy. 

PROBLEMS 

40. Calculate the end moments in the two-story frame by the use of auxiliary 
forces and assumed displacements. The condition of symmetry should be 
utilized in the solution. Compare the results with those obtained for the 



assumption that the points of contraflexure of beams and columns are at the 
center of the members and that the inside columns take twice as much shear as 
the outside columns. 

41. Compute the moments in the Vierendeel truss shown. Note that three 
relative vertical displacements can be used as shown by a displacement diagram 
that is started with member oh assumed vertical; or two vertical displacements 
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and one horizontal displacement can be used if points a and a' are kept at the 
same elevation. The choice lies in whether to use the Williot diagram direct or 
to correct for rotation. The end moments are the same in either case. 

Ans. Mbc = —30.9 ft-kips; M C b = —35.8 ft-kips; M cc ' = +26.9 
ft-kips. 




OK 

1 


b’ 

m 

WE-jaHi 

1 1 

B 

cm 

o' V 

_ 3@2(y=60' ■ 



1 





Problem 41. 


42. Compute the end moments for the frame shown. 

Ans. Mob = —5.85 ft-kips; Mb a = —6.08 ft-kips. 



43. Determine the end moments for all members of the frame shown. 

Am. M ba = -36.8 ft-kips; M cb = +64.0 ft-kips; M ce = -6.9 ft-kips. 


IO K 






30 


■ ® 


Hinge 


Fixed 


50' 


Hmge\.q 


Problem 43. 


44. Calculate the end moments for the frame shown when there is a weight 
o kip per foot on the roof of the center bay (no load on side bays). Note: 
Make use of symmetry in your calculations. 

Am M ee> = - 71.4 ft-kips; M ce = -34.9 ft-kips; M ci = +31.5 
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Problem 44. 


45. Calculate the end moments for the frame in Problem 44 for a load of 1 kip 
per foot on both side spans and no weight on center bay. Make use of the 
symmetry of the frame. 

Arts. M ee ' = —6.0 ft-kips; M ce = -16.3 ft-kips; M cd = —27.6 
ft-kips; M c b = +43.7 ft-kips. 

Panel Method for Analyzing Quadrangular Frames 

34. Historical Development. In 1904, Professor L. F. Nicolai pre¬ 
sented a solution, for a parallel-chord Vierendeel truss, based on the 
assumption that the rectangular panel, composed of the upper and lower 
chords and the two verticals, is the fundamental structural unit and 
that the continuity with the remainder of the structure can be ignored. 



Fig. 67. 

Nicolai's analysis was then made by assuming that diagonals are acting 
in the panels and that the members are pin-connected as shown in Fig. 
67a. Then at each joint an external force is applied (Fig. 67 b) that will 
neutralize the stress in the diagonal. The last step is to consider the 
panel as a rigid frame acted upon by these forces, as, for example, panel 
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abed, Fig. 67c. The moments in this frame are assumed to be equal to 
the moments in the Vierendeel truss. Obviously such a procedure gives 
only an approximate solution, as the continuity between panels is 
ignored. 

This method, used by Professor Nicolai, was greatly extended and 
made more practicable in 1921 by K. C'alisev, who showed that the 
verticals of a particular panel could be increased in stiffness until they 
provided enough additional restraint to compensate for the remainder 
of the structure. This correction took the form of a rapidly converging 
series and therefore changed the method from an approximate solution 
to a solution by successive approximations. CaliSev also extended the 
solution to Yi^endeel trusses with inclined chords. However, he still 
retained the idea of reducing the diagonal stress to zero, which is an 
unnecessary complication as the forces acting on the panel can be de¬ 
termined without considering imaginary diagonal members at all. The 
author has therefore modified the procedure by considering the forces 
acting directly on the panel and by correcting the moments for con¬ 
tinuity between the panels rather than by correcting the stiffness of the 
verticals. These changes make the method analogous to the moment- 
distribution method except that the action of the panel rather than the 
joint is the primary factor. The use of the panel permits both rotation 
and translation of the joints to occur simultaneously and still give a 
solution by successive approximations that will converge rapidly. The 
author recommends the use of the panel method for Vierendeel truss 


systems whenever the chords have approximately the same — value, say 

L 

with a difference less than 15 per cent. 

36. Forces Acting on a Panel. If any panel abed of a continuous 
frame of the Vierendeel truss type, Fig. 68a, in which the chord mem¬ 
bers ad and be have the same AT or — value, is separated from the struc¬ 


ture by passing sections 1-1 and 2-2, the force system acting on the 
panel will be as shown in Fig. 686. In representing these forces and 
in the subsequent analysis, the following notation is used: 


M = bending moment on section 1-1 = P l y l -f p 2 y 2 , 
V = shear in panel abed = ^ + P 2 + p 3 . 

I = panel length. 

I 

K — — value of chord members ad and be. 
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Ki, K 2 = — values of members ah and cd. 

Li 

_ K K h 2 — hi 

r ~Ki' s=s Y 2 ’ a ~~hT~' 

-D = 6 + r + s-f" a(2a + ots + 2s + 6). 



Fig. 68. Forces acting on the panel of a quadrangular frame. 


For purposes of analyzing the moments in the panel abed , Fig. 686, the 
actual force system can be resolved into three equivalent force systems. 
These three force systems are shown in Figs. 69a, 6, and c, and by in¬ 
spection it can be seen that they add up to the original system. 



Fig. 69. Primary and secondary force systems acting on a panel. 


36. Primary Moments. The force system shown in Fig. 69a repre¬ 
sents the action of the external forces, and consequently the moments 
produced by these forces are necessary for structural stability. There¬ 
fore, as this force system represents the principal structural action, 
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the resulting moments will be called the primary moments. The values 
of the primary moments are given by the following equations: 

.w aM -VI 

M a d Mb* — [3 + $ + a(2 + $)] 

, _ , aM - VI (49) 

Mda — M c 5 -——-[3 + r + a] 

The equations for the primary moments are obtained by solving for 
the moments in Fig. 70a by means of the slope-deflection equations. 



Fig. 70. Internal forces due to the primary force system. 

From the displacement diagram in Fig. 70b, all translations can be 
expressed in terms of A, the horizontal movement of joints a and b. 
These values are 


Aad A . COS 0 I _ A _ A bc A cos </)2 A 

ad cos </>i l l be cos 0 2 l l ^ 

A a b _ A (tan 0 1 + tan 0 2 ) A /i 2 — hi 

It can be shown that e a = d b and 6 d = d c regardless of the values of the 
angles and <t> 2 . Therefore the slope-deflection equations for the end 
moments will be (dropping the primes during the derivation) 

M ab = M ba = 6 Krfa + 6 KxaR 
M ad = M bc = 4 Kda + 2 Kd d - 6 KR 
Mda = M cb = 2 K6 a + 4 Kdd - 6 KR 
M d c — M cd = 6Ko0d 
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The equilibrium equations are 

(a) M ab + M ad = 0 (b) M da + M dc = 0 

and, from equilibrium of members ad and be (Fig. 70c) (SM = 0), 
M ad + M da + M bc + M cb - N(h 2 - h x ) + VI = 0. 

The equilibrium of member ab gives (EM b = 0) 

M ab + M ba -f- M 
N = - -—- 

hx 

which make the third equilibrium equation equal to 
(c) M ad + M da + M bc + M cb — (M a b + M ba -f- M ) 

+ Vl = 0 

By substituting the slope-deflection equations in the equilibrium equa¬ 
tions (a), (6), and (c) and calling 


* — * 

we obtain 

(a') (2 r + 3 )d a + r9 d — 3 (r — a)R = 0 

(&') sd a + (2s + 3 )9 d -3sR = 0 

(c ') (r — a)d a + rd d — (2 r + a 2 )R = °^~ -— 

12K X 

The solution of these equations gives the results 


aM - VI 

— rs — 3r -f- 2as -f- 3a 

12 K x 

rD 

aM - VI 

["— rs — 3s — as “[ 

12 K x 

L rD J 

aM - VI 

" —rs — 2r — 2s — 3] 

12 K t 

L rD J 


in which Z) = 6 + r + s + a(2a + as + 2s + 6). 

When the above values of 6 a , 0 d , and R are substituted back into the 
slope-deflection equations, the primary moments of equation 49 are 
obtained. 

By means of equation 49, the primary moments M f are easily com¬ 
puted for each panel and recorded on a sketch of the structure. The 
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external moments M and VI are considered positive when they act 
clockwise on the panel. The internal moments M' that act on the mem¬ 
bers ad and be are also clockwise if positive. The value of a can be 
either positive or negative. 

37, Secondary Moments. The force systems shown in Figs. 69& 
and c represent the effect of the internal moments in the adjacent panels 
and therefore exist as a result of continuity of the panels. As the mo¬ 
ments M" and M ,n produced by these two force systems are not neces¬ 
sary for structural stability in the panel abed ,, they will be defined as 
secondary moments. The magnitude of these secondary moments can be 
computed without difficulty by the following equations, which are de¬ 
rived in the same manner as equation 49. 


Ml = Ml = 
Ml = M" b = 
M'l = MZ = 
Ml = Ml = 


r 

D 

_ s(l + <*) 
D 


M t 


Mo 


S( 1 + a) 2 


(51a) 

(516) 

(52a) 

(526) 


Evidently the constants ~ , ? (1 ~ - , a) , and — ^ ^ are 

correction factors that can be computed for each panel and recorded on 
a sketch of the structure. The primary moments M' in the adjacent 
panels can be used for the first approximation of M x and M 2 , and the 
corrections can then be computed as for any method of successive ap¬ 
proximations. A convenient numerical arrangement for making the 
calculations is as follows: 

(а) Compute and tabulate r, s, a, D, —, — + ^ 

I \2 D’ D ’ D ’ 

S(1 + ay 

and-—-, for each panel. 

(б) Compute the primary moments by equation 49, and record on a 
sketch of the frame. 

(c) Make the necessary corrections by equations 51 and 52, using the 
recorded correction factors. 
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(d) Determine the sign of any secondary moment directly from the 
sign of the moment producing it by the following rule: Adjacent secon¬ 
dary moments have a sign opposite to that of the applied moment, while 
secondary moments at the far end of the panel have the same sign as 
the applied moment. 

Example 24. The moments in the frame of Fig. 71 will be computed 
by the panel method. The calculation of the various constants that are 
recorded on the sketch requires no special explanation. The primary 
moments as given by equation 49 are 


Panel 1 

, (—0.5)(0) - (5.45) (20) r 

Mab = - mm - 3 + 2-0 “ (0,5)(2 + 2 ' 0)1 = _32 - 7 

, (—0.5) (0) - (5.45) (20) 

Mba = - mm - [3 + 10 “ °- 5] = - 38 - 2 


The moments and shears are taken from the left; therefore, 


M = 0 

V = 5.45 hi = 20 h 2 = 10 

Panel 2 

Mi = 

— ( — 4.55) (12) 

(2)(10.67) [3 + 2 33] " +13 J B ° th ends 

Panel 3 

Mi = 

— ( — 4.55) (12) 

(2,(10.08) 13 + IJ61 ' +1M 


II 

-(-4.55) (12) 

(2,(10.08, B + 2 ' 331 ' + 14 - 5 


The corrections are then made in the order indicated by the arrows 
(Fig. 71); that is, panel 2 was corrected for the moment — 38.2 occurring 
in panel 1, the correction being (0.219) (38.2) at either end. To deter¬ 
mine the sign of the correction, the rule previously stated can be used. 
The correction at the far end of the panel has the same sign as, and 
that at the near end has a sign opposite to, the moment producing the 
correction. Thus, the corrections in panel 3 due to the moments 
(+13.7 - 8.4) = +5.3 acting on the left side will have a plus sign 
(+1.2) on the far end and a minus sign (—1.2) at the adjacent end. 
The corrections in panel 1 due to (+13.7 + 8.4 + 2.6) = +24.7 will 
have a plus sign (+4.9) at the far end and a minus sign (—2.5) at the 
adjacent end. After the corrections have been carried out to the de- 
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sired accuracy, the primary and secondary moments are added alge¬ 
braically to give the actual value. 

38. Frames Fixed at the Base. If the frame has columns that are 
fixed at the base, Fig. 72, the solution can be made by ass um ing a 



Fig. 72. Equivalent members for fixed and hinged bases. 

member dc, shown by the dotted line, with K 2 = «. For this panel 
_ K 

smce s — — 0, the primary and secondary moments can be com¬ 

puted without difficulty. 

39. Frames Hinged at the Base. If the frame is hinged at c and d 
(Fig. 72), an imaginary member dc with K 2 = 0 can be used. This 
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condition means that a = |j- = «o. For this case the primary mo- 
ments become: 

[(3 + 2 )/s] + 1 + a 


, , otM — VI 

= Mha *-— lim 


s -> oo 6 + r + 2a 2 + 6a 


+ 1 + 2a + ol 2 

aM - VI 


aM “ VI 

Mda — M cb = —-- lim -- 

2 «-♦» 6 4- r + 2a 2 + 6a 


! \~] 
Ll + a\ 


(53 a) 


(3 + r + a)/s 


h 1 + 2a + a 2 
s 

= 0 (536) 

The quantities in equation 53 were obtained by dividing the numerator 
and denominator of equation 49 by s. By dividing numerator and 
denominator of equation 51 by s, it can be easily seen that the secon¬ 
dary moment due to M x will be zero. 

40. Moments in Triangular Panels (a = oo ). In many Vierendeel 
trusses, it is desirable to use triangular end panels as shdwn in Fig. 73. 

For this case hi = 0 and a — —-—- = oo . The primary moments 
will then be 

M'ac = M'ai — lim 


M 

2 


3 + s 


+ 2 + s 




VI 

~2 


3 -(- s 2 + s 


■ 

2 

. _ 


L 

a 


a J 


6 + r + s 2s+ 6 
-5-+-+ 2 + s 


a 


M'ca = M'ia = lim 


jff j + r 1 m 3 + r 11 

2 - a J 2 [ a 2 J 


_ M 
~ 2 ~ 

(54a) 


a-oo 6 + r + s 2s+ 6 

2 1-b 2 + s 


2 \2 + s) 



+ 
(546) 


Fig. 73. Illustration of a triangular panel. 
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The values in equation 54 were obtained by dividing numerator and de¬ 
nominator of equation 49 by a 2 . 

The secondary moments will be 


i\jr m tit'" v s (* + oi)/a 2 

M ac = = lim -—— M 2 = 0 

a-* co D/a z 

M»> _ Y st(l/a) + l] 2 ,, 

M ca = Mda = lim -—- M 2 

a->oo D/a z 


\2 + 8 / 


M, 


(55 a) 
(55b) 


Example 25. The end moments acting on all members of the bent 
in Fig. 61, Example 20, will be calculated by the panel method. In this 
structure tl}£ chord members (columns) of the panels are parallel; 
therefore all a values are zero. 

The constants and primary moments for the various panels are 


Panel 1 (1st story) 


r ~ 14 ~ 0.86 s — = oo a = 0 

From Article 38, equations 53a and b, 

M' ab = M' aV = 0 Ml = M' bW = - - = - 1^ ) - (16) 

2 2 

= —160 ft-kips 

Panel 2 (2nd story) 

r = ¥ = 1-25 s = = 0.714 D = 6 + r + « = 7.96 

From equation 49, a = 0 

K--^(3 + r) . -^.(4.25). -38.4 


VI 


(12) (12) 


M cb — — —— (3 + s) = — 

2 D (2) (7.96) 


- (3.71) = -33.6 


Panel 3 (3rd story) 

r = | = 1.0 s = f = 0.75 D = 7.75 


Ml = 
M' dc = 


( 4 )(12) 

(2)(7.75) 

(4) (12) 

(2)(7.75) 


+ 1 . 0 ) = - 12.4 


+ 0.75) = -11.6 



MOMENTS IN TRIANGULAR PANELS (a = w) 



Fxa. 74. Frame bent analyzed by the panel method. 


The correction factors for the calculations of the secondary moments 
due to continuity of the panels are 


Panel I 


r/s 


D 6 + r + s [(6 + r)/«] + 1 
therefore there is no correction in the first story. 

0.714 


= 0 when s = <x> 


Panel 2 


s 

D 


7.96 

1.25 


= 0.09 


Panel 3 — = 


D 7.96 
s 0.75 


D 7.75 


= 0.157 


= 0.097 


The primary moments and the correction factors are recorded on the 
diagram in Fig. 74, and the corrections are then made as indicated by 
the arrows. The moments in panel 2 that are caused by the end 
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moment -160 in panel 1 should be calculated first, as these are the 
largest corrections. These moments are 

M'L = -(-160) (^j = (160)(0.09) = 14.4 
M" cb = (-160) (£) = -14.4 

The correction at the opposite end of the panel is always the same sign 
as the moment acting on the panel; the adjacent correction is of oppo¬ 
site sign. 

After these corrections are added to the primary moments in panel 2, 
panel 3 is cowected for the total effect, that is -33.6 - 14.4 or -48.0.' 
These corrections are 

M'U = -(-48.0) (0.097) = 4.7 

M'lu = -(48.0) (0.097) = -4.7 

Panel 2 is then corrected for the total moment in panel 3, that is, for 
—12.4 + 4.7 or —7.7. These corrections are 

M'u = (-7.7) Q) = (—7.7)(0.157) = -1.2 

MZ = -(-7.7) (0.157) = +1.2 

Panel 3 is then corrected for the additional moment +1.2 in panel 2, 
or 

M "i = -(1.2) (0.097) = -0.12 
Mfc = (1.2) (0.097) = +0.12 

Any additional corrections are too small to consider. The final mo¬ 
ments check the values obtained in Example 20. 

Example 26. The moments in the frame used in Example 22, 
Fig. 65a, will be calculated by the panel method. As the bent is hinged 
at the base, a member af with K equal to zero is assumed to be acting. 
The constants and primary moments for the panels are (Fig. 75) 

Top panel 

r = i 2 o °d = 0-2 s = = 1.0 a --- 0.25 

12 

D = 6 + 0.2 + 1.0 + 0.25(0.5 + 0.25 + 2.0 + 6.0) = 9.4 
V ss 12 kips M = 0 
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Fig. 75. Viaduct bent analyzed by the panel method. 


From equation 49, the primary moments are 
0 - (12) (20) 

cb = (2) (9.4) 13 + 10 + °' 25(2 + L0)] 

M' cb = (-12.76) (4.75) = -60.6ft-kips 


or 


and 


Ml = (—12.76) (3 + r + a) = (-12.76) (3.45) = -44.0ft-kips 
Correction factors are (equation 52) 


s(l + a) _ (1.0) (1.25) 
D 9 A 

Bottom panel 
18 - 15 


= 0.133 


s(l + a) 2 

zT 


= -(0.133) (1.25) 

= -0.166 


15 


0.2 M = (12) (20) = 240 ft-kips V = 18.0 kips 


From equation 53 

^ = f (0.2) (240) - (18) (20) 1 1 

L 2 J 1 + 0.2 ~ 

Ml = 0 

Correction factors are zero for bottom panel. 


48 - 360 
( 2 ) ( 1 . 2 ) 


= -130 
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The only corrections, as shown by the arrows in Fig. 75, are in the 
top panel, which must be corrected for the moment of —130 ft-kips in 
the bottom panel; that is, 

M'ci = (-130) (0.133) = -17.3 

Ml = (-130) (-0.166) = +21.6 

The actual moments in the top panel are therefore 

M cb = -60.6 - 17.3 = -77.9 ft-kips 

M bc = -44.0 + 21.6 = -22.4 ft-kips 

In the bottom+anel, the actual moments are equal to the primary mo¬ 
ments, that is, zero and —130 ft-kips. 

41. Effect of Panel Proportions. The term “panel proportions” 
refers here to the height of the verticals and the length of panels but 
does not include the stiffness of the various members. By means of 
equation 49, which neglects axial deformation, it can be seen that the 
primary moments, and therefore the total moments in any panel, will 
be zero if <xM — VI is equal to zero. This condition will be satisfied 

whenever the ratio a ^that is, — — — ^ is made equal to for the sys¬ 
tem of applied loads. If the applied load is uniformly distributed over 
the span, as it usually is for the dead weight, the equilibrium polygon is 
a parabola, and therefore a parabolic curve for the top or bottom chords 
will be most economical. The most uneconomical Vierendeel truss will 

be one with parallel chords. The 
variation in the end moments acting 
on the chords when the axis of the 
top chord is moved above or below 
a parabola can be readily seen from 
the influence diagrams in Fig. 76. 
For truss A, in which the joints of 
the top chord lie on a parabola, the 
positive and negative areas of the 
influence lines are equal, while for 
trusses B and C, which lie above 
and below a parabola, the areas are 
unequal. 

The total combined dead- and live-load moments for the three dif¬ 
ferent trusses of Fig. 76 are compared in Table 4. These moments were 
calculated from the influence diagrams for a dead load of 1500 lb per 



Fig. 76. Influence lines for moments 
in Vierendeel trusses. 
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linear foot of truss and for the standard H-20 truck loading plus 30 per 
cent impact. These values indicate that the maximum moments at 
certain sections for trusses B and C are 50 to 60 per cent higher than 
the corresponding moments for truss A. With a reduced dead load and 
a larger concentrated live load, truss B may give a more favorable com¬ 
parison, but truss C is unsatisfactory for any practical loading. 

The above comparison has been obtained on the assumption that the 
lengths of the members do not change. The error due to this assump¬ 
tion is relatively small except for shallow parallel-chord trusses with 

Table 4. Summary of Moments for Dead Load of 1600 Pounds per Foot of 
Truss and American Standard H-20 Highway Loading 

Live Load +30% 


Moment 

Truss 

Dead 

Load 

Impact 

+ 

_ 

Maximum 

Combined 


A 

0 

140.5 

73.0 

+140.5 

Mbc 

B 

-48.7 

125.0 

97.8 

-146.5 


C 

+37.5 

154.0 

53.2 

+ 191.5 


A 

0 

70.8 

69.4 

+70.8 

Mcb 

B 

—25.3 

66.1 

82.3 

-107.6 


C 

+5.8 

71.5 

64.5 

+77.3 


A 

0 

122.5 

94.1 

+122.5 

Mca 

B 

-17.6 

113.8 

101.6 

-119.2 


C 

+45.8 

147.2 

75.8 

+193.0 


A 

0 

87.5 

93.6 

-93.6 

Mdc 

B 

-35.0 

72.5 

115.3 

-150.3 


C 

+68.3 

112.1 

53.6 

+180.4 


long panels. For parabolic-chord trusses the effect of axial stress on 
the magnitude of the end moments can be neglected unless the truss is 
unusually shallow. The moments caused by translation of the joints 
due to change in length of the members can be ascertained in the same 
manner as the so-called secondary stresses in triangular trusses. This 
problem is treated in the following section. 

The parabolic-chord Vierendeel truss is somewhat similar to the 
parabolic tied arch that is frequently constructed in the United States. 
The principal difference between these two types of structures is in 
the distribution of the bending moments. In the tied arch the bending 
moments are taken entirely by the arch rib, while in the Vierendeel 
truss they are distributed between the upper and lower chord members 
and the verticals. The total amount of material required for each 
structure is about the same. 
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PROBLEMS 

46. Solve Problems 41 and 42 by the panel method. 

47. Compute the end moments for all members of the viaduct bent shown. 



48. Calculate the end moments in all members of the Vierendeel truss 
shown by means of the panel method. (Note: Take advantage of symmetry 
by taking Kde = <*>, or. in other words, panel 2 can be assumed as fixed at d 
and e.) 


d 



Secondary Stresses in Triangular Trusses 

42 0 Introduction. In the analysis of riveted or welded triangular 
trusses, the axial stresses are first computed on the assumption that the 
ends of the members are pin-connected. Such an assumption is likely 
to be far fiom the actual condition in shallow heavy trusses with large 
gusset plates. In such trusses, the joints are more comparable to those 
in a rigid frame in which end moments are produced by the continuity 
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that is established through welded or riveted connections. Any error 
caused by the assumption that the joints of a riveted or welded truss are 
rigid is partially offset by assuming that the moment of inertia of the 
members is constant to the center of the j oint—an unnecessary assump¬ 
tion, however, as corrections for the increased moment of inertia within 
the joint can be approximated by methods explained in the next 
chapter. 

The effect of secondaiy stresses upon the ultimate strength of triangu¬ 
lar trusses has never been definitely determined. This subject is dis¬ 
cussed in the various references at the end of the chapter, throughout 
which various conflicting opinions will be found. Undoubtedly the 
effect and therefore the importance of the secondary stresses will de¬ 
pend upon such factors as the manner of loading, type of connections, 
material used, and the proportions of the members. 

43. Analytical Procedure. The following procedure is suggested for 
calculating the end moments and the corrections to the axial stresses 
that are caused by the use of rigid joints in triangular trusses: 

(а) Calculate the axial stresses on the assumption that the ends of 
the members are pin-connected. The truss is usually loaded with full 
live and dead load although certain end moments may be a maximum 
under partial live load. If such variations are important, calculations 
can be made for a load at each panel point, although ordinarily such 
accuracy will not be necessaiy. The moments due to the dead load may 
be affected considerably by the method of erection. 

(б) Draw a Williot displacement diagram, and scale the relative 
transverse displacement for each member. The rotation of the truss 
as a rigid body (Mohr rotation diagram) does not change its configura¬ 
tion and consequently does not affect the end moments. 

(c) Calculate the fixed-end moments, -jj- , for each member and 

the distribution factors at each joint. 

(d) Distribute the fixed-end moments, starting at the joints with the 
greatest unbalance. Always carry over the correction to the next joint 
before balancing at that joint, as this procedure increases the rate of 
convergence. In applying the moment-distribution method, it is, of 
course, assumed that auxiliary forces are applied at each joint to pre¬ 
vent any additional translation due to flexure in the members. 

(e) After the end moments have been determined in part (d), the 
shears in each member and the auxiliary forces at each joint should be 
calculated. If these auxiliary forces are large, they should be removed 
by applying equal and opposite forces and the corresponding axial 
stresses should be determined. 
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(/) Another Williot diagram can then be drawn for the corrections to 
the axial stresses that are obtained in part (e), and the corresponding 
end moments, shears, and axial stresses can be obtained as before. 
The final magnitudes of the end moments, shears, and axial stresses are 
therefore obtained as an alternating converging series which can be 
carried to any desired degree of accuracy. 

Example 27. The application of the above method will be illus¬ 
trated by calculating the secondary stresses for the truss in Example 2, 



Fig. 77 a. First approximation for end moments in a triangular truss. 


Fig. 9a. The Williot diagram for this truss, shown in Fig. 26, requires 

no additional explanation. The relative displacements and the — 

L 

values as well as the fixed-end moments are tabulated in Table 5. The 
signs of the fixed-end moments were established directly by inspection 
of the displacement diagram. Distribution of the fixed-end moments is 
shown in Fig. 77a, in which the joints were balanced in the following 
order: h ,/, g, d , e , c, 6, a. The second and third cycles were made in the 
same order. It should be noted that the correction was carried over 
before the next joint was balanced, and by this procedure sufficient 
accuracy was obtained at the end of three cycles. The end moments 
and shears are large as the truss is short and heavy. 
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Fig. 77 b. Second approximation for end moments in a triangular truss. 



Fig. 77c. Summary of stresses in a triangular truss from successive approximations. 
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The shear and direct stress in each member was calculated from the 
first set of end moments, and by a summation of the horizontal and 
vertical components of these stresses at each joint the auxiliary forces 
recorded in Fig. Tib were obtained. The axial stress is also recorded on 
the diagram. Another Williot diagram (not shown) was drawn from 
the change in length of the members due to this axial stress, and 
another set of fixed-end moments was calculated. These fixed-end mo¬ 
ments were distributed, and another set of axial stresses was calculated. 
The two sets of end moments and the three sets of axial stresses are 
recorded in Fig. 77 c. It is evident that this procedure gives an alter¬ 
nating converging series for the true values. 


TABLE 5 


E = 



Length 

II 

k 

Member 

in. 

in. 3 

ab 

144 

17 

ae 

240 

8 

be 

144 

17 

be 

192 

8 

cd 

192 

12 

ce 

240 

6 

de 

144 

10 

df 

192 

12 

*f 

210 

4 

eg 

192 

6 

fg 

144 

5 

fh 

240 

18 

gh 

192 

6 


29 X 10 8 lb per in, 

2 

62?/ 174 K 


H 

NS 

II 

*1 


(10 8 ) 

A in. 

20.55 

0 

5.80 

0 

20.55 

+0.290 

7.24 

+0.022 

10.87 

+0.008 

4.35 

+0.210 

12.10 

+0.339 

10.87 

+0.643 

2.90 

+0.720 

5.43 

+0.578 

6.05 

+0.477 

13.05 

+ 1.022 

5.43 

+0.888 


Fixed-End Mo¬ 
ment (10 6 in.-lb) 
0 
0 

+5.95 

+0.16 

+0.09 

+0.91 

+4.10 

+6.97 

+2.09 

+3.14 

+2.88 

+13.35 

+4.82 


PROBLEMS 


49. Compute the end moments in the Pratt truss shown. The 
inertia and axial stress are recorded on the diagram of the truss 
Take advantage of symmetry by setting 6 d and 9 e equal to zero.) 


moments of 
(Suggestion: 



Problem 49. 
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50. Calculate the end moments in the Vierendeel truss of problem 48 due to 
the change in length of the chord members for vertical loads of 40 kips applied 
at points c, e, and c', if the area and moment of inertia of each member are 10.0 
in. 2 and 400 in. 4 Neglect change in length of verticals. 
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CHAPTER VI 


CONTINUOUS GIRDERS AND FRAMES WITH VARIABLE 
MOMENT OF INERTIA 


44. General Slope-Deflection Equations. The slope-deflection equa¬ 
tions and methods of analysis that have been used in the preceding 
chapters for fflfembers with constant cross section also apply to mem¬ 
bers with variable cross section if the coefficients 4 and 2 are replaced 
by their proper values. For members with variable I, the slope-deflec¬ 
tion equations take the general form: 


EI 0 r A 1 

Mab - — ^Cl0 a + C 2 9 b ± (Ci + C 2 ) — I ± M Fab 

_ Bio r A] (56) 

- -j- yc 2 e a + c 3 e b ± (c 2 + c 3 ) — I ± M Fba 

in which I 0 is the moment of inertia of some reference section. The 
value ox the coefficients C\, C 2 , and C 3 and the fixed-end moments 
M Fab and M Fba depends upon the relative variations of I along the 
member with respect to /y. The procedure for determining the magni¬ 
tude of the coefficients and the fixed-end moments will be explained by 
numerical examples. 

45. Members with One End Hinged. If one end of the member is 
hinged, for example at a, the moment M ab is zero, and the moment 
M ba can be expressed in terms of d b only. Thus, if 


where 


then 


M a b — Kq Cid a C 2 db ± (Ci -f- 



+ M Fa b — 0 


e a 


K 0 


Eh 

L 


Mp a b 

C^Ko 


Ci + C 2 A 
132 


Ci L 
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If this value of 9 a is substituted in the equation for M ba , the simplified 
form of the equation is 

Mba = Ko £^3 ~ ('h ± j + Mfba ~ ~ M Fah (57 a) 

If the beam is hinged at 6 , then the simplified form of the equation for 
Mab will be: 

Mab = K 0 |^Ci — — ^ ^0 a zt + Mpab — ~ Mpba (576) 

46. Calculation of C u C 2 , and C 3 . If the fixed-end moments are 
temporarily omitted, the first problem is to express the relation be¬ 
tween the end moments applied to any member ab and the angular 
rotation of the end tangents d a and 0 &. This relation is easily deter¬ 
mined in the following manner: First, calculate the angles p ai and 
Pbi, Fig. 78a, due to a unit moment applied at a. Then calculate the 



Fig. 78. Rotation of end tangents due to unit end moments. 


angles $ a2 and /? 62 , Fig. 786, due to a unit moment applied at 6 . By 
the reciprocal theorem, we know that p bl is equal to 0 a2 . For deter¬ 
mining the numerical values of the angles, the conjugate-beam method 
is convenient. 

For any end moments M ab and M ba applied simultaneously, the 
rotation of the end tangents d a and 0 & must be: 


6 a M a bfia 1 M bafia2 

6b = —Mabfibl + M b afib2 


(58 a) 


Solving these equations for M ab and M ba and making p a2 equal to p b v 
we obtain 


in which 


,, Pb2 Pbl 

M a b = — 6 a H-- ( 

A A 

Mba = — 6 a H-— t 

A A 

A = @alPb2 ~ #61 


(586) 
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These equations show that the coefficient of 6 b in the equation for 
M ab will be identical with the coefficient for 6 a in the equation for M ba . 


.El o. 


If -j- is represented by K 0 , the value of the coefficients will be 


CiK 0 = 


062 

~A 


CXo - % 

A 


C 3 K 0 


Pal 

~A 


(58c) 


The absolute values of ft must be used in the above equations as the 
correct signs have already been considered in deriving the expressions. 


I 




47. Calculation of Mp a b and Mpb a , The value of the fixed-end 
moments for any applied loads can be readily computed after the coef¬ 
ficients C u C 2 , and C 3 have been determined. The most direct pro¬ 
cedure is to compute the angular rotations a a and a 5 of the end tangents 
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due to the applied loads when the member is considered simply sup¬ 
ported. Since the fixed-end moments must prevent any rotation of 
the end tangents, they must satisfy the relationship 

M Fab = CM-Cta) + C 2 K 0 (-a b ) 

(59) 

Mpb a = C 2 Kq{— ct a ) + CzKo{—ctb) 

In all the above discussion, clockwise rotation is considered positive. 

Example 28. The coefficients C h C 2 , and C 3 , for the member ab, 
Fig. 79a, will be computed by the above method. The angles are con¬ 
veniently determined by the conjugate-beam method; that is, the 
values of p are numerically equal to the reactions of a simply supported 

M 

beam loaded with the proper — diagram. To determine p a \ and 8bi 

an end moment of 10 units is applied at end a, and the length L is 

M 

divided into 10 units. The — diagram is illustrated in Fig. 796, 1 0 be¬ 
ing taken as the I of the constant portion. The reactions for this — 
diagram considered as an applied weight are: at a and - 5 '°- at 6. 

h 1 0 

M 

In computing the reactions due to the — diagram, the numerical work 

is simplified if the curved portions are divided into triangles with con¬ 
stant altitude as shown in Fig. 80. The area of any two triangles such 



. (2)(mn)i 

as mnop is — , or yi, and the center of gravity lies on inn. The 

angles p al and (S bl (E times the actual angles) for a unit moment at a 
and for any span L are 

£ L 

Pai = 0.3304— and p bl = 0.1502 — 

■m I 0 

In the same manner the values of p a2 and p b2 are determined by apply- 
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M 

mg an end moment of 10 units at b. The — diagram for this moment 

h 

is given in Fig. 79c, and the values of the reactions of the conjugate 
, 14.87 A , 19.07 t mi 

beam are „ at a and - at b. The end rotations are, therefore, 


ft »2 = 


h 

0.1487L 


062 = 


0.1907L 


However, we have already stated that /?6i must equal /3 a2 ; conse¬ 
quently the difference in the above calculations is indicative of the 
numerical accuracy of the computations. In this problem, it is suf¬ 
ficiently accurate to use an average value of /J M equal to - ~ 495 — . 

h 

When the above values of /3’s are substituted in equation 586, the fol¬ 
lowing equations (with value of E replaced) are obtained: 

A = Paifib2 - = 0.063 - 0.0224 = 0.0406 


or 


M ab 


= EIp /0. 
L \0.i 


1907 0.1495 

0a H- 1 

.0406 0.0406 


•) 


EI 0 

M ab = — (4.680a + 3.680;,) 
Lj 


Mba — 


M ba — 


EI 0 /0.1495 
\0.0406 


L 

EI 0 


e a + 


0.3304 


0.0406 
(3.680 a + 8.1306) 




The fixed-end moments for a concentrated load P at the center of 

the span will also be determined. The ~ diagram for the beam when 

h 

considered simply supported is given in Fig. 79d. The reactions for this 

. . , 6.096P , , 5.434P 

conjugate beam are —— at a, and —— at b. The angular rota- 
-o 1 0 

tions for any span L are, therefore, 

0.06096PL 2 

Ot a = -- 

EI n 


otb = — ■ 


0.05434PL 2 
~Eh 
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When these angles are substituted in equation 59, the fixed-end 
moments are 


MFab = ~T [ (4 ' 68) ( _0 06096; ^) + (3.68) ^0.05434^)1 
= —0.088PL 

M^^[ ( 3,S)(r“) + ( 8 q 3 )(”)] 

= 0.218PZ, 


If a relative displacement A is also considered, the complete equations 
become 


Eh 

M ab =- 

4.680 tt + 3.6806 + 8.36 - 

L 

l\ 

„ EI 0 

r Ai 

Mba — —- 

3.680 O + 8.1306 + 11.81 — 

L 

- L\ 


- 0.088PZ, 

+ 0.218PL 


If the beam ab in Fig. 79 is hinged at a, the moment at b is 

M> "' T ^ 8 ' 13 “ iS") (*• + z) + 0 2I8P + © (o mPL> 

[5.23 (d b + j + 0.287 PL 


Eh 

L 


48. Charts for Coefficients C„ C 2 , and C 3 . The procedure described 
for computing the values of the coefficients C u C 2 , and C 3 in terms of 
some reference section whose moment of inertia is I 0 is by no means 
difficult but is usually time-consuming if many members are involved. 
For this reason tables and charts that give the values of the coefficients 
and fixed-end moments for particular types of members are often 
constructed (see Refs. 6-1 and 6-3). In general these charts are for 
members which have rectangular cross sections with constant width 
and with depths that vary according to some definite shape, such as: 

(а) beams with straight or parabolic haunches at one or both ends; 

(б) beams with infinite cross section at one or both ends. 

Members with other types of cross section can frequently be solved 

by converting them into members with equivalent rectangular sec¬ 
tions, that is, cross sections with the same variation in 7. This can be 
done by calculating the value of I for the actual member at several 
sections and then determining the equivalent depth d for the substi- 
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tute member from the relation that — is equal to , where d 0 and 

do 'I o 

Io refer to the reference section. Approximate values of the coefficients 
can then be obtained from the charts for rectangular sections. The 
use of the diagrams in the Appendix will be illustrated later by numeri¬ 
cal examples. 

49. Effect of Construction Details upon C u C 2 , and C 3 . The pre¬ 
ceding discussion of the determination of the coefficients C u C 2 , and C 3 
does not consider the practical problem of how the deformation of 
material within the joint, or, rather, inside a zone that is more or less 
common to several intersecting members, affects their values. A more 
comprehensiv&discussion of this subject as related to practical design 
will be presented later, but at the present time the following assump¬ 
tions seem warranted by the limited experimental results that are 
available. 

(a) Rectangular Cross Sections. When structural members with rec¬ 
tangular cross section intersect with sharp corners, Fig. 81a, the effect 



Fig. 81. Effective cross section within the joint. 

of the deformation of the member within the joint can be obtained with 
reasonable accuracy by assuming a constant cross section to the center 
lines of the members. The omission of the deformations due to shear 
and stress concentration more than compensates for any increase in 
depth within the joint. For the calculation of bending moments, the 
assumption of constant cross section is therefore sufficiently accurate. 
For tapered members with sharp corners, Fig. 816, it is sufficiently 
accurate to continue the inclined edge to the center line of the members. 
For members with curved haunch, Fig. 82, it is recommended that the 
material within the joint, shown by the shaded area, be assumed as 
having no deformation or that I equals infinity. In the curved portion 
the value of / is computed for the transverse section x-x by assuming 
that the full cross section is effective although the stress distribution is 
by no means linear. This variation from a linear stress distribution is 
particularly important when flange sections are used. 
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The theoretical center of the joint is at some point, J, slightly below 
the intersection of the center lines as shown in Figs. 81 and 82. Tests 
made by the author on celluloid models showed that the value of x is 

not more than - for straight 45° haunches or ~ for circular ones. The 


! y 



LU 


Fig. 82. Joints with curved fillets. 

intersection of the bottom of the beam with the center line of the 
column is recommended as a working point for relatively deep haunches. 

(b) I-Shaped Sections. Both theoretical and experimental data prove 
that the distribution of normal stress across sections in members with 
variable depth when subjected to flexure is a non-linear one (see Ref. 
6-8). In a member with a rectangular cross section of constantly 
varying depth which is subjected to pure flexure, the normal and 
shearing stresses are distributed across the section as indicated in 
Fig. 83a. An exact solution of this problem shows that the normal 



Fid. 83a. Stress distribution in tapered members for pure bending. 

stress f x on the outer fibers is practically equal to/' cos 3 a, in which/' 
is the stress computed by the usual flexure formula on the basis of a 
linear distribution of stress. If flanges are added, the distribution 
across the web is not materially altered, and the average stress in the 
flange will not be more and is probably less than at the edge of the web. 
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Such a distribution would give, on a section normal to the axis of an 
I-member, such as section 1-1, Fig. 836, a total flange component 


parallel to the axis of N equal to f x 


A f 

cos a 


, where a is the angle of in¬ 


clination of the flange to the axis. Since f x is equal to /' cos 3 a, this 
total flange component N equals A/ /' cos 2 a, and, therefore, if a 
straight-line distribution of stress is assumed, an equivalent flange area 
of Af cos 2 a should be used to determine the effective cross section. 



Fig. 836. Resultant normal flange stress in a tapered I member for pure bending. 


The web area can be used without reduction. The principal stress p 
in the flange parallel to the boundary is 



In computing the coefficients Ci, C 2 , and C 3 of the slope-deflection 
equations, the reduced flange area A / cos 2 a should be substituted for 
the actual area. If curved flange sections without radial stiffeners are 
used, there will be an additional reduction of the effective flange area 
because of the variation in stress due to inward radial bending. This 
effect can be neglected in computing the coefficients, although it is 
important in stress and stability calculations. 

Although the equivalent flange area Af cos 2 a was determined from 
the actual stress distribution in a straight tapered section under pure 
bending, experimental data indicate that it is also a good approxima¬ 
tion for curved flange sections. The normal stress on sections per¬ 
pendicular to the axis of the straight portion of the member, which is 
considered here, should not be confused with the normal stress on 
radial sections. This latter distribution is entirely different as it in¬ 
creases sharply toward the boundary. If concentrated loads are 
applied in the vicinity of curved flanges, shear and direct compression 
stresses may alter considerably the above distribution for pure bending. 
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Example 29. The coefficients C u C 2 , and C 3 will be computed for 
the member ab in Fig. 84. The reduced flange area A f cos 2 a is used 
for sections through the curved fillet. The only difference between this 




problem and Example 28 is in the calculation of the moment of inertia 
for the various sections. The recommended procedure for compu ting 
I is illustrated in Fig. 84. The angle a and depth d are computed first 
for each section. The upward shift e of the neutral axis from the center 
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of the web due to the reduction of effective area in the curved bottom 
flange is then computed. The moment of inertia about the shifted 
axis will be equal to the I about the center axis minus Ae 2 , or 


I = 


id 3 Af -\- A/ cos 2 a 


The calculations for I are summarized in Fig. 84 together with the 

M 

determination of the 0 values as in Example 28. The — diagram for 
a moment M a equal to 30 is drawn with the ordinates expressed in terms 


of /„. 


M 

The rations due to the — diagram, therefore, give 


lar rotations of the end tangents. The rotations 0 for a unit end 
moment and any span L are obtained by multiplying the reactions by 


L 

900' 


The rotations for a unit end moment at b can be obtained from 


the same diagram because of symmetry. The coefficients Ci, C 2 , and 
C 3 are computed from equations 58c as in Example 28. 

60. Distribution and Carry-over Factors. Once the coefficients of 
the slope-deflection equations are known for all members of a frame, 
the distribution and carry-over factors can be determined in the same 
manner as for members with constant moment of inertia. The distri¬ 
bution factor at any joint then becomes 




CK<fi a 


CKn 


2 CK 0 e a ZCKo 


(60) 


c 2 c 2 

and the carry-over factors are — and — ; that is, from equation 56 

Ci C 3 


and 


Mba = —M a i, when 06 = 0 
Ci 

c 2 

M ab = — M ba when d a = 0 

C3 


The principal source of error is in interchanging the coefficients C x 
and C 3 when a member is unsymmetrical. If there is any doubt, the 
slope-deflection equations should be written out and the distribution 
ratio of equation 60 used with the angle 6 in it. The application of the 
moment-distribution method to members with variable cross section 
will be illustrated by a numerical example. 
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Example 30. The end moments acting on the various members of 
the frame in Fig. 85 will be computed by the moment-distribution 
method. The coefficients and fixed-end moments for members ab and 
be can be obtained from the diagrams on pages 321 to 327 in the 



Appendix, which were prepared by the Portland Cement Association. 
In these diagrams the coefficients C± and C 3 are designated by Jc, the 

C C 

stiffness coefficient, and the carry-over factors — and — by C. The 

C 1 Cs 

coefficients for the columns bd and ce will be calculated by the method 
used in Example 28. 
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Member ab. If the member is first assumed to be restrained at both 
ends, the coefficient C x = k from page 324, diagram 1 (a = 1.0, 

- -" in _ = 0.5), is 6.9 and the carry-over factor C = = 0.84 from 

max a C x 

diagram 2 . The value of C 2 is therefore (0.84) (6.9) = 5.80. From dia¬ 
gram 3, the fixed-end moment at a is 


C 2 


M Fab = -0.053 wL 2 = - (0.053) (1)(10 ) 2 = -5.3ft-kips 
From page 323, for the haunched end, k = C 3 = 19.4 and C = 

^3 

= 0.3. Therefore, C 2 = (0.3) (19.4) = 5.82. 

The fixed-end moment at b is 

M Fba = 0.122 wL 2 = (0.122) (1)(10 ) 2 = +12.2ft-kips 

As the end a is free to rotate, equation 57a should be used, that is, 

M ba = ^19.4 - K 0 (o b + 0 + 12.2 - (0.84)(-5.3) 
or 

M ba = 14.5ifo (^(, -f - —^ -f- 16.65 

The value of K 0 for a rectangular cross section with a width of one 
foot is 

Jo ( 1 . 0) 4 

K 0 - — =-= 0.00833 

L (12)(10) 

Member be. From page 321, diagram 1 , for a = 0.2,-— = 0.5, 


the coefficients are k 
From diagram 2 


Ci = C 3 = 7.8. 


max d 


■ C 2 C 2 
C = — = — = 0.66 

Cl c 3 


.-. C 2 = (0.66)(7.8) = 5.15 

The fixed-end moments are (diagrams 3 and 4) 

M f bc = -[(0.154) (10) (16) + (0.0992) (1)(16) 2 ] = -50.0ft-kips 
M Fcb = +50.0 ft-kips 

Member bd. The coefficients for member bd will be computed on the 
assumption that I equals » for a distance of 1.0 ft at the top of the 
column. For a moment of 12 ft-kips applied at end d for the column 

bd, the — values are shown in the diagram in Fig. 86 a. The ~ diagram 
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M‘!2 I 


Fia. 86. 


for a moment of 12 ft-kips at b is shown in Fig. 865. The reactions of 
the conjugate beam when loaded with these diagrams determine the 
end rotations. For a unit end moment and any span L, the end rota¬ 
tions must be multiplied by or, 

144 



0b2 

0.256 

T " 

’ 0.0586 

fibl 

0.163 

~A = 

’ 0.0586 


0.333 

T = 

’ 0.0586 


4.37 

2.78 

5.68 


Member ce. The coefficients for member ce will be determined in the 
same manner as for bd, except that I = <x will be taken for a distance 
of 0.8 ft instead of 1.0 ft. The values of the coefficients are 


Ci = 4.2 C 2 = 2.6 C 3 = 5.3 
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Distribution and Carry-over Factors 


Joint b 


Member 

C 

K 


CK 

CK 
r HCK 

Carry-over 

ba 

14.5 

0.00833 

0.121 

0.410 

0 

be 

7.8 

(L0)3 = 0.0052 
(12) (16) 

0.041 

0.139 

0.66 

bd 

5.68 

^• 5 ) 3 = 0.0234 
(12)(12) 

0.133 

0.451 

0.49 




ZCK = 

0.295 

2r = 1.000 





Joint 

c 



Member 

C 

K 


CK 

CK 

T 2CK 

Carry-over 

cb 

7.8 

0.0052 


0.041 

0.249 

0.66 

ce 

5.3 

0.0234 


0.124 

0.751 

0.49 


XCK = 0.165 2r = 1.000 


After the fixed-end moments, distribution factors, and carry-over 
factors are determined, the solution is made in the same manner as for 
members with constant cross section. An auxiliary force, F, is applied 
to prevent sidesway while the fixed-end moments are corrected for 
rotation of the joints. This part of the solution is presented in Fig. 856. 
The value of F must equal the difference between II d and II e or 2.64 
kips. 

To remove the auxiliary force F, the frame will be given a horizontal 
movement of 100 units to the left, for which 


M Fbd = (C 2 + C 3 )K 0 ~ = (2.78 + 5.68) (0.0234) = 1.6 

M Fdb = (Ci + C 2 )K 0 j = (4.37 4- 2.78) (0.0234) = 1.40 

6 \ 12 / 

M Fc e = (5.3 -t 2.6) (0.0234) = 1.54 


M Fec = (4.2 + 2.6) (0.0234) 




The distribution of these fixed-end moments is shown in Fig. 85c. 
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The force F' that is necessary to give these moments is found to be 
F' = 0.178 + 0.108 = 0.286 kips 

Therefore, the force F can be removed by multiplying the moments in 
2.64 

Fig. 85c by —— and adding the resulting moments to the correspond- 

U.2oO 

ing values in Fig. 856. The final moments are shown in Fig. 85 d. 

PROBLEMS 

51. (a) Calculate the coefficients Ci, C 2 , and C* for member ah of Fig. 85a, 
and compare with the values given by the diagrams. 

( b ) Calculate the fixed-end moments for a uniform load of 1 kip per foot, and 
compare with the values in the diagrams. 

52. (a) Calculate the moments over the supports B and C for the continuous 
girder shown for a uniform load of 2000 lb per linear foot on the entire structure. 



Problem 52 . 


Compare these moments with the values that would be obtained for a similar 
girder with constant cross section. Neglect the reduction in the effective area 
of the compression flange due to its inclination. 

( 6 ) Compare the moment at the center of the structure with the correspond¬ 
ing value for a girder of constant cross section. 

53 (a) Design the frame shown for the following loads: 

Dead load of roof 15 lb per ft 2 

Estimated dead load of frame and bracing 5 lb per ft 2 
Snow load 20 lb per ft 2 

Wind load 20 lb per ft 2 on a verti¬ 

cal surface 

Crane load P = 10,000 lb 

Spacing of frames is 20 ft 0 in. center to center. 
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Use rolled steel sections with increased depth at 6 , c, d. A.I.S.C. specifica¬ 
tions. 

( 6 ) Show sketches of details at a, b, and c, also plan of bracing. 


c 



Problem 53. 


61. Influence Diagrams for Fixed-End Moments. The method 
explained in Article 47 for calculating fixed-end moments can be fol¬ 
lowed for determining the ordinates to the influence diagrams for 
fixed-end moments of beams with either constant or variable cross 
section. This algebraic solution is somewhat laborious, particularly for 
beams with variable cross section, and for such members the follow- 
ing graphical solution is recommended. Before the graphical solution 
can be started, it is necessary that the coefficients C\, C 2 , and C 3 be 
calculated by the methods already described. 


The basis of the graphical solution depends upon the relation be¬ 
tween elastic curves and influence diagrams. The proof of this method 
for constructing influence diagrams, which was developed by Miiller- 
Breslau, was discussed in Article 7 and will be restated briefly before 
its application is considered. The force system in Fig. 87 a shows a 
load, P, which is acting at a distance x from one end, and the fixed-end 
moments Mp a b and Mpba, which are to be determined. If an auxiliary 
force system, consisting of an applied moment M'^, Fig. 876, which 
rotates the tangent at a through an angle 0 a , and an end moment, 
which prevents any rotation at 6 , acts upon the member, an 
elastic curve is formed which has a vertical displacement of y at any 
distance x from the support a. By the reciprocal theorem, which is 
expressed in algebraic terms by equation 5 , page 10 , the following 
relation is obtained between the forces of Fig. 87a and the displace¬ 
ments of Fig. 876: 

— MpabOa + Py = 0 


or 


MFab = P —' 

Ba 


(61) 
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The ordinates to the influence diagram for of the actual force 
system in Fig. 87 a are therefore equal to the ratio — of the elastic curve 
produced by the auxiliary forces in Fig. 876. A convenient graphical 



Fig. 87. Graphical solution for fixed-end moments in a beam with variable /. 

V 

solution for determining the ratio — for the auxiliary force system 
will now be explained. 

In terms of the beam coefficients C\, and C 3 the end moments in 
Fig. 876 have the relation 

Ml = ^ Ml 

Cl 
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and the bending-moment diagram is a straight line as shown in Fig. 87c. 

M 

The next step consists of drawing the — diagram, Fig. 87d, as was 

done in the previous calculation for the coefficients, and dividing the 
diagram into a number of areas. According to the theorem of area 
moments these areas represent the change in slope of the elastic curve 
over a distance equal to the base of the area while the total area of the 
diagram is numerically equal to the end rotation $ a . As the diagram is 
drawn for E equal to unity, the computed displacements are E times 
the actual ones; but since we are interested only in the ratio of dis¬ 
placements the absolute values are not necessary. 

If the areaJTmto which the — diagram is divided are applied as a 

system of elastic weights F, a force polygon, Fig. 87c, can be drawn to 
any convenient scale, beginning with F x at the fixed end, 6. The re¬ 
sultant force, R , is equal to the reaction of the conjugate beam, which 
in turn is equal to the end rotation 6 a . A pole distance equal to R is 
then measured horizontally from the point at which the force polygon 
is started, to give the pole 0 of the string polygon. If a funicular 
polygon, Fig. 87/, is drawn from the corresponding rays in the force 

polygon, the ordinates to this diagram are the desired ratio — to the 

same scale as the span of the beam is drawn. 

To visualize the physical meaning of the above statements it should 
be kept in mind that all angular rotations are small and therefore the 
angle in radians can be represented accurately by its tangent. For this 
reason any angle such as <fo, Fig. 88a, that the tangent at point c makes 



Fig. 88. Graphical determination of slope from the area of the M/EI diagram. 

with the tangent at b can be obtained graphically by drawing an angle, 

Fig. 886, whose side be is equal to F , the area of the — diagram be- 

EI ° 
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tween points 6 and c. Now if the side bo is taken equal to 6 a instead of 
unity, then the angle which is still equal to the tangent is 


F 



( 62 ) 


Consequently all slopes and ordinates to the elastic curve will be multi¬ 
plied by — if a pole distance equal to 6 a is used in drawing the funicular 

polygon. The elastic curve formed by this funicular polygon is the in¬ 
fluence diagram for M Fab to the same scale as the beam is drawn. The 
oidinates of this elastic curve are independent of the scale to which the 

force polygon for the — areas is drawn. As already stated, the ordi¬ 


nates are also independent of the value of E provided that it is constant. 

Example 31. An influence diagram for the fixed-end moment M Fab 
of the beam in Example 28, Fig. 79, will be constructed by the graphi¬ 
cal method. The coefficients for this beam which have already been 
computed are 

Ci = 4.68 C 2 = 3.68 C 3 = 8.13 


A moment M ab equal to 10 units is applied at a, and the moment 
that is required to prevent rotation at b is 


-w 3.OS 

M ba = 7 -- 10 = 7.86 
4.68 


M 

The — diagram for these end moments is shown in Fig. 89a, together 


with the areas F, into which the diagram is divided. It should be 

noted that the use of the triangular areas F into which the -j diagram 

is divided results in a small error in the calculations of the bending 
moments in the conjugate beam at the points where the F forces are 
applied. The bending moments in the conjugate beam and, therefore, 
the displacements in the actual beam are slightly high, as the moment 
M 

of a small part of the — diagram is neglected. The end rotation B a is 

represented by the concentrated force R which is equal to the algebraic 
sum of the areas, 21.37. There is no reaction at the end b of the conju¬ 
gate beam, as the rotation at that end is zero. The areas are laid off 
to scale in the force polygon of Fig. 896, and a pole distance equal to 
R or 6 a is drawn. The funicular polygon, Fig. 89c, that is drawn from 
the force polygon is the influence diagram for M Fab to the same scale 
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as was used for the span L. In this problem the span L was taken 
equal to 10 ft, and a scale of 1 in. to 1 ft was adopted in drawing the 
diagram. Therefore, 1 in. of vertical distance in the influence diagram 
is equal to 1 ft-lb for a 10-ft span. For any span L and any load P 
the scale of the influence diagram will be 1 in. equals ^ PL ft-lb. 



Fiq. 89. Graphical solution for the influence diagram for AI Fab when end b is fixed. 


Although the scale chosen in this problem is not large, the accuracy 
is equal to that obtained in the algebraic solution. The ordinate at the 
center of the span measured 0.89 in., and therefore the fixed-end 
moment for a concentrated load P at that point is 0.089 PL, which 
checks the value that was obtained algebraically in Example 28. 

The influence diagram for M Fba when the end a is simply supported 
is shown in Fig. 90. Here a moment of M ^ equal to 10 units is applied 
at b and the moment M' ab at a is zero. The conjugate beam which is 
M 

loaded with the — diagram is shown in Fig. 90a. The reactions R x and 

J ?2 of the conjugate beam equal the end rotations d a and 8 b . There¬ 
fore, if a force polygon, Fig. 906, is drawn for all forces acting on the 
conjugate beam and a pole distance equal to R 2 or 6 b is used, the re¬ 
sulting funicular polygon, Fig. 90c, is the influence diagram for the 
fixed-end moment at 6 when end a is free to rotate. These ordinates are 
again to the same scale as that used for drawing the span of the beam. 
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The ordinate at the center of the span is equal to 0.284 PL as compared 
to the value of 0.287 PL obtained by the algebraic solution. 
y 

The values of , that is, the ordinates to the influence diagram, can 
also be obtained algebraically if desired. The displacement y is 



Fro. 90. Graphical solution for the influence diagram for Myba when end a is 

hinged. 


numerically equal to the bending moment in the conjugate beam. 
Thus, the ordinate at the center of the span in Fig. 89 is equal to 


y_ 

9a 


(21.34) (5) - (1.07)(5) (2.5) 
™~~~ 21.34 


(8.93)(5)(2)(5) 
(2)(3) 


0.886 


The calculations fpr y are not difficult if a calculating machine is 
available. 

62. Continuous Girder and Frame Bridges. Continuous girder and 
frame bridges can be readily analyzed by the methods of Example 30. 
In that example the application of the moment-distribution method to 
the solution of frames with members having variable I was illustrated. 
The only additional feature ordinarily encountered in the analysis of 
bridge frames that is not included in Example 30 is the calculation of 
stresses due to moving concentrated live loads, such as standard high¬ 
way truck loading. To calculate the maximum moments and shears 
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for such loading it is convenient, in fact almost necessary, to con¬ 
struct influence diagrams for the bending moments at various sections 
of the frame. To fill this gap in the preceding problems the major 
emphasis in this discussion will therefore be placed on the numerical 
procedure for constructing influence diagrams for the bending moment 
at the ends and at intermediate sections of continuous girders and 
frames. In addition, some attention will be given to the calculation of 
internal forces due to volumetric changes that may be caused by varia¬ 
tion in temperature or by shrinkage after the structure is completed. 

The first step in the solution is the determination of the coefficients 
and the construction of the influence diagrams for the fixed-end mo¬ 
ments. These calculations can be made by the algebraic or graphical 
methods prevflJhsly explained, or, if possible, the values can be taken 
from curves already available, such as those prepared by the Portland 
Cement Association, which are given in the Appendix. It is essential, 
however, that a designer should be able to calculate the values, as 
prepared curves or tables are always limited in scope. The influence 
diagrams should be drawn carefully so that the ordinates at any point 
can be accurately scaled and also so that numerical errors may be 
detected. 

The next step is to transform the fixed-end moments into the actual 
end moments, which can be accomplished almost directly by the mo¬ 
ment-distribution method. This numerical work is greatly reduced if 
each fixed-end moment is treated separately and the resultant end 
moment then obtained from the algebraic sum of the separate values. 
To illustrate this procedure let us consider the three-span girder, 
Fig. 91, for which the distribution and carry-over factors are recorded 
on the diagram. The end moments are first expressed in terms of the 
fixed-end moment M Fba by distributing a moment M Fba equal to 100 
as shown in Fig. 91. After the moments due to the rotation of the 
joints have been recorded, the end moments can be expressed in terms 
of the fixed-end moment M Fba by the following equations: 

M ba = 0.349 M Fba M cd = 0.l82M Fba 

In the same manner, by distributing a fixed-end moment M Fbc 
equal to 100, the end moments can be expressed in terms of M Fbc . 
By taking advantage of the symmetry of the girder, the complete ex¬ 
pression for the end moment M ba becomes 

M ba = 0.349M F6o - 0.651 M F6c + 0.182(M Feb + M Fcd ) (63 a) 

The numerical values of the fixed-end moments should be substituted 
into the equations for the end moments with their proper sign, that is, 
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positive when clockwise. By means of equation 63a, an influence 
diagram for Af& 0 can be constructed directly from the influence dia¬ 
grams for the fixed-end moments. 
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Example 32. Influence diagrams for the bending moments at 
several sections of a three-span continuous reinforced-concrete frame 
bridge, Fig. 92, will be constructed. The coefficients for the girders and 
abutments can be obtained from the diagrams in the Appendix; those 



for the piers can be calculated as was done in Example 30. 
ficients, as taken from the diagrams, are 
Girders 


for which 


min d 18 

-=-= 0.415 

max d 47.4 


— = C = 0.745 
w 


The coef- 


C 1 = C 3 = k = 16.1 
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Abutments 


for which 


or 


Ci 


C 2 


min d 30 

-3 “ 7^ = 0.715 

max d 42 


= 5.2 C 3 = 8.6 
= (0.65) (5.2) = 3.38 



0.65 


If the abutment is assumed to be hinged at the top of the footing, the 
coefficient for the top of the member is (see equation 57a) 


r 2 

C = C 3 - — 

Ci 


Rfi 3 382 A A 

86 “ u = 64 


Piers 

If a value of I equal to oo is assumed for a distance of 0.07 h at the 
of the pier, the coefficients are 


top 


Ci = 4.32 C 2 = 2.65 C 3 = 5.35 


For the pier hinged at the top of the footing, 
girder end is 


C' = 5.35 - 


2.65 2 

4~32 


3.72 


the coefficient at the 


The value of the distribution factors which are calculated for rec¬ 
tangular sections with I proportional to d 3 are recorded in Table 6. 


TABLE 6 


Joint 

Member 

C 

K 

CK 


CK 




2.5 3 

2279 


r ~ 2CK 

b 

ba 

6.4 


4.36 

0.808 


be 

16.1 

1.5 3 

52.5 


1.04 

0.192 





2CK = 

• 5.40 

1.000 

c 

cb 

16.1 

0.0642 


1.04 

0.225 


cd 

16.1 

0.0642 


1.04 

0.225 


cf 

3.72 

2.5 3 

22.9 


2.53 

0.550 


' 



2CK = 

4.61 

1.000 


The influence diagram, Fig. 93, for the fixed-end moment M Fbc 
for the girder be was drawn from the P.C.A. curves given in the Appen¬ 
dix. As the three girders are identical, all fixed-end moments can be 
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obtained from this one diagram. To obtain the end moments in terms 
of the several fixed-end moments the procedure already explained will 



Influence Diagram for Fixed End Momeni Mf^ c 
Fig. 93. 

be used. In Fig. 94 the end moments have been determined for a value 
of 100 for each fixed-end moment by means of the moment-distribution 
method. Because of symmetry, the distribution need be made for 
only three of the six fixed-end moments. It is assumed, of course, 
that no translation of the joints occurs during the above calculations 
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and therefore an auxiliary force F must be used to prevent any side- 
sway when the vertical loads are applied. For the assumption of no 
sidesway the moment M^c can therefore be expressed by the equation 

Mfc = 0.829 Mpbc ~~ 0.143(M™ + Mp C d) + 0.024 {Mpdc + Mpde) 

— 0.0034IWV e( * (636) 

and the other end moments can be expressed by similar equations. 
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In the above solution the auxiliary force F prevented any horizontal 
movement of the deck, but whether such a force will actually be 
developed is difficult to predict. Some horizontal resistance is un¬ 
doubtedly provided by the earth pressure on the abutments and by 
the roadway slab, but the amount of this resistance is always uncer¬ 
tain. In a symmetrical structure the dead weight will cause no side- 
sway, and therefore for such a frame any error due to an assumption 
of no translation of the deck will be for the live load only. In unsym- 
metrical structures both dead and live loads will produce some side- 
sway and therefore, for such conditions, it is essential that the effect 
of any horizontal movement of the frame be studied. 


The methodjpr correcting for sidesway which has already been ex¬ 
plained in Example 30 will be applied to this problem primarily to 
show the effect of such movement upon the influence diagrams. It 
will be assumed that the top of the abutments and piers move to the 
left a distance E A equal to 10 units. This movement produces fixed- 
end moments at the top of the vertical members equal to (see Table 6 
for CK values) 


Mpba = Mpeh 


CKE A 
L 


(4.36) (10) 

22.9 


M Fc / = M Fdg 


(2.53) (10) 

22.9 


The distribution of these fixed-end moments is recorded in Fig. 95, and, 
from the moments acting at the tops of the piers and abutments, the 
force F' is found to be 


F' 


2.38 

224) 


= 0.104 


From the moments recorded in Fig. 94 the force F required to prevent 
translation of the structure when a moment M Fbc equal to 100 is act¬ 
ing is 

_ -82.85 + 8.3 - 1.43 + 0.34 75.6 

F ---=-= —3.31 

22.9 22.9 

Therefore, to remove this auxiliary force F an equal and opposite 
force F' must be applied which will cause end moments equal to 

F 3.31 

— =-= 31.8 

F' 0.104 


times the moments in Fig. 95. These corrections are added to the 
moments calculated in Fig. 94 for no sidesway, the total value being 
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recorded in parentheses. In a similar manner the correction for side- 
sway has been added to all moments calculated in Fig. 94. 

The equation for M bc in terms of the fixed-end moments after cor¬ 
rection for sides way becomes 


M bc = 0.676 M Fbc - 0.216 (M Fcb + M Fcd ) - 0MS(M Fdc + M Fde ) 

— 0.156A/V e d 

The coefficients of such equations for M bc , M cb) M cd , and M c f are 
given in Table 7 for both sidesway (S.) and no sidesway (N.S.). 


Table 7. Coefficients for End Moments in Terms of Fixed-End Moments 
with and Without Sidesway 


M b c Ifc6 M cd Mcf 


Moment 

N.S. 

S. 

N.S. 

S. 

N.S. 

S. 

N.S. 

s. 

MFbc 

0.829 

0.676 

-0.113 

-0.243 

0.030 

-0.065 

0.083 

0.308 

MFcb 

-0.143 

-0.216 

0.788 

0.725 

-0.207 

-0.253 

-0.580 

-0.473 

MFcd 

-0.143 

-0.216 

-0.212 

-0.275 

0.793 

0.747 

-0.580 

-0.473 

Mpdc 

0.025 

-0.048 

0.037 

-0.026 

-0.136 

-0.182 

0.100 

0.208 

MFde 

0.025 

-0.048 

0.037 

-0.026 

-0.136 

-0.182 

0.100 

0.208 

M Fed 

0.004 

-0.156 

-0.005 

-0.136 

0.020 

-0.076 

-0.014 

0.212 


From the coefficients in Table 7 and the fixed-end moments in 
Fig. 93 the influence diagrams in Fig. 96 were drawn. The effect of 
sidesway is clearly evident from the diagrams. There is no difference 
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in the areas of the two diagrams when the structure is symmetrical, 
and therefore the difference will be noticeable for the live load only. 

After the influence diagrams have been constructed, the moment 
due to the dead weight of the structure can be calculated by consider¬ 
ing the total weight as a number of concentrated loads. The algebraic 
sum of the product of each concentrated load and the ordinate to the 



Fig. 96. 


influence diagram gives the dead load moment. The same procedure 
is used for the concentrated live load except that the position of the 
loads to give a maximum value must be ascertained by trial. This 
operation involves no particular difficulty. 

In this example the curvature of the axes of the members has been 
neglected. When the curvature is entirely due to increase in the depth 
of the members this procedure appears reasonable and gives results 
that are safe (see Ref. 6-4). When the curvature is more pronounced 
the methods described in Chapter VIII are more accurate. 

53. Moments Due to Shrinkage or Temperature Change. The 
mathematical problem of computing the moments in continuous 
frames when the girders are subjected to a definite change in length 
will be considered in this article. It is much easier to solve this par- 
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ticular phase of the problem than to determine the amount of the volu¬ 
metric change or the physical characteristics of the material during the 
movement, or to incorporate the moments into the design of the 
structure. These problems depend so much upon the method of con¬ 
struction and the effect of local overstressing upon both main mem¬ 
bers and connections that no single procedure is desirable for all 
structures. In general, the amount of the change in length and the 
effect upon the structure should be anticipated as accurately as possi¬ 
ble. For reinforced concrete a nominal coefficient of shrinkage of 
0.0002L is frequently employed, although the actual contraction will 
depend upon many factors, such as consistency of the concrete when 
poured, method of construction, humidity, and temperature. Coeffi¬ 
cients of linear expansion of 6 X 10“ 6 for concrete and 6.5 X 10~ 6 for 
steel structures are common values. The stresses produced by shrink¬ 
age and temperature changes depend upon the structural arrangement 
and relative stiffness of the members. The calculation of such stresses 
follows the same procedure as was employed in the analysis of continu¬ 
ous frames subject to translation or sidesway. 

After the change in length of each girder has been estimated, the 
relative movement of the top of each abutment or pier can be deter¬ 
mined with respect to some point that is assumed to remain stationary. 
If the structure is symmetrical the axis of symmetry, of course, pro¬ 
vides an actual fixed point and any dis¬ 
placement with respect to it represents an 
actual movement. The problem then con¬ 
sists simply of distributing the fixed-end 
moments in the piers and abutments ihat 
are computed from the actual displace¬ 
ments with respect to the center line. 

When the structure is unsymmetrical, 
some point, preferably the top of one of the 
piers or an abutment, must be assumed to 
be stationary, and the relative motion of the other joints is determined 
with respect to it. This configuration of the structure requires an auxili¬ 
ary horizontal force, F, applied at the assumed reference point, to main¬ 
tain equilibrium of the frame. This auxiliary force is then removed in 
the manner already explained. Thus, for the symmetrical single-span 
frame in Fig. 97, one-half of the total change in length A of the deck 
should be assigned to each joint with the motion toward the center. 
If the structure is unsymmetrical, Fig. 98a, one joint, such as 6, should 
be assumed fixed and the entire movement of the deck should be 
assigned to joint c. For this condition there are fixed-end moments in 
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member cd only, and an auxiliary force, F, is applied at 6. This aux¬ 
iliary force is then removed by applying an equal and opposite force 
as in Fig. 986. The same conditions are shown for a three-span frame 



Fig. 98. 


in Fig. 99. The displacements for a symmetrical frame are illustrated 
in Fig. 99a, and the relative displacements to be used for an unsym- 
metrical frame are givep in Figs. 996 and c. 



Fig. 99. 

Example 33. The moments in the three-span reinforced-concrete 
frame of Fig. 92 will be calculated for a shrinkage of 0.0002L and a 
temperature drop of 45° F. A coefficient of linear expansion of 6 X 
10~ 6 and a value of E of 2.5 X 10 6 are used. 

The total change per unit of length of the deck is 

0.0002 + (45) (0.000006) = 0.00047 

As the structure is symmetrical, the tops of the piers and abutments 
move towards the center with the following displacements: 

Top of piers 


(0.00047) (26.25) = 0.0123 ft 
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Top of abutments 

(0.00047) (78.75) = 0.037 ft 


Feh = 


The fixed-end moments caused by these displacements are 

xjt 1# (4.36) (2500) (144) (0.037) 

M Fha = —Mpeh =-;- = — 2U 

(12) (22.9) 

„ „ (2.53) (2500) (144) (0.0123) 

Mfc/ = —Mpdg =--—--= —41 

(12) (22.9) 


Mpc/ = — M F dg = 


= — 212ft-kips 


= —41.1ft-kips 


The coefficient was restored to the moment of inertia as it was 
omitted from the CK values in Table 6. 

The distribution of the above fixed-end moments, which follows the 
usual procedure, is tabulated in Fig. 100. Only half of the structure is 



Fig. 100. 


shown, as the corresponding moments on the right half are equal but 
of opposite sign. It is important to note that both end moments of 
the end girders are clockwise and consequently reduce the dead-load 
moment at the abutment end but increases the value at the pier end. 
This distribution differs from that for a single span in which the dead¬ 
load moments are reduced at both ends. In contrast to this action the 
positive dead-load bending moment at the center of the girders is in¬ 
creased but slightly in the three-span frame, whereas, for the single 
span, the center moment increases by the amount of the end moments. 

Example 34. The three-span frame analyzed in Example 33 by 
utilizing the symmetry of the structure will now be analyzed by the 
procedure required for unsymmetrical structures. 

The top of the first pier, point c, will be chosen as a fixed point, so 
that the relative displacements of the other points with respect to it are 

Point b (0.00047) (52.5) = 0.0247 

Point d (0.00047) (52.5) = 0.0247 

Point e (0.00047) (105.0) = 0.0494 
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The fixed-end moments due to these displacements are 


Mpba = —141.7 ft-kips 
Mj?dg = 82.2 ft-kips 


Mpc/ = 0 

Mpeh = 283.4 ft-kips 


The distribution of these fixed-end moments is recorded in Fig. 101, 
and the auxiliary force F necessary to maintain this configuration of 
the frame is 

87.1 

F =-= 3.81 kips 

22.9 



To remove this force, an opposite force such as F' of Fig. 95 must be 
applied, and, as the numerical value of F' must be equal to F, the 
moments in Fig. 95 must be multiplied by 


F 

¥' 


3.81 

0.104 


= 36.6 


and added to the moments in Fig. 101. These values, as well as the 
final results, are shown in Fig. 101. The discrepancies between the 
final values in Figs. 100 and 101 are due to differences in the rate of 
convergence and order of distribution of the two methods as two 
cycles of distribution were used in each problem. 


PROBLEMS 

54. (a) Construct an influence diagram for M Fab for member ah in Problem 
51 by the graphical method when end b is assumed fixed. 

(6) Construct an influence diagram for Mpi a for member ah when end a is 
assumed hinged. 
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55. Determine the moments at the supports of the continuous elevator spar 
shown m the figure. Calculate the coefficients and fixed-end moments for the 
values of I as shown. Assume that the supports have no vertical movement. 


wv»/ fb//n 


ffl 

A 

R s 

r 4 

c 

=~~ H t 1 ‘ 
'R 3 o 

Hir 



- ffgl ,i 


30 r i 

■jj^K 






■ Hi 


50 m 4 

i-9/d 



4.86 . 
_ d- 

HU 

HHBHI 


72.0" 

1 



Problem 55. 


56. Calculate the moments in the elevator spar of Problem 55 due to the 
following relative displacements of the horizontal stabilizer to which the eleva¬ 
tor is attached: 

&ab — 2.78 in. Abc — 3.46 in. A cd — 1.50 in. A oe — 0.4 in. 

57. Construct an influence diagram for the moment at B and at the center of 
span BC for the continuous frame shown. Assume a width of 12 in. for all 
members. 



58. Calculate the end moments for all members of the continuous frame in 
Problem 57 for a temperature drop of 60°. Use a coefficient of linear expan¬ 
sion of 6 X 10 and a modulus of elasticity of 2.5 X 10 6 lb per in. 2 
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54. Truss Deflections. Both algebraic and graphical methods that 
are frequently used for calculating truss deflections were explained 
in Chapter II. The algebraic methods include: (a) equality of external 
and internal work (Article 10); (6) Castigliano’s theorem (Article 11). 
As the equations and numerical operations for these two methods are 
identical in their final form, either can be used in the subsequent 
analysis. Important advantages in the application of Castigliano’s 
theorem are the directness and simplicity with which the necessary 
equations are derived and expressed. When the internal-strain energy 
is expressed in terms of both known and unknown force systems a con¬ 
venient arrangement is provided for the calculation of either displace¬ 
ments or redundant forces. 

The graphical solution most frequently employed is the application 
of the Williot diagram for determining relative displacements (Arti¬ 
cle 16), together with the Mohr rotation diagram to give absolute dis¬ 
placements (Article 17). These two diagrams provide an exceedingly 
flexible and accurate tool for the calculation of truss deflections. More¬ 
over, they have the advantage of giving all displacements in one 
solution whereas the algebraic methods require the calculation of each 
displacement separately. If the final displacement obtained by the 
graphical solution is checked algebraically, all values in the displace¬ 
ment diagrams must be correct. Combining the Williot and Mohr dia¬ 
grams with the reciprocal theorem (Article 7) provides a convenient 
method for the construction of influence diagrams for redundant 
forces; it is similar to the method applied previously to the calculation 
of fixed-end moments in beams. 




I? £ 




V 

X* 


Fig. 102. 


65. Algebraic Procedure. The equations for calculating the de¬ 
flections in any truss, such as in Fig. 102, are readily obtained by 

167 
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Castigliano’s theorem. The force system is replaced for analytical 
purposes by the three separate force systems in Figs. 103a, b and c. If 
the stresses due to these force systems are combined, the total stress in 
any member is equal to 

S = S' + R x u x + R 2 u 2 (64) 


in which S' is the stress due to load P, Fig. 103a, 

ui is the stress due to Pi equal to unity, Fig. 1035, 
u 2 is the stress due to P 2 equal to unity, Fig. 103c. 

The total strain energy in the truss is therefore equal to 

E S 2 L (S' + R\U\ + R 2 u 2 ) 2 L 

2 JE ~ 2-i 2AE 



Fig. 103a. 


(65) 



Fig. 103c. 


By means of equations 65 and 13 (Article 11), the displacements at 
any point in a truss can be calculated. Thus, the displacement Ai in 
the direction of Pi is equal to 


^ dU \ "\ (S' 4“ Pi^i -f- R 2 u 2 )u x L 
Al ~ eifi ~ Ze 

and, in the same manner, 

a dU (S' + Pi^i + R 2 u 2 )u 2 L 

As = W 2 = 2-i Je 

dU (S' + R x u x + R 2 u 2 )u'L 




(66a) 


( 666 ) 

(66c) 
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In equation 66c, u f is the stress in the member of the simply sup¬ 
ported truss for P equal to unity, and with R\ and R 2 regarded as part 
of the applied forces. Equation 66c can also be written so as to regard 
R x and R 2 as functions of P, that is 


rr S — L 

dU ^ dP 'sr^SuL 

dp ” — ~ 2-j 


(66d) 


where u is the resultant stress S in the member of the continuous truss 
for P equal to unity. Although u' is not equal to u , the summations of 
the terms in equations 66c and 66 d are the same as it is immaterial 
whether the truss is regarded as a simply supported truss subjected 
to applied loads of P, R X) and P 2 or as a continuous truss subjected to 
the load P. 

If the displacement is desired at any point at which a load is not 
applied, an auxiliary or virtual force P X) applied at the point, must be 
included in the forces acting on the structures. 

For such a combined force system, the total stress S in any member is 


S = S' + R\U\ + R 2 u 2 + S x 

in which S x is the stress due to P X} the auxiliary force. 

The displacement A at the point where P x is applied is 

_ dU ^ (S' + Ri u i + # 2^2 + S x )u x L 
A x _ — _ ^ — 

but, since the value of S x is actually zero, 

^ $u x L 
AE 




(67) 


( 68 ) 


in which S is the stress due to the actual load and u x is the stress due 
to an auxiliary load of unity applied at point x on the simply supported 
structure. 

All the above displacements can be obtained by combining the sepa¬ 
rate displacements for each force system in Fig. 103. For example, 
the displacement A m is equal to the sum 


A a f . a tt , . /// S'u'L ^yRxUxu'L , \- m \R 2 u 2 u'L 
i. - A. + A. + A. - +2^+.L-7T 


which is identical with equation 66c. 

66. Redundant Reactions. The reactions of continuous trusses are 
frequently calculated from strain equations obtained by assuming that 
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the supports undergo no vertical displacements. In Fig. 102, if the 
displacements at R\ and R 2 are equal to zero, equations 66a and 666 
can be written in the form 


1 

Al ~ E 
1 

a 2 = £ - 




= 0 (69a) 


= 0 (696) 


If the constant terms in the above equations are represented by 





c l2 - 

C" 


E 


-E 


UiU 2 L 

A 

S'u 2 L 



the reactions /i’i and R 2 are given by the following expressions; 


, _ C"C i2 - C’C 2 

1 CiC 2 - c \ 2 

, _ CV 12 - c"(h 

2 C\C 2 - c\ 2 


(70 a) 
(70 b) 


Similar equations can be established for a continuous truss of any 
number of spans. For a four-span continuous truss, another redundant 
reaction, say R 3 , must be used, and the following additional constant 
terms computed: 


Cz = y' q = ui}hL 

3 A 13 A 


C 23 


U2U3L 


c" - 

For a continuous truss of four spans that has no vertical displace¬ 
ments at the supports the following equations can be written 

Ax = C%Ri + C 12 R 2 + C 13 .R 3 + C f = 0 (71a) 

Ag = Ci 2 Rx “h C 2 R 2 + C 23 R 3 C rf = 0 (716) 

A 3 = C n R x + C 23 R 2 + C 3 R 3 + C'" = 0 (71c) 

from which the values of R\, R 2) and R 3 can be computed. 
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67. Influence Diagrams for Reactions. A semi-graphical method for 
obtaining the influence diagram for any redundant reaction of a con¬ 
tinuous truss is often superior to the algebraic procedure just explained. 
The reciprocal theorem forms the basis of the method, while the Williot 
and Mohr displacement diagrams provide a convenient graphical solu¬ 
tion for calculating the necessary deflections. If some force R[ is 
applied to a truss as in Fig. 104, and the elastic curve of the structure 
drawn, then it will be found from the reciprocal theorem that the reac¬ 
tion Rij Fig. 102, for any applied load P is equal to 

Ri “Pf (72) 

Ax 

Before the values of y and A x can be obtained, the reactions and 
stresses due to R'i , Fig. 104, must be known. This part of the solution 




i*; 


to 




u 


Fig. 104. 


is best made by the algebraic methods, as the calculations are not diffi¬ 
cult and also they provide a check upon the graphical solution. From 
equation 66 b, with S' equal to zero, the relation between R\ and R 2 to 
make A 2 equal to zero is 

U\U 2 L 


R' 2 = ~R[ 


L 


(73) 


After equation 73 is solved, the stresses S in the members and the 

SL 

change in length of each member, , are computed and the displace- 

Ajb 

ment diagrams drawn. The length L can be taken in foot units and 

4 omitted for convenience as only the ratios of displacements are used 

in the solution. A check upon all displacements can be obtained by 
computing Ai from the equation 

1 ^ SL 

= (74) 

This check on the results of the graphical solution can be quickly made 
as the terms in equation 74 are already known. 
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Example 35. The ordinates to the influence diagram for the reaction 
Ri of the three-span continuous truss in Fig. 105 will be calculated by 
the semi-graphical method. The lengths and areas of the members 



are recorded on the truss diagram. Values of u x and —^ for R x equal 

A 

to unity and of u 2 and for R 2 equal to unity are given in Figs. 
A 

106a and 106&, respectively. By means of equation 73, the reaction R 2 



Values of u, and 
Fig. 106a. 



is obtained directly from the u\ y u 2) and —~ quantities for any applied 

A 

force R\. The summations of these terms for all members of the truss 
are 


£ 


U1U2L 

A 


347.5 



222.7 
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Substituting these quantities in equation 73 gives the value of ^ as 



For an applied load R\ equal to unity the reactions that will prevent 
any vertical displacement at L 2 , Lq, and Lq and also satisfy the equilib¬ 
rium requirements are 

R' 2 = —1.56 R's - 0.677 J® i = -0.118 

The stresses S in the truss members for R'i equal to unity are therefore 
equal to 

S = Ui — 1.56^2 


and the change in length of each member (times E) is 


SL 

~A 


U\L 

~T 




The numerical values of — as recorded on the truss diagram in 

A 

Fig. 106c were used to draw the Williot diagram in Fig. 107. In this 
diagram L4 was selected as the fixed point and member U4L4 as a 
fixed axis. The construction of the displacement diagram which fol¬ 
lows the procedure explained in Article 16 should be executed accurately 
on a large drawing board with good equipment. The position of each 
point should be back-checked as soon as it is determined to avoid ex¬ 
tending any error to succeeding points. 

After the Williot diagram is completed it is apparent that U 4 L 4 is 
not a fixed axis, as such an assumption gives a relative vertical dis¬ 
placement of points Z/ 2 , Lq, and Lq. Consequently the structure is 
rotated about Lq as a fixed point until the displacement at L 2 is zero. 
The displacements due to the rotation are given by the Mohr rotation 
diagram, which is indicated by broken lines. As the displacement of 
Lq must also be zero a check on the accuracy of the drawing work is 
obtained. The vertical displacement of any point is equal to the 




Fig. 107. 
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vertical distance from the point on the Mohr diagram to the corre¬ 
sponding point on the Williot diagram. The vertical movement of L 0 
is equal to the vertical component of the vector LqLo or 55.0 units, and 
the vertical displacement of U\ is 22.5 units. The value of R\ in Fig. 
105 for a unit load at U\ is, therefore, 



22.5 

-= 0.409 

55.0 


The vertical displacement of all upper panel points and the corre¬ 
sponding ordinates to the influence diagram are tabulated in Table 8. 
The influence diagram in Fig. 108 is drawn from these values. 



Fig. 108. 


TABLE 8 


Point 

Vertical Displacement 

Value of R\ 

y 

55.0 

Uo 

+53.1 

+0.965 

Ut 

+22.5 

+0.409 

u 2 

+ 1.2 

+0.022 

U 3 

— 12.9 

-0.235 

Ut 

-12.6 

-0.229 

u 6 

-6.6 

-0.120 

Ut 

-1.4 

-0.025 

U 7 

-0.1 

-0.002 

Us 

+0.2 

+0.004 


A check on the above values is obtained by computing the displace¬ 
ment of Lq algebraically from equation 74, which gives 

1 SL 550 

Ai = — > u\ — =- 

A E 


which is identical with the value obtained from the Williot diagram. 
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58. End Forces and Couples. The forces acting upon any span of a 
continuous truss, such as span ab ) Fig. 109, are analogous to those in a 
continuous beam inasmuch as they consist of the applied loading, end 
shears, and end couples. Moreover, as in the analysis of continuous 
beams, any span ab , Fig. 109, can first be assumed as fixed at the ends 



and these fixed-end forces afterwards corrected so as to provide the 
necessary equilibrium and strain conditions between continuous spans. 
The horizontal components or end couples at a and a', also b and 6', 
must balance, and the horizontal displacement of these points must be 
the same for both adjacent spans. 



To illustrate the above statements graphically, the fixed-end forces 
in Fig. 110a must be corrected by adding the end forces in Figs. 1106 
and c so as to make the end rotations 


0 a 


A a + A o' 

h a 


and 


e b 


Ab + A*,' 
hb 


equal for both spans. These end forces or couples can be expressed in 
terms of the rotation 0 a and 06, as was done for the end couples applied 



Fig. 1106. 
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to continuous beams. All three problems represented by Figs. 110a, 
6, and c are statically indeterminate problems, each of which can be 
solved by the methods already explained. The solution of these prob¬ 
lems gives the fixed-end couples, stiffness factors, and carry-over fac¬ 
tors—quantities that correspond to the same terms used in the moment- 
distribution method for continuous beams. 



69. Distribution and Carry-Over Factors. The determination of the 
end forces is best illustrated by calculating the end couple M'^, Fig. 
1106, that is required to hold joints 6 and 6' without horizontal trans¬ 
lation when some end couple, M' ab , is applied at end a. The total 
strain energy U in the truss for this force system is equal to 

(M’ ah ua + Miu b ) 2 L 




2 AE 


(75) 


in which u a equals stress for M' ab = 1, M ^ = 0. 

u b equals stress for M' ab — 0, M'^ = 1. 

The end rotations d a and 6 b , as given by Castigliano’s theorem, are 
* dU (M' ab U a + M'haU^UaL 

va — _ „ w — 

dM ab * 


AE 

(M ab u a ~f“ -^7 ba ub)w b L 


dM’ia ^ AE 

When 6 b is equal to zero, equation 766 gives 


(76a) 


(766) 


M'ba = 


Ua^bL 

- i- M' ab = CabM'rt 


<L 

A 


(77) 


where 


Cab = - 


> UqU b L 

A 


■ vfc 

A 


(78) 
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is the carry-over factor from a to b. 


As the term y] Ua ^ J i s negative 


the value of C a b is positive. 

If the value of M' ba from equation 77 is now substituted in equation 
76 a the expression for 6 a becomes 


e a -^2 


(M ab U a + C a bMabUb)u a L 


AE 


from which 


where 


M'ab = 


E0 a 


Z ^aE ^ ^ 'Ua'U'bL 

~A + C ^2-l ~~A~ 


= CJEO a 


c a = 




UaMbL 


(79 a) 
(796) 


(79c) 


is the stiffness factor and corresponds to CiK 0 or C 3 K 0 for a beam. 

The end couple M" ah , Fig. 110c, that will hold joints a and a' fixed 
when a couple M is applied at end 6, is calculated in a similar manner. 
The necessary equations are obtained by interchanging the subscripts 
a and b in equations 77, 78, and 79, or 


in which 


M’L = ciX, 


1 


c 6o = - 


z 


u^L 

~T 


(80 a) 

(80 b) 


is the carry-over factor from b to a. Also, 


where 


C b = 


M'la = CbE$b 

1 






(81a) 

(816) 


After the coefficients C a and C b have been computed for each span 
the distribution factors r can be determined, as 


Tab = 


A 

s c a 


and 


r ba = 


Cb_ 

SC;, 


(82) 
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or the ratio of the coefficient of one span to the sum of the coefficients 
for both spans. 

Equation 79c can be used when the truss is simply supported at 6 
by making Ub equal to zero, or 


C a = 


1 



(83a) 


When the truss is simply supported at a, the coefficient Cb becomes 





(836) 


60. Fixed-End Couples. Either the algebraic or preferably the 
semi-graphic method can be used to calculate the end couples required 
to hold points a, a', 6, 6' without translation when any load is applied 
on the span. The stress in any member is equal to 

S = S' + MpabUa -{-MpbaUb (84) 

where S' = stress due to applied load on a simply supported span. 
u a) Ub = stress due to unit end couples at a and 6, respectively. 

The total strain energy in the truss is 

jj _ QS' + M Fa bU a + M Fba Ub) 2 L 

~ ^ 2AE ~ ^ 2AE C 

and the end rotations 0 a and Ob equal 


dM Fab 

< 8w 


dM Fba 

The fixed-end couples can be obtained by solving equations 86a and 
866 simultaneously. These equations are similar to equations 69a 
and 6 except that the summation is for one span only instead of the 
entire structure. 
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Influence diagrams for the fixed-end moments or couples in a con¬ 
tinuous truss are best obtained directly from an elastic curve of the 
structure by applying the Muller-Breslau principle as in Article 51 
for the fixed-end moments in continuous beams. The procedure is 
similar to that followed in other problems that have been solved by 
means of the reciprocal theorem. If some end couple M' ah is applied 
at end a, Fig. 1106, the couple M ^ required to hold end 6 is, from 
equation 77, 

M ba, = Cab^ab 

SL 

The stresses S and — , the change in length times E , must be deter- 
mined for any assumed value of M' ab . If M' ab is taken equal to unity 


S = U a + CabUb 


SL 

~A 


u a L 

— — -h Cab 

A 


UbL 

~A 


The displacements y and rotation 6 a are given directly by a Williot 

diagram drawn for the -j- values if point b is selected as a fixed point 
A. 

and 66' as a fixed axis. The ordinates to the influence diagram for 
Mpabj as in other problems, are equal to 


M Fab = P V - 

“a 



(87) 


Example 36 . The end moments and reactions of the continuous 
truss of Example 35, Fig. 105, will be determined for a unit load at 
point C/ 4 by the moment-distribution method. 

The stiffness coefficient Cb for the end spans is given by equation 836 
as the spans are simply supported at L 0 and Lg. The values of Ub and 

for a unit end moment applied to the end span are recorded in 
A 

Fig. 111a. From these values, the coefficient Cbi is equal to 


—- = - — 

Ufa 0.00877 

2s A 
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Fig. 111a. 


The values of u\ )} ~~ , u C) and are recorded in Figs. 1116 and c 

for positive unit end couples applied to the center span. From these 
quantities, the coefficients Cb 2 , Cbc, and C c2 are found to be 


Cbc = C 


cb — 



u b u c L 

A 



-0.00343 

0.0155 



Fia. 1116. 



Fia. 111c. 
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The distribution factors at supports b and c are proportional to the 
coefficients, or 

For end spans ba or cd 

114 

r = —-— = 0.626 

For center span 


114 + 68 
68 


r --- 0.374 

182 

The fixed-end moments for a unit load at 17 4 will be calculated from 

S'L 

equations 86a and b. The values of —— are recorded on the truss dia¬ 



gram in Fig. llld, and from these quantities and the previous values of 
Ub and u c the end rotations are found to be 



0.427 



-0.427 


Equations 86a and 866 give 

e b = 0.427 + M Fbc ( 0.0155) + M Fcb (- 0.00343) = 0 
e c = -0.427 + M Fbc {- 0.00343) + ^7^6(0.0155) = 0 
from which 


M F bc = -16.15 ft-lb M Fcb = +16.15 ft-lb. 


The distribution of the fixed-end moments in Fig. 112a follows the 
same numerical operations as for a continuous beam. The final moment 
over the supports is 11.02 ft-lb, which makes the reaction 72j equal to 


Ri 


11.02 

~~48 


0.229 


which checks the value that was obtained in Example 35. 
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z# . 



1 .626 

m i 



~626~\ 

n 

1 46‘ 

r 2 

96' 


48' 

+1012 

-16.15 
+6.03 

22{ 

+/6I5 
+1.34 




-- 
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-/096 

+.90 

+ .54 


+ .17 

-.07 

1 
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-05 


Fig. 112a. 
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Fig. 1126. 




61. Use of an Equivalent Beam. The deformation and stress in the 
chord member of a truss are similar to those in the flange of a beam. 
Some differences exist, however, as the stress in a truss member is 
always constant across a panel whereas the flange stress in a beam 
ordinarily varies throughout the span. Furthermore, the deformation 
in the truss diagonals is usually more than the shearing deformation 
in a beam so that the change in length of the diagonals reduces the 
carry-over and stiffness factors of a truss more than the shearing 
deformation does in a beam. In Chapter III it was shown that the 
end moments in a continuous beam are not appreciably affected by the 
shearing deformation even though the carry-over and CK values are 
changed considerably. For this reason the end moments in a continu¬ 
ous truss are approximately the same as those in a continuous beam 
whose flanges give about the same relative stiffness in the various spans 
as do the chord members of the truss. In general, the substitution of 
an equivalent continuous beam for a continuous truss is a logical pro¬ 
cedure for making a preliminary design, and usually such a preliminary 
design will require only slight, if any, modification. 

The term equivalent beam is a descriptive term only as there is proba¬ 
bly no beam that is exactly equivalent in deformation to a truss, or, 
at least, it is not practical to define such a beam in mathematical terms. 
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Consequently, the substitution of a continuous beam for a continuous 
truss is an approximation, but, as already stated, it is a logical pro¬ 
cedure because of the similarity in the deformations of the two struc¬ 
tures. In general, if a beam of constant width and of the same depth 
as the truss is used for a preliminary design the moments in such an 
equivalent beam are remarkably close to those obtained for the actual 
truss. After one or two values are checked in the final design the de¬ 
signer will usually be satisfied that no changes are necessary. 

The differences between the fixed-end moments, distribution factors, 
and carry-over factors of the truss and those of the equivalent beam, 
although of considerable magnitude, will seldom need any considera¬ 
tion, as their effect upon the final moments is relatively small. The 
use of an equivalent beam transforms the problem into the analysis of 
a continuous beam with variable moment of inertia—a problem that 
has already been discussed in detail in Chapter VI. 

Example 37. The end moments in the continuous truss that was 
used in Examples 35 and 36 will be calculated by means of an equivalent 
beam. The depth of the beam will be taken as the same as that of the 
truss, and the moment of inertia is assumed to vary as the cube of the 
depth. The coefficients Cfi, C 2 y and C 3 and the fixed-end moments 
for such a beam can be selected from curves or calculated by the meth¬ 
ods previously explained. In this problem the values are taken from 
the P.C.A. diagrams in the Appendix. The coefficients for the beams 
are 

End spans 


min d 19 

-= — = 0.73 

max d 26 


a = 0.5 


Center span 


Ci = 4.4 C 2 = 3.0 C 3 

. 3 -° 2 

C 3 = 7.0-= 5.0 

4.4 

C' t K = (5.0) ~ = (5.0) (~) 


= 7.0 


= 0.104/o 


min d 

-= 0.73 a = 0.25 

max d 


Ci = C 3 = 6.0 


C 2 

Cj “ 0 60 


C lK - ( 6 , 0 ) 0 . m h 


0.063/q 
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1S1 



Fia. lllo. 


The values of u b , —- , u c , and are recorded in Figs. 1116 and c 

for positive unit end couples applied to the center span. From these 
quantities, the coefficients C b2 , Cbc, and C c2 are found to be 




Fia. 1116. 



Fig. 111c. 
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The distribution factors at supports b and c are proportional to the 
coefficients, or 

For end spans ba or cd 

114 

r =-= 0.626 

114 + 68 

For center span 

68 

r =-= 0.374 

182 

The fixed-end moments for a unit load at t/ 4 will be calculated from 

S'L 

equations t&a and b. The values of — are recorded on the truss dia¬ 



gram in Fig. Hid, and from these quantities and the previous values of 
u b and u c the end rotations are found to be 

S'u b L 
A 

Equations 86a and 866 give 

6 b = 0.427 + M Fbe (! 0.0155) + M Fcb {- 0.00343) = 0 
e c = -0.427 + M Fbc ( -0.00343) + M Fc6 (0.0155) = 0 
from which 

M Fbc = -16.15 ft-lb M Fcb = +16.15 ft-lb. 



0.427 


Z 


S'u c L 


= -0.427 


The distribution of the fixed-end moments in Fig. 112a follows the 
same numerical operations as for a continuous beam. The final moment 
over the supports is 11.02 ft-lb, which makes the reaction Ri equal to 


Ri 


11.02 

48 


0.229 


which checks the value that was obtained in Example 35. 
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R 4 


Fig. 112a. 



Fig. 1126. 


61. Use of an Equivalent Beam. The deformation and stress in the 
chord member of a truss are similar to those in the flange of a beam. 
Some differences exist, however, as the stress in a truss member is 
always constant across a panel whereas the flange stress in a beam 
ordinarily varies throughout the span. Furthermore, the deformation 
in the truss diagonals is usually more than the shearing deformation 
in a beam so that the change in length of the diagonals reduces the 
carry-over and stiffness factors of a truss more than the shearing 
deformation does in a beam. In Chapter III it was shown that the 
end moments in a continuous beam are not appreciably affected by the 
shearing deformation even though the carry-over and CK values are 
changed considerably. For this reason the end moments in a continu¬ 
ous truss are approximately the same as those in a continuous beam 
whose flanges give about the same relative stiffness in the various spans 
as do the chord members of the truss. In general, the substitution of 
an equivalent continuous beam for a continuous truss is a logical pro¬ 
cedure for making a preliminary design, and usually such a preliminary 
design will require only slight, if any, modification. 

The term equivalent beam is a descriptive term only as there is proba¬ 
bly no beam that is exactly equivalent in deformation to a truss, or, 
at least, it is not practical to define such a beam in mathematical terms. 
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Consequently, the substitution of a continuous beam for a continuous 
truss is an approximation, but, as already stated, it is a logical pro¬ 
cedure because of the similarity in the deformations of the two struc¬ 
tures. In general, if a beam of constant width and of the same depth 
as the truss is used for a preliminary design the moments in such an 
equivalent beam are remarkably close to those obtained for the actual 
truss. After one or two values are checked in the final design the de¬ 
signer will usually be satisfied that no changes are necessary. 

The differences between the fixed-end moments, distribution factors, 
and carry-over factors of the truss and those of the equivalent beam, 
although of considerable magnitude, will seldom need any considera¬ 
tion, as their effect upon the final moments is relatively small. The 
use of an equivalent beam transforms the problem into the analysis of 
a continuolfs beam with variable moment of inertia—a problem that 
has already been discussed in detail in Chapter VI. 

Example 37. The end moments in the continuous truss that was 
used in Examples 35 and 36 will be calculated by means of an equivalent 
beam. The depth of the beam will be taken as the same as that of the 
truss, and the moment of inertia is assumed to vary as the cube of the 
depth. The coefficients C\ y C 2 , and C 3 and the fixed-end moments 


for such a beam can be selected from curves or calculated by the meth¬ 
ods previously explained. In this problem the values are taken from 
the P.C.A. diagrams in the Appendix. The coefficients for the beams 
are 

End spans 


Center span 


min d 19 

-- = — = 0.73 a = 0.5 

max d 26 

Ci = 4.4 C 2 

O 

!>.* 

II 

O 

O 

CO 

li 

, 3.0 2 

C'i = 7.0- 

4.4 

= 5.0 

C' 3 K = (5.0) - = 
L 

■ <5 o) © - ° io4, » 

min d 

— = 0.73 

max d 

a = 0.25 

Ci = C 3 = 6.0 

c 2 

--0.6° 

C,K = (6.0) 

) “ < 6 °) ^ * 0.063/ o 
' 9b 
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to continuous beams. All three problems represented by Figs. 110a, 
6, and c are statically indeterminate problems, each of which can be 
solved by the methods already explained. The solution of these prob¬ 
lems gives the fixed-end couples, stiffness factors, and carry-over fac¬ 
tors—quantities that correspond to the same terms used in the moment- 
distribution method for continuous beams. 



59. Distribution and Carry-Over Factors. The determination of the 
end forces is best illustrated by calculating the end couple Af^, Fig. 
1106, that is required to hold joints b and b' without horizontal trans¬ 
lation when some end couple, M' ab , is applied at end a. The total 
strain energy U in the truss for this force system is equal to 


U 


-z 


(M' ab u a + Mlu h ) 2 L 
2 AE 

in which u a equals stress for M' ab = 1, = 0. 

u b equals stress for M’ ah — 0, M'i m = 1. 


(75) 


The end rotations 0„ and d b , as given by Castigliano’s theorem, are 


dU_ 

C 

dU 


d_U_ 

6 a ~dM'b~AE 


(M' ab Ug + M'bgU^UgL 


(Af a 6^a + AT h a'll b)UbL 


_ dU _ y' 

6b ~ dMl ~ AE 

When Ob is equal to zero, equation 766 gives 

UgV/bL 


M' ba = - 


1 u b L 


Mgb = CgbMgb 


(76 a) 
(766) 


(77) 


where 


UgU bL 
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is the carry-over factor from a to 6. 


As the term 



UgUbL 

A 


is negative 


the value of C a b is positive. 

If the value of M\ a from equation 77 is now substituted in equation 
76a the expression for d a becomes 


e a 


(MabU a + C ab M’ ah U b )u a L 


AE 


from which 


where 


M'ab = 


Ed a 




v a UbL 


= c a Ee a 


C a = 




u a u b L 


(79a) 
(796) 


(79c) 


is the stiffness factor and corresponds to C^Ko or C 3 K 0 for a beam. 

The end couple M'l, Fig. 110c, that will hold joints a and a' fixed 
when a couple Ml is applied at end 6, is calculated in a similar manner. 
The necessary equations are obtained by interchanging the subscripts 
a and b in equations 77, 78, and 79, or 


in which 


AC = CboMl 



(80a) 

(806) 


is the carry-over factor from 6 to a. Also, 


where 


Ml = CbEOb 


Z u bL n ^ ^ u b u a L 

T + c-Zy — 


(81a) 

(816) 


After the coefficients C a and C b have been computed for each span 
the distribution factors r can be determined, as 


Tab — 


Ca 

2C a 


and 


Tba - 


Cb_ 

sc 6 


(82) 



FIXED-END COUPLES 


179 


or the ratio of the coefficient of one span to the sum of the coefficients 
for both spans. 

Equation 79c can be used when the truss is simply supported at 6 
by making Ub equal to zero, or 


C a = 


1 


E u 2 a L 
A 


(83 a) 


When the truss is simply supported at a, the coefficient C& becomes 


C h = 



(836) 


60. Fixed-End Couples. Either the algebraic or preferably the 
semi-graphic method can be used to calculate the end couples required 
to hold points a, a', 6, 6' without translation when any load is applied 
on the span. The stress in any member is equal to 

S = S' + MpabU a A’MpbaU'b (84) 


where S' — stress due to applied load on a simply supported span. 
u ay Ub = stress due to unit end couples at a and 6, respectively. 

The total strain energy in the truss is 


U 


ZS 2 L 


(S' + MpabUa + MFbaUb) 2 L 


2 AE 


2AE 


(85) 


and the end rotations 0 a and Ob equal 


dMpab 


dMpba 

-° (866) 

The fixed-end couples can be obtained by solving equations 86a and 
866 simultaneously. These equations are similar to equations 69a 
and b except that the summation is for one span only instead of the 
entire structure. 
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Influence diagrams for the fixed-end moments or couples in a con¬ 
tinuous truss are best obtained directly from an elastic curve of the 
structure by applying the Muller-Breslau principle as in Article 51 
for the fixed-end moments in continuous beams. The procedure is 
similar to that followed in other problems that have been solved by 
means of the reciprocal theorem. If some end couple M' ab is applied 
at end a, Fig. 1106, the couple M ^ required to hold end 6 is, from 
equation 77, 

M ba = CabM’ ab 

SL 

The stresses S and — , the change in length times E , must be deter- 
A 

mined for assumed value of M' ab . If M' ab is taken equal to unity 


S — Ha } ' CatfU'b 


SL u a L UhL 

T + 


The displacements y and rotation 0 a are given directly by a Williot 

diagram drawn for the — values if point 6 is selected as a fixed point 
A 

and 66' as a fixed axis. The ordinates to the influence diagram for 
Mfab) as in other problems, are equal to 


Mfab = P~ 
Va 



(87) 


Example 36. The end moments and reactions of the continuous 
truss of Example 35, Fig. 105, will be determined for a unit load at 
point r/ 4 by the moment-distribution method. 

The stiffness coefficient C b for the end spans is given by equation 836 
as the spans are simply supported at L 0 and L 8 . The values of u b and 

for a unit end moment applied to the end span are recorded in 
A 

Fig. 111a. From these values, the coefficient C b i is equal to 

1 1 

Cbl = ujL = 0.00877 = 114 
A 
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Substituting these quantities in equation 73 gives the value of J ?2 as 



For an applied load R\ equal to unity the reactions that will prevent 
any vertical displacement at L 2) Lq, and L 8 and also satisfy the equilib¬ 
rium requirements are 

R 2 = —1.56 R ' 3 = 0.677 R 4 = -0.118 

The stresses S in the truss members for R[ equal to unity are therefore 
equal to 

S — U\ — 1.56^2 

and the change in length of each member (times E) is 

SL uiL u 2 L 

— = — - 1.56- 

A A A 



Fig. 106 c. 

SL 

The numerical values of — as recorded on the truss diagram in 

A 

Fig. 106c were used to draw the Williot diagram in Fig. 107. In this 
diagram L 4 was selected as the fixed point and member U 4 L 4 as a 
fixed axis. The construction of the displacement diagram which fol¬ 
lows the procedure explained in Article 16 should be executed accurately 
on a large drawing board with good equipment. The position of each 
point should be back-checked as soon as it is determined to avoid ex¬ 
tending any error to succeeding points. 

After the Williot diagram is completed it is apparent that U 4 L 4 is 
not a fixed axis, as such an assumption gives a relative vertical dis¬ 
placement of points L 2 , Lq, and L 8 . Consequently the structure is 
rotated about Lq as a fixed point until the displacement at L 2 is zero. 
The displacements due to the rotation are given by the Mohr rotation 
diagram, which is indicated by broken lines. As the displacement of 
L 8 must also be zero a check on the accuracy of the drawing work is 
obtained. The vertical displacement of any point is equal to the 




Fig. 107 . 
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vertical distance from the point on the Mohr diagram to the corre¬ 
sponding point on the Williot diagram. The vertical movement of L 0 
is equal to the vertical component of the vector LqLo or 55.0 units, and 
the vertical displacement of TJ\ is 22.5 units. The value of R\ in Fig. 
105 for a unit load at U\ is, therefore, 



22.5 

55.0 


0.409 


The vertical displacement of all upper panel points and the corre¬ 
sponding ordinates to the influence diagram are tabulated in Table 8. 
The influence diagram in Fig. 108 is drawn from these values. 



Fig. 108. 


TABLE 8 


Point 

Vertical Displacement 

Value op Ri 

V 

55.0 

Uo 

+53.1 

+0.965 

Ui 

+22.5 

+0.409 

u 2 

+ 1.2 

+0.022 

U 3 

-12.9 

-0.235 

Ui 

-12.6 

-0.229 

U B 

-6.6 

-0.120 

U e 

-1.4 

-0.025 

u 7 

-0.1 

-0.002 

U 8 

+0.2 

+0.004 


A check on the above values is obtained by computing the displace¬ 
ment of Lq algebraically from equation 74, which gives 

1 ^ SL 55.0 

Ai -~e2-/ Ui ~a~HT 


which is identical with the value obtained from the Williot diagram. 
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58. End Forces and Couples. The forces acting upon any span of a 
continuous truss, such as span ab, Fig. 109, are analogous to those in a 
continuous beam inasmuch as they consist of the applied loading, end 
shears, and end couples. Moreover, as in the analysis of continuous 
beams, any span db y Fig. 109, can first be assumed as fixed at the ends 



mi 

Fia. 109. 


and these fixed-end forces 'afterwards corrected so as to provide the 
necessary equilibrium and strain conditions between continuous spans. 
The horizontal components or end couples at a and a', also b and 6', 
must balance, and the horizontal displacement of these points must be 
the same for both adjacent spans. 



To illustrate the above statements graphically, the fixed-end forces 
in Fig. 110a must be corrected by adding the end forces in Figs. 1106 
and c so as to make the end rotations 




A a + A a ' 
h a 


and 


0 b 


A b + A h , 
h b 


equal for both spans. These end forces or couples can be expressed in 
terms of the rotation 0 a and 0&, as was done for the end couples applied 



Fig. 1106 . 
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In equation 66c, u' is the stress in the member of the simply sup¬ 
ported truss for P equal to unity, and with P x and R 2 regarded as part 
of the applied forces. Equation 66c can also be written so as to regard 
Rx and R 2 as functions of P, that is 


S — L 

dU Y' dP ySuL 
dP AE = ^~AE 


(66d) 


where u is the resultant stress S in the member of the continuous truss 
for P equal to unity. Although u' is not equal to u , the summations of 
the terms in equations 66c and 66c? are the same as it is immaterial 
whether the truss is regarded as a simply supported truss subjected 
to applied loads of P, Pi, and P 2 or as a continuous truss subjected to 
the load P. 

If the displacement is desired at any point at which a load is not 
applied, an auxiliary or virtual force P x , applied at the point, must be 
included in the forces acting on the structures. 

For such a combined force system, the total stress S in any member is 


S = S' + R\U\ + R 2 u 2 + S x (67) 


in which S x is the stress due to P X) the auxiliary force. 

The displacement A at the point where P x is applied is 

A dU R2 u 2 S x )u x L 

Ax ” dF x ~ 

but, since the value of S x is actually zero, 



( 68 ) 


in which S is the stress due to the actual load and u x is the stress due 
to an auxiliary load of unity applied at point x on the simply supported 
structure. 

All the above displacements can be obtained by combining the sepa¬ 
rate displacements for each force system in Fig. 103. For example, 
the displacement A m is equal to the sum 




RiU\u'L 


1 R 2 u 2 u f L 
AE 


which is identical with equation 66c. 

66. Redundant Reactions. The reactions of continuous trusses are 
frequently calculated from strain equations obtained by assuming that 
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the supports undergo no vertical displacements. In Fig. 102, if the 
displacements at R\ and R 2 are equal to zero, equations 66a and 666 
can be written in the form 


Ai = 


E 


Az== i 




= 0 

= 0 


(69a) 

(696) 


If the constant terms 




of L 
A 

a 

S%L 


in the above equations are represented by 
uxu 2 L u\L 

Cl2 C2 -2^T 


the reactions Ri and R 2 are given by the following expressions: 

C"Ci2 - C'C 2 

■^1 f 'i ri2 

OiU 2 “ W2 

c'c 12 - C^C 1 

•U/2 — n n n 2 
OiC 2 — Ci2 


(70a) 

(706) 


Similar equations can be established for a continuous truss of any 
number of spans. For a four-span continuous truss, another redundant 
reaction, say R 2 , must be used, and the following additional constant 
terms computed: 



C 13 



U\UzL 

A 




u 2 UzL 


«”-Z^ 

For a continuous truss of four spans that has no vertical displace¬ 
ments at the supports the following equations can be written 

Ax = CiRi + C 12 R 2 + C 13 R 3 + C' = 0 (71a) 

A 2 = C l2 Ri + C 2 R 2 + C 23 R 3 + C" = 0 (716) 

A 3 - C 13 Ri + C 23 R 2 + C 3 R 3 + C"’ = 0 (71c) 

from which the values of R\, R 2 , and R 3 can be computed. 
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67. Influence Diagrams for Reactions. A semi-graphical method for 
obtaining the influence diagram for any redundant reaction of a con¬ 
tinuous truss is often superior to the algebraic procedure just explained. 
The reciprocal theorem forms the basis of the method, while the Williot 
and Mohr displacement diagrams provide a convenient graphical solu¬ 
tion for calculating the necessary deflections. If some force R\ is 
applied to a truss as in Fig. 104, and the elastic curve of the structure 
drawn, then it will be found from the reciprocal theorem that the reac¬ 
tion Ri, Fig. 102, for any applied load P is equal to 

Ri = P — (72) 

At 

Before the values of y and Ai can be obtained, the reactions and 
stresses due to R[, Fig. 104, must be known. This part of the solution 



Fig. 104. 

is best made by the algebraic methods, as the calculations are not diffi¬ 
cult and also they provide a check upon the graphical solution. From 
equation 666, with S' equal to zero, the relation between R[ and R 2 to 
make A 2 equal to zero is 



After equation 73 is solved, the stresses S in the members and the 

SL 

change in length of each member, •—— , are computed and the displace- 

AE 

ment diagrams drawn. The length L can be taken in foot units and 

4 omitted for convenience as only the ratios of displacements are used 
E 

in the solution. A check upon all displacements can be obtained by 
computing Ai from the equation 



This check on the results of the graphical solution can be quickly made 
as the terms in equation 74 are already known. 
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Example 35. The ordinates to the influence diagram for the reaction 
Ri of the three-span continuous truss in Fig. 105 will be calculated by 
the semi-graphical method. The lengths and areas of the members 


r-Sym about t 

<J 0 !4°' U, 14"’ U 2 J8°" U 3 12°’ 4 U s U 6 


4a m \U 

R, ,L 2 I ' 4r 

■ 2e24'0'~ 4^t l^g 4@24'-0‘‘96'-0' _ R 3_2@24'0‘-48'-0 



Fio. 105. 


are recorded on the truss diagram. Values of «i and-for 11 \ equal 

A 

to unity and of u 2 and for R 2 equal to unity are given in Figs. 
A 

106a and 1066, respectively. By means of equation 73, the reaction R 2 


U Q -127 U ! 7.27 u 2 -379 U 3 -505 ^4 -5.05 U 5 -632 U e -3.79 U 7 -379 U d 







Z wo ta 

- L 2 U2 i & 1-6 2* 

!* Values of U 2 and \ > j* 


Fig. 1066. 


is obtained directly from the iq, tq, and —- quantities for any applied 

A 

force 72 1 . The summations of these terms for all members of the truss 


= 347.5 


• 222.7 
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on pages 327 and 328, the following coefficients are obtained for the 
member ab. 

Ci = 5.63 C 2 = 5.95 C z = 26.60 


Carry-over factor from a to b 

Carry-over factor from b to a 
Distribution factors at b 


5.95 

26.50 

5.95 
5.63 = 


= 0.22 

1.06 


Member 

C 

K 

CK 

r 

ab 

5.63 

7o 

40 

0.141Jo 

0.16 

be 

3.00 

Io 

4 

0.750/ 0 

0.84 




2CK 0 = 0.891/o 

1.00 


The bending moments in the columns for a wind load of 0.5 kip per 
foot will be calculated by the procedure that has been explained in 
Example 39. The values for the fixed-end moments which are calcu¬ 
lated directly from the curves on page 330 are 

Mfab = —O.lllwL 2 = ( —0.111)(0.5)(40) 2 = —88.8 ft-kips 

Mfba = +0.0518toL 2 = 41.5 ft-kips 

M Fbc = — 0.125wL 2 = (—0.125)(0.5)(4) 2 = -l.Oft-kip 

After the unbalanced moment at b, 40.5 ft-kips, is distributed by 
means of the distribution factors recorded above, the final moments 
become, (see Fig. 120a) 

M ab = -88.8 + (1.06) (0.16)(—40.5) = -95.7 ft-kips 
M ba = -M bc = 41.5 + (0.16) (—40.5) = 35.0 ft-kips 
H a = 11.52 kips H b = 18.23 kips <— H c = 7.75 kips —» 

The end moments due to a horizontal crane load of 8 kips acting to 
the right can be quickly calculated once the fixed-end moments are 
determined. From the coefficients on page 329 the values of the fixed- 
end moments can be obtained directly. 

M Fab = -Q121PL = (—0.121)(8)(40) = -38.7 ft-kips 

M Fba = 0.0994PL = +31.8 ft-kips 

Mpbc — Q 



202 


CONTINUOUS TRUSSES AND BENTS 


After the necessary distribution of the unbalanced moment of 31.8 
ft-kips at 6, the final moments are 

M ab = —38.7 - 5.4 = -44.1 ft-kips 

M ba = -M bc = 31.8 - 5.1 = 26.7 ft-kips 

H a = 2.83 kips H b — 11.85 kips H c = 6.68 kips —» 


c 
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Fig. 120a. 


The fixed-end moments for an eccentric vertical load of 120 kips 
which is equivalent to an axial load of 120 kips and a couple of 120 
ft-kips are also determined directly from the curves on page 331. 
These values are 

M Fab = 0.325 M x = +39.0 ft-kips 
M Fba = 0.166M* = +19.9 ft-kips 

which, after the distribution of the unbalanced moment at b, become 

M ab = 39.0 - 3.4 = 35.6 ft-kips 

M ba = 19.9 — 3.2 = 16.7 ft-kips 

H a = 4.31 kips —> H b = 0.13 kips H c = 4.18 kips 

The moments caused by the wind load and horizontal crane load will 
be corrected for sidesway by the customary procedure of applying 
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forces at points b and c that are equal and opposite to the restraining 
forces previously computed. Let points b and c both move 40 units to 
the right, and assume K 0 equal to unity. The relative values of the 
fixed-end moments for this condition are 

M Fab = (C 2 + C 3 )K 0 ~ = -(5.95 + 26.50) (1)(££) = - 32.45 ft-kips 
M Fba = (Ci + C 2 )K 0 j = -(5.63 + 5.95)(l)(f&) = -11.58 ft-kips 

Ju 

The final moments that are obtained by rotating joint 6 to a condition 
of equilibrium (see Fig. 1206) are 

Mab = —32.45 + (1.06)(1.85) = -30.48 ft-kips 

M ha = -11.58 + 1.85 = -9.73 ft-kips 

H a = 1.01 kips <- ll b = 3.44 kips -> H c = 2.43 kips<- 


A 2.43 



Fig. 1206. 

The final moments in the columns for the separate loads can now be 
determined by adding the corrections due to sidesway to the original 
values. Thus, for the wind load the correction for sidesway is obtained 

5.24 

by multiplying the moments in Fig. 1206 by the ratio = 5.18. 
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Therefore, the final values of the column moments due to the wind 
force are 

Column A 

Mab = —95.7 + (5.18)(-30.48) = -254.2 ft-kips 
M ba = +35.0 + (5.18)(—9.73) = -15.5 ft-kips 
Ha = 11.52 + 5.24 = 16.76 kips 

Column B 

M a 'b' = —158.5 ft-kips 
Mh' 4 nr —50.5 ft-kips 
H a ' = 5.24 kips 


The final moments in the columns due to the horizontal crane load 
are determined by correcting the original values for an additional shear 


„ 8 - 2.83 
of--- 


or 0.86 kip, acting on each column. The total restraining 


force of 5.17 kips is divided between six columns rather than two as it 
is assumed that the horizontal bracing will distribute the load over 
three bents. The corrections of the end moments for sidesway are 

therefore obtained by multiplying the moments in Fig. 1206 by 

or .852. The final moments in the columns due to the horizontal crane 
load are 


Column A 


M ab = -44.1 + (0.852) (-30.48) = -70.1 ft-kips 
M ba = 26.7 + (0.852)(—9.73) = 18.4 ft-kips 
H a = 2.83 + 0.86 = 3.69 kips *— 

Column B 

M a ' b ' = —26.0 ft-kips 
Mb'a' = —8.3 ft-kips 
H a f = 0.86 kip <— 


The moments resulting from the application of the vertical crane 
loads can also be corrected for sidesway if necessary. In this problem, 
as the vertical crane loads are assumed to be symmetrical, no correc¬ 
tion for sidesway is required. 
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Maximum combined moments, assuming that the horizontal crane 
load can be applied to either column in either direction are recorded 
below. These values, which are presented to illustrate the numerical 
calculations, are not intended to represent all possible loading condi¬ 
tions. 

Column A 

M a & = Wind load + Horizontal crane load + Vertical crane load 
= -254.2 - 70.0 + 35.6 = -288.6 ft-kips 
Mba = Horizontal crane load + Vertical load = 18.4 + 16.7 = 35.1 ft-kips 
Column B 

M a 'b’ = -158.1 - 70.0 - 35.6 = -263.7 ft-kips 

Mb ' a ' = Wind load + Horizontal crane load + Vertical crane load 

= -50.5 - 18.4 - 16.7 = -85.6 ft-kips 

68. Two-Hinged Arch Trusses. Two-hinged arch trusses in which 
the horizontal reaction is resisted either by the abutments or by a tie 



(Figs. 121a, 6) are readily solved by Castigliano’s theorem. The stress 
S in any member is equal to 

8 = S' + Hu 

in which S' — stress in any member of o simply supported truss with 
H removed (Fig. 122a). 

u = stress in any member of a simply supported truss for H 
equal to unity (Fig. 1226). 



Fig. 122. 
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The total strain energy U equals 

S 2 L 
2 AE 


Then 


from which 


Z yL _ ^ (S' + Hu) 2 L 
2AE ~ ^ 

E : 


2 AE 

dU (S' + Hu)uL 

dfl ~ 


AE 

^S'uL 


= 0 


H = 


E 


( 100 ) 


A 


When the arch has a horizontal tie between supports the denominator 
of equation 100 must include the quantity ~ for the tie but the numera¬ 
tor is not affected. The theoretical value of H will therefore be slightly 
less than when the arch is rigidly supported by abutments. Actually a 
displacement of the abutments may reduce II more than the elongation 
of the tie bar. 


Since 


therefore 


dU (S' + Hu)uL 


au 
dH 


E 


H = — 


AE 

S’uL 

AE 


= A 


- A 


E 


u 2 L 

Je 


( 101 ) 


where A is the increase in span due to a relative movement of the abut¬ 
ments. It is interesting to note that the elongation of the tie bar in¬ 
creases the denominator in the expression for H } equation 100, while a 
displacement of the supports decreases the numerator in equation 101. 
However, the two structures are not easily compared as the two dis¬ 
placements are likely to be quite different quantitatively. The use of 
a tie bar will usually depend upon foundation conditions as well as 
other design features. 

By drawing a Williot diagram for the arch for any assumed value of 
Hj Fig. 1226, an influence diagram for H is obtained directly. From 
the reciprocal theorem, 

H8 — Py = 0 
or 



8 
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therefore only y and 5, which are given directly by a Williot diagram, 
are required. This method of solution reduces the problem to a stati¬ 
cally determinate one. 

For preliminary design a trial value of H can be obtained by assuming 

— or —- as constant for all members. The trial value of H then be- 
A A 


comes 


2S'u 

H --r 

2 u 2 

(102 a) 

2,S' 

II =- 

2 u 

(1026) 


The final analysis with the proper areas should not require many cor¬ 
rections (see Ref. 7-1). Temperature changes will cause stresses in 
two-hinged arch trusses that are supported on abutments that prevent 
any horizontal movement. The horizontal reaction II due to any 
temperature change is equal to 


atL 



(103) 


in which oi = coefficient of linear expansion. 
t = change in temperature. 

L = span length. 


A tied arch truss is not affected by temperature change unless the tie 
bar is subjected to a different temperature from the truss. 

69. Continuous Arch Trusses. The structure illustrated in Fig. 123, 
which is a combination, of a continuous truss and a tied arch truss, is 




H 

S3 


L^,_ 

/\/ 

V 

N 


Lo L, L 2 ■ 
R, 

'L 3 Tie Bar 1 

r 2 

r 2 


Fig. 123. 


Lo 

K 


readily analyzed by the same methods as for continuous trusses (see 
Refs. 7-6 and 7-7). The redundant reactions R\ ) R 2 , and H (or, if the 
structure is symmetrical about the center line, as it usually is, i? 2 , 
and H) can be calculated from equations 71a, b, and c by replacing one 
of the vertical reactions by H, the stress in the tie bar. As the structure 



208 


CONTINUOUS TRUSSES AND BENTS 


must be designed for moving concentrated loads the construction of 
influence diagrams for the redundant reactions by the semi-graphical 
method used in example 35 is advisable. 

The influence diagram for H is obtained by applying any convenient 
stress to the tie bar, say 10 kips (Fig. 124), calculating the redundant re¬ 
actions R 2 and R 2 , and then drawing a Williot displacement diagram for 



the structure, 
therefore, 


For a symmetrical structure R 2 is equal to R 2 , and, 



(104) 


in which u = stress in any member for H equal to unity with R 2 and 
R 2 removed. 

u 2 = stress in any member for R 2 equal to unity with II and 
R 2 removed. 

u 2 = stress in any member for R 2 equal to unity with II and 
R 2 removed. 

The values of u 2 are antisymmetrical with u 2 for a symmetrical struc¬ 
ture. 

The stress S in any member is equal to 

S = Hu + R 2 u 2 + R' 2 u 2 = Hu + R 2 (u 2 + u 2 ) (105) 

SL 

After the values of — are tabulated a Williot diagram is then drawn 

for half of the structure. If the diagram is started at the pin* L 3 with 
the chord L 2 L% as the fixed axis the construction errors will be greatly 
reduced. A rotation diagram to bring point L 0 back to the required 
elevation must be constructed next, after which the necessary vertical 
and horizontal displacements can be scaled from the combined dia¬ 
grams. The elongation of the tie bar must be added to the horizontal 
movement between the panel points L 2 and Lq to obtain the total dis- 
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placement. For a symmetrical structure the diagram need be drawn 
for only one half of the truss. 

The influence diagrams for R 2 and R' 2 are constructed semi-graphi- 
cally in a similar manner by applying any convenient value of R 2 , say 
10 kips. The redundant forces R 2 and H must be determined next, 
after which the stress in each member is calculated and the Williot 
and Mohr displacement diagrams are drawn. The redundant forces 
R 2 and H are calculated from the following equations: 


Ii 







(106a) 

(1065) 


in which u ) u 2 , u 2 have the same values as in equation 104. The dis¬ 
placement diagram must be drawn for the entire structure, although 
the construction can proceed from one point or it can be made in two 
or more parts. 


PROBLEMS 

59. Calculate the stresses in all members of the continuous truss shown. 
Assume that the truss is simply supported at columns A and C and is continu¬ 
ous over column B. Neglect the flexural resistance of the columns. Compare 
the values of the reactions with those of an equivalent continuous beam. 



60. Construct an influence diagram for the fixed-end moment at the right 
end of the 64-ft span of the continuous truss in Problem 59 if the left end is 
simply supported. Make use of the reciprocal theorem and Williot diagram. 

61. Construct an influence diagram for the fixed-end moment at the left end 
of the 48-ft span in Problem 59 if the right end is simply supported. 

62. From the results of Problems 60 and 61, calculate the fixed-end moments 
and distribution factors for the loads given in Problem 59. Distribute the un¬ 
balanced moment, and check with the results obtained in Problem 59. 
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63. Calculate the reactions at the base of all columns of the bent in Problem 
59 for a uniform horizontal wind load of 400 lb per linear foot applied to 
Column A. 

64. Solve Problem 63 for the columns fixed at the base. 

65. Construct an influence diagram for the stress in the horizontal tie of the 
continuous truss arch shown. This bridge was constructed over the Meramec 
River by the Missouri State Highway Dept, (see Ref. 7-6). Use the semi- 

graphical method, and check the results with the values given. Values of — 


for all members are given on the diagram. 



Problem 65. 

66. Construct an influence diagram for the vertical reactions R 2 and R' t 
of the continuous truss arch in Problem 65. Compare the moments at the 
support Ri with the values given in the diagram. Note that the influence 
diagrams are antisymmetrical and that, as the moments are expressed in panel 
units, they must be multiplied by 24 ft. 

references 

7-1 Albert Haertlein, “The Design of Statically Indeterminate Trusses,” 
J. Boston Soc. Civil Engrs., April, 1936. 

7-2 Jacobsen, “Moment Distribution and the Analysis of A Continuous Truss of 
Varying Depth,” Engg. Journal , Engg. Inst, of Canada, December, 1940. 



REFERENCES 


211 


7*3 P. C. Hu, “Comparison of Fixed-End Moments, Distribution Factors, and 
Carry-Over Factors in Trusses and Corresponding Beams,” thesis for M.S. 
degree in engineering, University of Michigan. 

7*4 0. T. V OODHUIQULA, “Analysis of Statically Indeterminate Trussed Struc¬ 
tures by Successive Approximations/’ Trans. Am. Soc. C. E ., Vol. 107,1942. 

7-5 D. S. Ling, “Analysis of Mill Bents with Stepped Columns by the Method of 
Successive Approximations/’ thesis submitted for the C.E. degree, Univer¬ 
sity of Michigan, 1943. 

7*6 Howard H. Mullins, “Continuous Tied Arch Built in Missouri/’ Engg. 
News-Record , June 5, 1941, p. 896. 

7*7 “A Three-Span Continuous Truss Bridge with the Middle Span a Tied Arch,” 
Engg. News-Record , Feb. 25, 1943, p. 42. 



CHAPTER VIII 


ELASTIC ARCHES, RINGS, AND FRAMES WITH CURVED 

MEMBERS 

70. Two-Hinged Arches. As an arch that is hinged at both supports 
has one redundant reaction (either horizontal component H) y the analy¬ 
sis must be^fft by the determination of that force. Thus, in Fig. 125a, 



which shows a two-hinge solid rib or beam arch subjected to certain ap¬ 
plied forces Pi, P 2 , and P 3 , the horizontal component H a is taken as the 
unknown redundant force. The stresses and deformations in the arch 
can be expressed in terms of the two force systems that are shown in 
Figs. 1256 and c, and for which the total strain energy (neglecting shear) 
is 



(M 8 + M') 2 ds 
2 El 



(N 8 + N') 2 ds 
2 AE 


(107) 


The relative horizontal displacement between supports a and 6 is 


dU 
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Fig. 1256 and c. 


which, by means of equation 107, can be expressed in the form 


*.-r 

Ja 

But, since 


dM' 

( M a + M') — ds 
dll a 


therefore 


•i j. 


N f = H a cos a — II a — sin a 
L 


dN' 

C N. + N’) — d» 
dll. a 


(108o) 


dM ' ( c \ 

wr~\ y+ i x ) 

dN' c . 

- = cos a -sin a 

dH a L 

If the values of and ~r are substituted in equation 108a and the 
dH a dH a 

summation is used for the integration, the expression for A 0 becomes 

>*)r 

( y + l x ) y +h "£ ( 00s “~Z “) 7} <108! ' , 

When A 0 is equal to zero, the value of H a is 


H a = — 


+ ~^ N$ ( cosa -^ sin “)" 

£(»+£■) T+SO—i—)’! 


(109a) 
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If the deformation due to the normal force is neglected and the sup¬ 
ports are at the same elevation, that is c is equal to zero, then equation 
109a reduces to the simple expression 


H a 


b 


E 


M s y As 
1 



(1096) 


Both numerator and denominator of equation 1096 can be calculated 
for any applied loading on a given arch. 

Mb’ rise 

For arches with low-- ratios, that is, flat arches, the value of H is 

span 

obtained more accurately by retaining the expression for the normal 
force in the denominator but omitting it in the numerator. If this is 
done, the calculated value of H } which is always less than when only 
the bending moment is considered, is practically equal to the true value. 
For this assumption, the expression for II a becomes 


H a = 



M s y As 
I 


\^y 2 As NT* 2 As 

E^r + E cos “a 


(109c) 


71. Influence Diagram for H a . The value of H a for a unit vertical 
load anywhere on a two-hinged arch can be calculated by equations 



109a, 6, and c. In these equations, the denominator is a constant as it 
is independent of the position of the load. However, as the numerator 
must be calculated for each position of the unit load, this procedure is 
likely to be laborious for most arches, particularly if the arch is un- 
symmetrical and has variable cross section. For such problems a graph- 
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ical solution that is based on the reciprocal theorem is more conven¬ 
ient. This solution follows the general form for this type of problem, 
that is an auxiliary force system consisting of two unit horizontal forces 
applied at the points A and B , Fig. 126b, is placed on the arch. This 
force system causes the displacements shown by the dotted line, for 
which, according to the reciprocal theorem, 



value for each element of the arch as an applied weight F on a beam 
A'B' whose span is equal to L (Fig. 127a). After calculating the reac- 



Fig. 127. 
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tions R'a and R' b for this beam, draw a force polygon, Fig. 1276, whose 
pole 0 is at a distance 




cos 2 a As 
A 


( 111 ) 


from the vertical forces F lf F 2 , F 3 • • •. The funicular polygon Fig. 
127c is the influence diagram for H a to the same scale as the span L 
of the beam A'B' is drawn. 

The proof of the above construction can be verified by considering the 
displacements caused by the rotation of any element As, as shown in 



Fig. 128a. Thus the vertical displacement of point m relative to point 
n due to the rotation d<f> of the element As is mm', or 


8 ' 


z d<t> = z 


MAs 

~eT 


z 


1 lb (y As) 
El 


However, the actual vertical displacement with respect to the fixed 
point B is equal to 8' minus the displacement that is produced when the 
entire arch is rotated about B through an angle dd which will bring 
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point A back on the line AB. That is, the true vertical displacement 8 
of point m is equal to 8' minus 5" or 

8 = 8' - 5" = zd<t> - wdO (112) 


The angle d<j> can be constructed graphically by the tangent method, 

y ds 

Fig. 1286, in which the ordinate is equal to and the abscissa is unity. 

hi 


The angle dd has ~ or 

Lj 


■($ 


as ordinate and unity as a base. 


Therefore, if these angles are drawn as shown in Fig. 1286, the dif¬ 
ference of 8' and 8 ", or the vertical displacement 5, is obtained graphi- 

cally. However, the ordinate to the influence diagram is — , and, 

&ax 

therefore, instead of unity the base of the angles must be equal to A ax 
y 2 ds 


or 


El 


As E is a constant it can be omitted from all the terms. This 


construction can be extended so as to prove the general graphical solu¬ 
tion described above for any number of elements As. 

Example 42. The graphical construction of an influence diagram 
for the horizontal reaction H for a two-hinged elliptical arch is illus¬ 
trated in Fig. 129. As the arch has a constant cross section the term 
As 

— is a constant for equal length elements and therefore the vertical 

ordinate y at the center of the element can be used for the elastic weight 

-— . These elastic weights are shown as applied forces on the arch 

axis in Fig. 129a and are used to draw the force polygon in Fig. 1296. 
The pole distance has been taken equal to 

Z y 2 As 

/ V „,2 


Aax 

To 


10 


V 

10 


= 143.5 


The term 



which represents the effect of the normal 


force, has been neglected. 

The equilibrium polygon shown by the solid line in Fig. 129c that 
was drawn from the force polygon in Fig. 1296 is the influence diagram 
for H. The scale of this diagram is 10 times the scale of the arch. If 
the arch is drawn to 1 in. equals 10 ft the scale for H is 1 in. equals 1 lb. 
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The broken line in Fig. 129c gives the values of H for a parabolic 

. . . . rise 

arch with the same-ratio. 

span 

The influence diagram for the bending moment at any section can be 
obtained by superimposing the moment due to H upon the moment 



for the simply supported structure. The bending moment at the crown 
is shown in Fig. 129d, for both the elliptical and parabolic arches. The 
ordinates of these diagrams are equal to 

Afcrown = 15 H 

72. Fixed-End Arches. The analysis of any arch that is restrained 
at both supports, Fig. 130, is usually started by resolving the external 
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forces into known and unknown force systems, the unknown forces, 
of course, being in terms of the redundant quantities M a , V a , and H a . 
The bending moment at any element ds is 

M = M a + V a x - H a y - PA - P 2 d 2 (113) 


and the total strain energy due to the bending moments is 

* M 2 ds r b (Ma + v a x - H a y - M ') 2 ds 


U 


/ *> M ds f b 

2 El ~ Ja 


2 El 


- (H4) 


where M' = P\d\ + P 2 d 2 — moment of applied loads to the left of the 
element ds. 



The linear and angular displacements of point a according to Castig- 
liano’s theorem are 

(Ma + v a x - IJ a y - M')(—y) ds 


*ay 


_ du _ n 

= dHa~J a El 

dU r b (Ma + v a x - H a y - M')(x) ds 

~dVa~Ja El 

‘ b (Ma + Va X - H a y - M') ds 


_ du _ r b 

dM a Ja 


El 


(115a) 

(1155) 

(115c) 


By substituting G for y and replacing the integration by summation, 
the above equations can be written in the convenient form 

EA ax = -MaZGy - F a S Gxy + HJ^Gy 2 + S M'Gy (116a) 
EAay = MaZGx + Gx 2 - HaSGxy - -LM’Gx (1165) 
Eda = MaZG + VaZGx - H a ^Gy - SM'G (116c) 
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If the arch is fixed at a, then A ox — A ay — 6 a — 0, and equations 
116a, b, and c can be solved for the redundant forces H a , V a , and M a . 
This operation is laborious but involves no particular difficulty. 

Example 43. To illustrate the use of equations 116a, b, and c let us 
assume the elliptical arch that was used in Example 42 to be fixed at 



Fig. 131. 


both ends, Fig. 131a. In this arch the values of — = G are constant 

for each element and can be taken equal to unity. The value of H a , 
V a , M a will be calculated for a concentrated vertical load of 10 kips at 
the center of the span. The values of the various summations are 

Ex = 330 'Ey = 117.0 Exy = 3511 

Ex 2 = 14,059 'Ey 2 = 1435.3 
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The value of the terms 2 M'G, ZM'Gy, and 2 M'Gx depend upon the 
applied load, which, in this problem, is a concentrated vertical load at 
the center of the span. 

The variation of M' is shown in Fig. 1316, and the values of the sum¬ 
mations are 

2 M'G = (65.5 + 131.0 + 193.5 + 251.0 + 293.0) = 934 

Values of x = 36.55, 43.10, 49.35, 55.10, and 59.30. 

2 M'Gx = 2394 + 5646 + 9549 + 13,830 + 17,375 = 48,794 

Values of y — 14.6, 13.5, 11.5, 8.2, and 3.2. 

2 M'Gy = 956 + 1769 + 2225 + 2058 + 938 = 7946 

When the above values are substituted in equations 116a, 6, and c we 
obtain 

EA ax = -117Af„ - 3611V. + 1435H* + 7946 = 0 
EA ay = 330 M a + 14,059 V a - 3511 H a - 48,794 = 0 
E0 a = 11 M a + 330V 0 - 117H a - 934 = 0 

Solving, these equations give 

H a = 10.37 kips Vo = 5.0 kips M a = 45.2 ft-kips 

73. Infl uence Diagram for M a . If the force system shown in Fig. 
132 is applied to the arch, the elastic curve can be used to obtain the 
influence diagram for M a . By the reciprocal theorem 

M a d a - F5 = 0 
or 



From equations 116a and 6 

EA ax = —M'a'LGy - V^Gxy + I&y 2 = 0 (117a) 

EAay = M'aSGx + V' a ZGx 2 - H^Gxy = 0 (1176) 

Equations 117a and 6 will give the value of Y a and H' a for any value of 
U'a- The value of E6 a can then be obtained from equation 116c, or 

E6 a = M'aZG + V'a'ZGx - H^Gy (117c) 
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For any value of M' a the bending moment M on an element ds, Fig. 
132, is 

M = M' a + V' a x — H' a y 


and the rotation d<t> of each element is 


d<b =- or E d<t> = GM 

El 



If each value of E d<f> or GM is used as an applied force and Ed a is 
used as a pole distance, the funicular polygon will be the influence dia¬ 
gram for M a . The proof of this construction is practically the same as 
that in Article 71 for the two-hinged arch. However, here the tangent 
at B is fixed and therefore no correction for rotation is necessary. 

Example 44. An influence diagram for the end moment of the 
elliptical arch used in Examples 42 and 43 will be constructed by the 
semi-graphical method. 

Substituting the values of the summations that are given in Example 
43 into equations 117a and b gives 

-117M; - 3511 Vi + 1435#; = 0 

330 M' a + 14,059F; - 3511#! = 0 

from which 

V' a = —0.008 M' a Il' a = 0.062M; 

and from equation 117c 

E6 a = 11M; + (-0.008M;X330) - (0.062M;)(117) 
or 

E0 a = 11M; - 2.64M; - 7.25M; = 1.11 M' a 
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The value of E d<j> = GM = M is used as an elastic weight on the 
beam A'B', Fig. 131c, and a force polygon, Fig. 131c/, is constructed for 
these forces. Since d b = 0, the reaction of the conjugate beam is zero 
at B'. A pole distance equal to 

Ed a 1110 

— =-= 555 

2 2 

has been adopted for the construction of the funicular polygon in Fig. 
131e, which is the influence diagram for M a . The ordinates to this dia- 

E6 a 

gram are to twice the scale of the span of the beam A'B'. If — 

is taken as the pole distance, the scale of the influence diagram is n 
times the scale of the span. 

74. Influence Diagram for H a . An influence diagram for the hori¬ 
zontal reaction of a fixed-end arch can also be obtained by a graphical 
solution. If the auxiliary force system shown in Fig. 133a is applied to 
the arch so as to give point A a horizontal displacement A ux but with d a 
and A ay equal to zero, then, by equations 118a and 1185, the reactions 
V’ a and M' a can be calculated for any value of H' a . 

EAay = M'aEGx + V' a Wx 2 - H' a mxy = 0 (118a) 

Eda = MlSG + V'aZGx - Il'aZGy = 0 (1186) 

The horizontal displacement EA ax can now be calculated for any 
value of H' a by equation 118c. 

EA ax = -M'aSGy - V' a 2Gxy + I&y 2 


(118c) 
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The bending moment at any element of the arch in Fig. 133a is now 
known since 

M = M' a -H' a y + V' a x (119) 

The vertical reaction V' a will, of course, be zero for a symmetrical arch; 
otherwise the influence diagram for II a would not be symmetrical. 



The influence diagram for H a is now drawn by laying off a force poly- 

M ds 

gon, Fig. 1336, in which the j - values are the elastic weights and 

the pole distance is equal to ——— (n is any convenient number). 

These quantities are drawn to any scale. 

The funicular polygon, Fig. 133c, that is drawn from the force poly¬ 
gon, Fig. 1336, gives the influence diagram for II a to n times the scale to 
which the span of the arch was drawn. 

Example 45. An influence diagram for the horizontal reaction II a 
of the elliptical arch used in Examples 42, 43, and 44 will be constructed 
by the method that has just been explained. 

The values of the various summations for this arch are given in 
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Example 43. If these values are substituted in equations 118a and b 
we obtain ^ = 33QM < + 14) 05 9 y; _ 3511 //; = 0 

Ed a = 11 M' a + 330K - 117#; = 0 

from which 

K = 10.64#; and V a = 0 


When the above values of M' a and V f a are substituted in equation 118c 
the expression for E A ax becomes 

EA ax = —(10.64#;) (117) + #;(1435.3) = 190.4#; 
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The bending moment at any element of the arch for H' a equal to unity is 
M = M' a — H' a y — 10.64//1 - Il’ a y = 10.64 - y 


The value of G or — is taken as unity for each element. The end points 

A and B must not be considered, as they are not the mid-points of an 

element. In Fig. 134a, the values of are represented as forces or 

elastic weights from which the force polygon is drawn with a scale of 
1 in. equal to 5 units. The pole distance is made equal to 


E A ax 190.4 

10 “ 10 


19.04 


and is drawn to the safne scale. The funicular polygon constructed 
from the force polygon is the influence diagram for H a . The scale of the 
arch span is 1 in. equals 10 ft, and therefore the scale of the influence 

diagram is 1 in. = — = — = 1 lb. The ordinate at the center of the 
6 n 10 

span scales about 1.05 lb, which practically checks the result of the 
algebraic solution of Example 43. 

75. Influence Diagram for V a . An influence diagram for V a can be 
drawn in the same manner as just described for M a and H a if the force 
system shown in Fig. 135a is applied to the arch. This force system 



must give some vertical displacement A a y At point A while A ax and 0 a are 
kept equal to zero. The forces Il' a and M' a that are necessary to give 
these displacements can be calculated from equations 120a and b in 
terms of V a '■ 


EA ax = -M’ a 2Gy - KS Gxy + U'^Gy 2 = 0 (120a) 

Ed a = M' a lG + Vj,Gx - H'a'LGY = 0 (1205) 
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The vertical displacement EA ay can then be calculated from equation 
120c. 

EAay = M'aZGx + V^Gx 2 - H^Gxy (120c) 

The bending moment at any section, as for the preceding problems, is 
equal to 

M = M’ a — H' 0 y + V' a x 


For a symmetrical arch H' a is equal to zero and 

A/ , = _ KL (120d) 

2 

where L is the span of the arch. Therefore, for a symmetrical arch 

M = k(x- (120e) 

/\ Q 

Again the values of —— , Fig. 1356, are used to lay off a force polygon 

from which the influence diagram for V a is constructed. The pole dis- 

tance must be equal to —— , in which n is any convenient number. 

n 

The force polygon can be constructed to any scale. The influence dia¬ 
gram for V a will, of course, be n times the scale to which the arch span is 
drawn. 

Example 46. If the summations for the elliptical arch that has been 
used in Examples 43,44, and 45 are substituted in equations 120a and b 
the expressions for EA ax and E6 a become 

EA ax = —llTM'a - 3511K + 1435.3Ho = 0 

E6 a = 11 M' a + 3307; - 117 H' a = 0 

V'L 

from which Il' a = 0, M' a = — S0V' a = -. 

Therefore, if V' a is taken equal to unity, M' a = -30 and the bending 
moment M at any element is 


M As 


M = (x - 30) 

The values of or M are represented as forces in Fig. 1346, and 

these values are used to draw the force polygon. The pole distance is 
Fa 

taken equal to- - , which is found to be 166.7 by equation 120c. 


25 
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The influence diagram for V a which is drawn from the rays of the force 
polygon is therefore to a scale of 1 in. = = 0.4 lb. The ordinate at 

the center must be equal to 0.5 lb and at A should be 1 lb. 

76. Effect of Temperature Change. Any change in temperature 
produces a volumetric change which in an arch may cause stresses of 
considerable magnitude if the supports resist this motion. Thus, in any 
arch, Fig. 136, which is fixed at B and free to move at A, a rise in tem¬ 
perature will cause the end section mn to move to some position m'n'. 



This motion is expressed most conveniently in terms of the horizontal 
displacement A ax , the vertical displacement A ayt and the rotation 0 a . 
These displacements are caused by the change in length of the horizon¬ 
tal projection of the arch axis, the vertical projection of the axis, and the 
relative change in length of the intradosal and extradosal surfaces, re¬ 
spectively. These movements are easily calculated by the expressions 


Aax — OitL 
Aay ~ OltC 

at(mm' — nn f ) 


(121 a) 
(1216) 

(121c) 


where a = coefficient of linear expansion. 
t = change in temperature. 
mm' = movement of point m. 
nn' = movement of n. 
d = depth of arch at point A. 
c — difference in elevation of supports A and B. 
L = horizontal projection of axis. 
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In most arches, the end rotation 6 a can be taken equal to zero as it 
depends primarily on vertical motion, which is usually small. Also, the 
vertical displacement A ay is zero for symmetrical arches. The values of 
H a , M a , and V a necessary to prevent motion of the cross section at A 
can be calculated directly from equations 116a, 6, and c. When the 
supports are at the same elevation, % that is with A ay and 6 a equal to 
zero, the value of II a is given directly by the solution of equations 
118a, 5, and c. These equations have already been solved in the con¬ 
struction of the influence diagram for Ha- 
Example 47. The reactions and moment at the crown of the 
elliptical arch used in the preceding examples will be calculated for a 
rise in temperature of 50° F. The following data are used in the calcu¬ 
lations: 

t = 50° a = 6X 10~ 6 E = 2 X 10 6 lb per in. 2 

. As 6.8 

I = 0.667 ft 4 G = — =-= 10.2 

I 0.667 

EA ax = EatL = 5.17 X 10 6 lb per ft. 

From Example 45, the value of EA UX is equal to 

EA ax = mAH a G 
when A ay = 6 a = 0. Therefore 
(190.4tf a )(10.2) = (5.17) (10 6 ) 

H a = 2660 lb 

M a = 10.64// a = 28,300 ft-lb 
M (at crown) - 28,300 - (2660) (15) = -11,700 ft-lb 


For a temperature drop, the signs of the forces would be reversed. 

77. Relation between End Forces and End Displacements. In the 
preceding articles, equations have been developed for determining the 
relation between end forces and a given end displacement. Thus, by 
means of equations 117a, 6, and c, the end forces M ' a , H' a} and V a can be 
expressed in terms of the end rotation E$ a , when EA ax and EA ay are 
equal to zero. In Example 44, these equations have the numerical 
values 

, , 0.9 E0 a 

E0 a = 1.11 M a G or M a = —- 
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By means of equation 118a, 6, and c, the end forces Ml, H a , and K 
are expressed in terms of a given horizontal displacement EA ax when 
EA av and E6 a are set equal to zero. In example 45, these equations 
gave numerical values of 

f EH A## 

EAax = 190.4/flG or II* = 


M' a = 10.64//1 = 0.0558 — 


From these relations the moment and horizontal component at the 
support can hmcalculatcd for a given horizontal displacement. 

78. Stiffness and Carry-Over Factors for Curved Members. The 
terms stiffness and carry-over factors have the same meaning for a 
curved beam as for a straight one. That is, if the end moment M a 


is equal to 


M' a = C a E0 a 


(122 a) 


C a is the stiffness factor with respect to a rotation at A. The moment 
at B can be expressed in terms of M' a or 0 a , that is, 

M'b* = CabM'ab ( 1226 ) 

where C a b is the carry-over factor. For example, we have already seen 
that for the elliptical arch used in preceding problems 


and M' b = —M' a + V a L = -M' a + (0.008M1)(60) - -0.52M1. 

Therefore the stiffness factor is ^ , and the carry-over factor is -0.52. 

79. Distribution Factors. After the stiffness coefficients have been 
calculated the distribution factors are easily determined for any num¬ 
ber of members, either straight or curved, that meet at a joint, lor 
example, if the three members shown in Fig. 137 are considered continu¬ 
ous at joint b, the end moments for all members can be expressed in 
terms of the fixed-end moments and the moments due to the rotation e b 

and horizontal displacement A X 6. , , 

The difference between a frame composed of straight members and 
one with curved beams consists primarily in the larger horizontal force 
applied to the joint from the curved members and the possibih y o 
joint b having a relative horizontal displacement with respect to a an c. 
For this reason there will usually be more unknown displacements to 
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consider for frames with curved members than for frames with straight 
ones. It is always necessary to assume first that an auxiliary force or 
reaction is applied at the joint so as to prevent any horizontal move¬ 
ment. In other words, if the moment-distribution method is to be used, 
the joint must not be permitted to translate while it is given a rotation. 



If the members in Fig. 137 undergo only a rotation at joint 6, 
Mba = Mpba + CblE$b = Mpba + Mba 
Mbc = Mpbc + CbJEQb — Mpbc + M be 

M b d — CbzEOb — 

To satisfy the equilibrium condition at joint &, 

M ba + M be + M b(l — 0 

Mpba + CbiEdb + Mpbc 4~ CbzEOb + CbzEOb = 0 


from which 


ESb = - 


Mpba + Mpbc 


'ZMpb 


Cbl + Cb2 + CbZ 'ZCb 

Therefore, the corrections to the fixed-end moments are 

M' ba = (-Si M Fb ) 

2uLb 

Ml = ~ (-S M n ) 

2jL b 

2sLb 


(123) 


(124a) 

(1246) 

(124c) 


Example 48. The reactions for the frame in Fig. 138a will be calcu¬ 
lated for a uniform load of 1 kip per foot by means of the moment-distri¬ 
bution method. This method of analysis has no particular merit over 
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other procedures for one-span frames or for one type of loading. When 
the problem involves several spans and various loading arrangements, 
however, the moment-distribution method, if thoroughly understood, 
is often the most advantageous. 


Analysis of Single Span Arch Beni 
w/Vft 



Summary of so/ufions from preceding examples 

wlVft __ 

1 7y^jzZZZZZZZZZZZ ZZZZSZ2ZZ72ZZZZZZZZZZZ2Z ZZ2 



The solution of the problem must begin with the determination of 
the reactions for the arch member for full restraint at points o and b. 
If the graphical constructions that have been explained and illustrated 
are used for this part of the problem, the necessary data for calculating 
the stiffness and carry-over factors will also have been obtained. This 
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sequence of numerical operations is illustrated in the present problem 
as the member ab is identical with the elliptical arch for which the in¬ 
fluence diagrams for M a , H a , and V a were drawn in Examples 44, 45, 
and 46, respectively. From Example 44 we obtain not only the fixed- 
end moments for any type of vertical loads but also the stiffness and 
carry-over factors. The magnitude and direction of the fixed-end mo¬ 
ments which are determined from the area of the influence diagram for 
M a in Fig. 13 le are 

Mfab = -(-126 ft-kips 
M F ba = —126 ft-kips - 

It should be noted that these signs are the reverse of those for a 
straight beam. In Example 44 the rotation d a for any moment M a 
applied at end a with end b fully restrained was found to be 

Ed a = 1.11 M' a 

As 

However, in that solution the relative value of — was taken equal to 

6 S 

unity whereas the actual value is approximately y (scaled). There¬ 
fore, 

E6a = 1.11 (y) M' a 
or 

M a = 0.132m 

giv in g the stiffness factor as 0.1327. ; t 

In the same solution, the corresponding value of H a and V a were 
found to be 

Il'a = 0 . 062 Mq 

V'a =• — O.OO8M0 

The value of the fixed-end moment at b for a moment applied at a is 
therefore (taking summation of moments about b equal to zero) 

M'a + M' b - (0.008ikO(60) = 0 

or , 

M' b = -M'a + 0 AS M'a = —0.52 M a 

Consequently the carry-over factor is —0.52. 

From Example 45, the value of the horizontal component H a is ob¬ 
tained for any vertical load on the arch, and in addition the reactions 
are expressed in terms of any horizontal motion A ox . \ 
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The horizontal component H a for a uniform load of 1 kip per foot is 
found to be 36.0 kips from the area of the influence diagram that was 
obtained in Example 45. The relation between the end forces and the 
horizontal displacement A oa: was found to be 

As 

EA 0X = 190 AH a — 

from which (Fig. 138d) 

FI A 

Il" a =-— = 0.000772EA ai / 

(190.4) (6.8) 

The corresponding values of M" a and V" a are 

** M" a = 10.64//" = 0.00822EA ax / 

K' = o 

The values of V a and the relation between the end forces and vertical 
displacement A aw are given in Example 46. As no vertical displace¬ 
ments are considered in the present problem these relations are not 
needed. 



Fig. 138e. 


The distribution factors at joints cl and b for the arch beam and 
columns are (see Fig. 138e) 


Member 

CK 

r 

Carry-Over 

ac 

0.2 1 

0.6 

0.6 

ab 

0.1327 

0.4 

-0.62 


2CK = 0.332/ 

1.00 



The distribution of the fixed-end moments, which is recorded in Fig. 
139a, is similar to the procedure for bents with straight members except 
that the corrections M' ab and are recorded in a separate column 
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from the fixed-end moments. This arrangement is necessary as the 
change in the horizontal component H a due to the rotation of the joints 
must also be calculated. The auxiliary forces F prevent any horizontal 
displacement of joints a and b. 



From the values recorded in Fig. 139a the end moments and shears 
are equal to 

Me a = -31.3 ft-kips Mac = -62.6 ft-kips 


or 


31.3 + 62.6 

H,. - — -4.7 bps- 

Mab = 104.3 - 41.7 = 62.6 ft-kips 
H ab = H f «6 + 0.062 (M' ab - Ml,) 

H ab = 36.0 + 0.062(—41.7 - 41.7) = 30.83kips- 


Therefore, for equilibrium at joint a, 

F = 30.83 + 4.7 = 35.53 kips 

The two auxiliary forces F must now be removed by the same pro- 
cedure as was followed in Chapter V for frames with straight members. 
By this method joints a and b are given any assigned horizontal dis¬ 
placement (say EA X = 1000) while the rotation and vertical displace¬ 
ments are kept zero. As we have already obtained the forces in terms of 
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the displacement of joint a, these values can be multiplied by 2 to give 
the values for both displacements, or 


H a - — (0.0007722?/A aa; )2 = -1.5447 kips 
M F ab = —2(0.00822£7A ai ) = -16.447 ft-kips 


M F ba = +16.447 ft-kips 
672?A a * 

M Fac = Mpca ~ 


60007 

400 


= 157 ft-kips 


The value of 7 is taken as unity as only the proper relative stiffness 



Fio. 139b. 


The distribution of these fixed-end moments is recorded in Fig. 1395. 
The procedure and arrangement are similar to those in Fig. 139a. The 
value of F' required to give the assigned displacement is therefore 


F' = H ca + H a b 
15.36 + 15.72 


H ea = 


20 


= 1.55 kips 


Hab = -1.544 + 0.062(0.48 + 0.48) = -1.486 kips 
Therefore 


F' = 3.036 kips 
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To remove the auxiliary forces F in Fig. 139a the moments and shears 
in Fig. 1396 must be multiplied by 


3.036 


and added to those in Fig. 139a. 

The final values are: 

Meat = -31.3 + (11.72)(15.36) = 148.7 ft-kips 
Mab = 62.6 - (11.72) (15.72) = -121.7 ft-kips 
148.7 + 121.7 


Hr = 


20 


= 13.52 kips 


H ab = 30.83 - (11.72) (1.486) = 13.42 kips 
ml 2 

M crown = — - 121.7 - (13.42) (15) = 127.0 ft-kips 
8 


Example 49. Analysis of a Single-Span Arch Bent for a Concentrated 
Load at the Center. The end moments acting on the members of 
the arch bent that was used in Example 48 will be calculated for a load 
of 10 kips (Fig. 140) applied at the center of the span. 



The fixed-end forces acting on the arch ab are given by the influence 
diagrams in Figs. 131e and 134a and 6. Therefore, for a 10-kip load at 
the center of the span, 

M Fab = -M Fba = (10)(4.52) = 45.2 ft-kips 

ffpab = —HFba = 10.37 kips 
V F ab = Vfba = 5-0 kips 





20-0 


238 


ELASTIC ARCHES AND RINGS 


The end forces are first corrected for rotation only, by assuming that 
the auxiliary forces F, Fig. 140, will prevent any translation of joints 
a and b. The procedure is similar to that in Example 48. 

H ab = 10.37 + 0.062(—15.0 - 14.9) = 8.51 kips 



1.69 kips 


F = 8.51 + 1.69 = 10.20 kips 


Multiply moments in Fig. 1396 by —and add to moments in Fig. 

O.U4: 

140. The final values are given in the circle. This procedure is similar 
to that explained in Example 48. 

Example 50. Analysis of a Continuous Arch Frame. The continu¬ 
ous arch frame shown in Fig. 141 will be analyzed by successive 



Fiq. 141. 


approximations for a uniform load first on span oh and then on span 
be. The calculations follow the same procedure as in Examples 
48 and 49 except that the corrections for the horizontal displacements 
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of points a, b, c, and d must be made separately. Consequently, five 
problems must be solved for any general condition of loading, i.e.: 

(a) Moments due to applied load with all A’s = 0 (auxiliary forces 
applied at a, b, c, and d to prevent translation). 

(b) Moments due to any displacement A tt . 

(c) Moments due to any displacement A&. 

(d) Moments due to any displacement A c . 

(e) Moments due to any displacement Ad. 

However, the relationship between the end forces and the A’s need to 
be determined only once, as the value of the A terms can then be cal¬ 
culated so as to remove any set of auxiliary forces obtained in part (a). 

This procedure is best explained by an example. In Fig. 141, the 
span ab is subjected to a uniform vertical load of 1 kip per horizontal 
foot. Auxiliary horizontal forces are applied at a, b, c, and d to prevent 
any translation. If rotations 6 a and 6 b are first assumed equal to zero, 
then, from previous solutions for a fixed-end arch, we know that the 
fixed-end moments and horizontal reactions are 

M Fab = +126.0 ft-kips M Fba = -126.0 ft-kips 


II F ab = -Ih'ba = 36.0 kips 


The distribution factors for joints 
joints b and c these factors are 


Member 

c b 

ba 

0.132/ 

be 

0.132/ 

bf 

0.20/ 


2 C b = 0.464/ 


and d are given in Example 48. For 


c b 


r 2C& 

Carry-Over 

0.286 

-0.52 

0.285 

-0.52 

0.430 

+0.5 

1.000 



a 


The distribution of the fixed-end moments is carried out in the same 
manner as in Examples 48 and 49. The corrections due to rotation are 
kept separate, as these moments change the horizontal components, 
whereas the moment carried over to the other end is simply a change in 
the fixed-end moment. After the corrections have become sufficiently 
small, the final end moments can be obtained in the usual manner. The 
horizontal forces that act on each member must be determined before 
the auxiliary forces F a , F b , F c> and I'd can be calculated. 

The horizontal forces in the columns can, of course, be calculated 
directly from the end moments; the horizontal forces acting on the arch 
beams are equal to (see Example 44) 

Hab - H Fab + 0M2(M' ab - M'ia) = -Hba 
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That is, the horizontal reaction on the arch is equal to the fixed-end 
reaction plus 0.062 times the difference of the end moments due to the 
rotations d a and 0j. Thus, from the values recorded in Fig. 141, 


H ab = 36.0 + 0.062(—44.2 - 30.0) = 36.0 - 4.6 = 31.4 
66.3 + 33.2 

H e =-= 4.98 «- 

20 

Therefore 

F a = 31.4 + 4.98 = 36.38 kips -* 


4.5) = 1.58 -> 

- 3.41 -> 

- 1.58 = 33.23 kips «- 

The relationship between the end forces and any translation such as 
EA a is obtained by giving EA a any value, say 1000, while all rotations d 
are kept zero. The fixed-end moments and horizontal reactions in the 
arch and column are the same as recorded in Example 48. That is, for 
EA a = 1000 units to the right, 

M Fab = + 8.22 M Fba = - 8.22 


or 


H bc = 0.062(30.0 - 

4J& + 22.7 

77/ =-■ 

20 

F b = 31.4 + 3.41 - 


Mpae = MFea — —15.0 II Fab = 0.772 = —IlFba 

These fixed-end moments, Fig. 142a, are then distributed in the usual 
manner and the horizontal end forces computed. The forces F' a) F’ b ,K, 
and F’a that are required to make EA a = 1000 while preventing any 
horizontal motion of 6, c, and d are now known. Both the distribution 
of the end moments and the auxiliary forces are recorded in Fig. 142a. 

In the same manner the end moments and auxiliary forces F" a , F’b, 
F' c , and F'd are obtained in terms of any displacement EA b . These 
values are recorded in Fig. 1426. By symmetry the values for EA C and 
EAa can be obtained by interchanging 6 and c, also a and d. 

To remove the auxiliary forces F when the uniform load is acting on 
span ah the horizontal translations must be such that 


1.925A a - 0.974A& - 0.178A C - 0.03A d = -F a = -36.38 

—0.974A 0 + 2.661A& - 0.779A C - 0.178A,, = ~F b = +33.23 

—0.178A o - 0.779Ai, + 2.661A C - 0.974A d = -F c = +1.86 

-0.03A„ - 0.178A 6 - 0.974A C + 1.925A d = -F d = +0.33 
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The solution of these equations gives 

2?A a = —14.5 = +8.1 2?A C = +2.9 

E&d, = + 2.2 

Therefore, the actual moments are equal to 

Moments in Fig. 141 + (-14.5) (moments in Fig. 142a) + (8.1) 
(moments in Fig. 1426) + (2.9) (moments in Fig. 1426 reversed) 
+ (2.2) (moments in Fig. 142a reversed) 

The final monMpts for the load on span ab is given in Fig. 143a; Fig. 
1436 gives the values for tfye load on span 6c. 



Fig. 143a. 


1*39 -267 1*77/ ! 

1-555 *J<?7 | -14d I 

U545 -746 \-794 I 



Fig. 1436. 


80. Elastic Center Method. If the reactions of the fixed-end arch 
of Fig. 130 are applied at some point 0, Fig. 144, whose position is arbi¬ 
trary, and if the direction of the X' axis, represented by <f>, is also a vari¬ 
able; then the fundamental equations 116a, 6, and c, when applied to the 
V and X' axes, can be simplified by choosing the proper position of 0 
and value of <j>. Thus, if point 0 and angle <f> are selected so that. 

2 Gh = 0 2 Gy' = 0 'ZGhy' = 0 
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then equations 116a, 6, and c reduce to 

E&ox' - X W 2 + 2AfW (125a) 

EAow = F 0 2G6 2 - 'ZM'Gh (1256) 

Ed 0 = M 0 2G - SM'G (125c) 



Point 0 is commonly called the “elastic center,” as it is located at the 
centroid of the elastic weights G ; and axes X' and F are the principal 
axes for the G values. In terms of any reference point such as A, Fig. 
144, the position of point 0 as given by the coordinates x 0 and y 0 are 


x 0 


S Gx 

IzG 



(126) 


To make "ZGhy' = 
from which 


0, let us substitute (see Fig. 145) 
y' = (v cos 0 — h sin 4>) 


tan <j> = 


2Ghv 

ZGh 2 



(127) 


For a symmetrical arch or frame S Ghv — 0, and, therefore, the X 
axis is horizontal. After the new coordinate system is located, X 0 , V 0 , 
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and M 0 can be calculated directly from equations 125a, 6, and c, or the 
graphical solution for influence lines can be used. If an auxiliary force 
F 0X ' is applied at point 0 in the direction of the X' axis, so as to cause a 
displacement (see equation 125a), 

EA 0X . = Fox' ZGy' 2 

then, from equations 1256 and c, the displacements A oy and 6 0 are zero. 
As the moment at any element is equal to F ox >y', an influence diagram 
for the reaction X' a can be obtained in the usual manner from a funicu¬ 
lar polygram constructed by using values of GF ox >y as loads, and 
EAox’ as the pole distance of the force diagram. Influence diagrams for 
Vo and M 0 cante constructed in a similar manner by using an auxiliary 
force F'o, in the direction of V, and a moment M' 0 in the direction of M, 
respectively. The pole distances for these diagrams are EA oy and E6 0 . 

Example 51. The frame in Example 49 will be analyzed by means of 
the elastic center method. The position of the horizontal axis OX' will 

As 

be obtained by taking moments of the — values, or rather the As values 

as 7 is constant, about a line ab. As each of the eleven elements in the 
arch has a length of 6.8, Fig. 146, 

6.82?/ - (2)(20)(10) _ (6.8)(117) - 400 _ ? ^ 

3 ~ (11)(6.8) + (2) (20) 114.8 

The curved member ab will be divided into the same number of sections 
as in previous examples, so that 

v = y' = y — 3.44 



Fig. 146. 
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From the data in Example 43, the values of M' for the concentrated 
load of 10 kips at the center of the span and the values of y for the ele- 

G 8 

ments of the arch member ab (taking G = -j- = unity) determine the 
following summation. 

S M'Gy' = (65.5)(11.16) + (131.0)(10.06) + (193.5)(8.06) 

+ (251.0) (4.76) + (293.0) (-0.24) = 4733 

For the column bd, the value of M'Gy' equals (300.0) (—13.44) = 
-11,850 

Total 2 M'Gy' = 4733 - 11,850 = -7117 
S Gy' 2 = 11.56 2 + 2 (ll. 16 2 + 10.06 2 + 8.06 2 + 4.76 2 

2 x»23.44 \ 

+ (-0.241 2 + — / y 2 dy) = 2022 

6.8 ./ 3,44 / 

(300) (20) 

’ZM'G = 934 + --— = 1814 


6.8 


40 


2(? = 11 + — = 16.88 

6.8 


From equation 125a, 


From equation 1255 


X(2022) - 7117 = 0 

. 7117 

X' 0 = H = -= 3.52 

2022 

F 0 S Gh 2 - 2 M'Gh = 0 


but, since M' = 105 for half of the structure, 


VoZGh 2 - 


102 Gh 2 


= 0 


Vo = 5 kips 

From equation 125c 

Af,(16.88) - 1814 - 0 

Mo = 107.7 ft-kips 

The moment at support c is 

M c = 107.7 - (5) (30) + (3.52) (23.44) = 40.2 ft-kips 
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81. Analysis of Stiff Rings and Closed Frames. The analysis of stiff 
rings and closed frames as illustrated in Figs. 147a and b can be made 
directly from equations 116a, b, and c as for an arch. In fact, such 
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equal divisions whose G or — value can be taken as unity. Bending 

moments that produce tension on the inside of the ring are regarded 
as positive. Therefore, the unknowns M 0 , H 0 , and Vo should be given 
positive values in the equations and M' negative. Table 10 gives the 
numerical value of the summations for G and radius r both equal to 
unity. If the G values are not constant, they must, of course, be in¬ 
cluded in each term of the summation. 

TABLE 10 

(For right half of ring; left half is identical except that x is negative) 


Section x 

y 

X 2 

v 2 

M' 

M'x 

M'y 

1 

0.1305 

0.0086 

0.016 


0 

0 

0 

2 

0.3827 

0.0761 

0.147 

0.005 

0 

0 

0 

3 

0.6088 

0.2066 

0.370 

0.043 

0 

0 

0 

4 

0.7934 

0.3912 

0.630 

0.153 

-0.1305 

-0.104 

-0.051 

6 

0.9239 

0.6173 

0.854 

0.382 

-0.3827 

-0.353 

-0.236 

6 

0.9914 

0.8695 

0.983 

0.756 

-0.6088 

-0.604 

-0.530 

7 

0.9914 

1.1305 

0.983 

1.278 

-0.7934 

-0.787 

-0.897 

8 

0.9239 

1.3827 

0.854 

1.912 

-0.9239 

-0.854 

-1.280 

9 

0.7934 

1.6088 

0.630 

2.5S8 

-0.9914 

-0.787 

-1.596 

10 

0.6088 

1.7934 

0.370 

3.216 

-0.9914 

-0.604 

-1.780 

11 

0.3827 

1.9239 

0.147 

3.701 

-0.9239 

-0.353 

-1.780 

12 

0.1305 

1.9914 

0.016 

3.966 

-0.7934 

-0.104 

-1.580 

Total 

12.00 

6.000 

18.000 

-6.5394 

-4.550 

-9.730 


The values of the summation terms for the entire ring are 

2 G = 24 

2Gx = ZGxy = 0 
2Gz 2 = 12.0 
IGy 2 - 36.0 
2M'G = -13.0788 
I>M'Gx = 0 
2 M’Gy = —19.46 

Substituting these values in equations 116a, b, and c, and taking all the 
unknowns Mo, Hq , and Vo as positive quantities, gives 

24.0 M 0 r + F 0 (0)r + 36.0ff 0 r 2 - 19.46Pr 2 = 0 

0 M 0 r + 12.0F 0 r + (0 )(H 0 r) -0 = 0 

24.0itf o + (0)F 0 r + 24.0tf 0 »’ - 13.079Pr = 0 
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from which 

Vo = 0 H 0 = 0.532P Mo = 0.012FV 
The moment at the base is therefore 

M = 0.012Pr + (2) (0.532Pr) - 0.707Pr = 0.369Pr 

At the concentrated loads P, 

M = 0.012Pr + (0.293) (0.532Pr) = 0.168Pr 

82. Fuselage Frames. In the types of structural framing that are 
frequently used in aircraft construction the applied loads from wings, 

tail surfaces, landing gear, water 
pressure, and various other sources 
are commonly passed into the hull 
or fuselage through main frames 
that are fairly stiff. These applied 
forces are resisted by shearing 
stresses between the outer edge of 
the frame and the skin of the 
fuselage (Fig. 149). The distribu¬ 
tion of these shearing forces is a 
statically indeterminate problem 
in itself and is usually solved by 
means of one of the following as¬ 
sumptions : 

(а) The shearing stresses are distributed as for any beam section, 
that is by the formula q = y , in which Q and I depend upon the 

arrangement of effective longitudinal flange area of the fuselage. 

(б) The shearing stresses are proportional to their distance from the 

applied load. . . .. 

In general it would seem that the second assumption will be best it 
the applied loads are concentrated at one or two points and that the first 
assumption should be used if the applied load is distributed. As the 
interaction between the frames and the skin of the fuselage is exceed¬ 
ingly complex, an exact solution is not feasible. Therefore any analysis 
that is based on an assumed two-dimensional force system must be an 
approximate solution but should give conservative values for the 
stresses. 

The analysis of any fuselage frame, such as in Fig. 149, is readily 
made by equations 116 as for a ring. The As values, as well as the co¬ 
ordinates of each element, can be obtained graphically if the frame is 
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drawn to a large scale. For convenience the shearing forces which are 
t ang ent to the outer edge can be replaced at the axis of the frame by 

Fd 

horizontal and vertical components and a couple — . If the origin is 



Fig. 150. 


taken on the axis at point 0 at the top of the frame, the solution can be 


arranged in table form as in Example 52. 

If the loads are applied through members that are monolithic with 
the frame, Fig. 150a, the following procedure is recommended: 

(a) Calculate the fixed-end moments and the horizontal reactions for 


the separate portions OAO', OBO ', 
and 00' as shown in Fig. 1506. 

(6) Determine the distribution and 
carry-over factors for each member. 
(See Articles 78 and 79). 

(c) Distribute the unbalanced 
moments and record the necessary 
corrections to the fixed-end moments 
and the horizontal reactions. 

The analysis will be illustrated by a 
solution of the frame in Fig. 151. 

Example S3. The calculation of 
the bending moments at points 0 



and O' (Fig. 151) by the method out- Fig 151> 


lined above requires the magnitude 

and distribution of the shearing forces along the outer edge of the 
frame. The second assumption will be used, that is, that the shearing 
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force per linear foot is proportional to its distance from point 0 and is 
zero at the top and bottom of the frame. Accordingly, if q' is the unit 
shearing force at point 0, then q , the unit shearing force at any point, is 


Q = 


q'O 

-for the portion OA 

120 


(q = Ss) 


<2 = 


q'O 

60 


for the portion OB (q'-s 8 ) 


where 0 is measured from A for OA and from B for OB. 

The tangential shearing force on any arc As will therefore be 


and 


q'O 

F 8 = qAs =-As for portion OA 

. 120 

q'O 

F 8 — qAs =-As for portion OB 

* 60 


The horizontal and vertical components of F 8 are 


Fsx - F 8 cos 0 


F 8 y = F a sin 9 

The portion OA will be divided into six equal divisions numbered 1 
to 6, and OB into four divisions numbered 1' to 4'. Table 11 gives the 
calculations for F 8X , F ay) and q'. 


TABLE 11 

Shearing Force 


Point 


= Wo g ' As 

= Fs COS S 

- Fa sin S 

6 

10° 

A ?'as 

0.082 q'As 

0.0145 q'As 

5 

o 

O 

CO 

A 

0.216 

0.1250 

4 

60° 

A 

0.268 

0.3192 

3 

70° 

rs 

0.199 

0.547 

2 

90° 

A 

0 

0.750 

1 

110° 

A 

-0.305 

0.861 




6 

6 




2 F 8Z = 0.460 g'As 

l 

—0.124 g'As' 

2 F 8 y = 2.617 ^'As 

4' 

7.5° 

i ?' A*' 

0.0163 q'As' 

3' 

22.5° 

1 

-0.346 

0.1438 

2' 

37.6° 

1 

-0.495 

0.380 

1' 

52.6° 

7 

¥ 

-0.533 

0.694 


4' 4' 

2 F 8X = -1.498 q'As' 2F ay = 1.234 q'As' 

v v 
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From the equilibrium condition 

W 

1 - v ' ~2 


and 


we obtain 


y + 2F ,y = — 


As = 


Iff 


TT 

As' = — 

12 


from which 

q' = 0.404 


/ irA / 7rA IF 

^iwy+a^y.- 

TF 
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As = 0.141TT g'As' = 0.106TF 


Therefore, all shearing forces and components can be obtained by sub¬ 
stituting the values of q'As and q'As' in Table 11. If the depth of the 


F d 

frame is d in., the couple acting at each point will be —■ , which is 

2 


shown on the diagrams in Fig. 151. The vertical component at 0 
acting on the portion OAO' is (2.617) (0.141IF) or 0.369IF, and that 
on the portion OBO' is (1.234) (0.106 IF) or 0.131 IF. 

As the vertical reactions are now known they can be considered part 
of the applied load when computing M' in equations 116a and c, that is, 


EA 0X = -M oa 2Gy + H 0 a2Gy 2 - VM'Gy = 0 


E0 oa = Moa^G - H oa 2Gy + 2 M'G = 0 


where M ' is the moment at any point with M oa and H oa removed. 
Only half the structure need be used, as the summations in the above 
equations for the entire structure are twice that for one half. 

Table 12. Data for Portion OAO' 


(Origin at O) 


Point * 

V 

V 1 

AT 

M f y 

1 

—0.0737r 

0.158r 

0.0250r 2 

0.0272 Wr + 0.065 Wd 

0.0043Wr 2 + O.OlOWdr 

2 

— 0.134r 

0.500r 

0.2500r 2 

0.0573 Wr + 0.118 Wd 

0.0286 Wr 2 + 0.059 Wdr 

3 

— 0.0737r 

0.842r 

0.709r 2 

0.0639 Wr + 0.158 Wd 

0.0538Wr 2 + 0.133Wdr 

4 

+0.1000r 

1.1428r 

1.306r 2 

0.0575 Wr + 0.188 Wd 

0.0657 Wr 2 + 0.215 Wdr 

5 

+0.366r 

1.366r 

1.866r 2 

0.0475 Wr + 0.206 Wd 

0.0649Wr 2 + 0.282Wdr 

6 

4*0.6924r 

1.4848r 

2.205r 2 

0.0406 Wr + 0.211 Wd 

0.0603 Wr 2 + 0.313 Wdr 

2 

0.877r 

5.4936r 

6.361r 2 

0.2940Wr + 0.946Wd 

0.2776 Wr 2 + 1.012Wdr 
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After substituting the values from Table 12 into the above equations 
for EA 0X and E0 oa , we obtain (for G = 1) 

—M 0O (5.494r) + 6.361 r 2 H oa = +0.2776 Wr 2 + 1.012 Wdr 

M oa ( 6.00) - 5.494r// oa = - 0.2940JFr - 0.946JTdr 

from which 

Wd 

H oa = +0.0063 W + 0.1095 — + -» 

r 

M oa = — 0.0432TFr - 0.057TTd +) 

In the same manner the reactions at 0 and O' for the portion OBO' are 
determined fjgm the summations in Table 13. 


Table 13. Data fob Portion OBO' 




... 

(Origin at O) 


Point x 

V 

I/ 2 

M' 

M'y 

1' 0.0726r 

0.1088r 

0.0118r 2 

- 0.0095 Wr + 0.0066 Wd 

- 0.00103 Wr 2 + 0.00072 Wdr 

2' .0.2572r 

0.2934r 

0.0860r 2 

- 0.0305 Wr + 0.0265 Wd 

- 0.00894 Wr 2 + 0.00776 Wdr 

3' 0.4833r 

0.4239r 

0.1800r 2 

- 0.0488 Wr + 0.0595 Wd 

- 0.02074 Wr 2 + 0.02525 Wdr 

4' 0.7355r 

0.4914r 

0.2420r 2 

- 0.059 lWr + 0.106 Wd 

— 0.02910Wr 2 ~f 0.05215Wdr 

S 

1.3175r 

0.5198r 2 

-0.1479 Wr + 0.1986 Wd 

— 0.05981 Wr 2 + 0.08588Wdr 


1.318M ot r + 0.520 H ob r 2 = 0.0598H+ 2 - 0.0859TFdr 


4.00 M ub + 1.318tf o6 r = 0.1479JFr - 0.1986TFd 


from which 


Wd 


H oi = 0.1293PF - 0.237- + -> 

r 

M ob = —0.0056TFr + 0.0285Wd +) 

For the beam OO ' the fixed-end moments for a concentrated load W 
at the center is 

WL TF2rsin60° 

Mf 00 r =---= — 0.216TFr 

8 8 


As the fixed-end forces at the joints O and O' have now been calculated 
for all three members, there remains only the task of distributing the 
unbalanced moment to each member. This problem can be solved in 
the usual way by rotating the joints O and O' separately, but the easiest 
procedure is to take advantage of symmetry and rotate both joints at 
the same time and thereby eliminate the carry-over procedure. The 
correction is then made in one operation. 
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If two equal and opposite moments M' 0 are applied to a symmetrical 
curved member OAO', Fig. 152a, and the ends are restrained against 
horizontal displacement, then, 
from equations 116a and c, 

EAo = —M'oZGy + H' 0 ZGy 2 = 0 
from which 

2 Gy 


rr 0 = 


and 


VGy- 


M' 0 (128a) 


2 Ed 0 = M'^G - I&y 


or 


M' 0 = 


2 E6, 


ZG - 


(2 Gy) 2 
2 Gy 2 
As 


(1286) 



Since G represents — for each 

element, the above equations can 
be used for frames with variable 

TTT 

I. For the portion OAO\ G equals a constant — for all elements and 

therefore (values from Table 11) 

2 E9„ 


M' = 


and 


/ irr\ T (5.494) 2 "1 

( 2 ) — ) 6.0 — --- 

\9// L 6.361 J 


El 

= 2.26 — e 0 

r 


H' m = — = 0.863 — 

6.361 r r 

acting to the right for clockwise moment. 
For the portion OBO', 

2 Ed 0 


M'ob = 


and 


/irr\ (1.318) 2 

(2) (-) 4.0 — --- 

V12J/L 0.520 J 


El 

= 5.78 — d 0 


Hob = 


1.318 _ 2 53 AC 

0.520 r r 


acting to the left for clockwise moment. 
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For the beam 00', the relations are 


or, since 


El , 2 El 

Mqo* = ~ [40 o + 20 o ] = —— 0 o 
Li L 


L = (2)(0.866r) 


El 

Moo' — 1.15 — e 0 
r 


If the rotation 6 0 is assumed to be the same for both frame and beam, 
the distribution factors are 


For 0A0' 

2.267/ 

-2.267/ f 5.787/ + 1.15/ 6 

where 7/ = moment of inertia of frame. 

Ib = moment of inertia of beam. 


For 0B0' 


For 00' 


5.787/ 

2.267/ + 5.787/ + 1.157 6 


_ 1.157 & _ 

2.267/ + 5.787/ + 1.157 b 


If we let 7ft = 107/, the distribution factors are 


For 0A0' 0.116 

For 0B0' 0.296 

For 00' 0.588 

1.000 

Let r = 60 in., d = 5 in. 

Fixed-end moments are 


M Foa = (—0.0432JF)(60) - (0.057IF)(5) = -2.592IF - 0.285IF 

= — 2.867IF in.-lb 

M Fob = — 0.00561F(60) + (0.0285IF) (5) = -0.194IF in.-lb 
Mfoo' = — 0.216TF(60) = -12.96F 
S M Fo = — 2.87TF - 0.19IF - 12.96IF = -16.02IF 
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Therefore, the actual end moments are 

M oa = -2.87TF + (0.116) (16.02TF) = — 1.01TT 
M oh = -0.19IF + (0.296) (16.02F) = +4.55JF 
M 0O f = — 12.96TF + (0.588) (16.02TF) = -3.54TF 
The final values of H are 

5 (0.863) (1.86TF) 

Hoa = +0.0063IF + (0.1095TF) — +-- = 0.0322TF 

60 60 

5 (2.53)(4.74TF) 

H ob = +0.12931F - (0.237TF)-= -0.0905TF <- 

60 60 

Hoo , = +0.09051F - 0.03221F = 0.05831F 

PROBLEMS 

67. The two-hinged steel arch shown has a symmetrical cross section with 
area of 24 in. 2 , a depth of 18 in., and a moment of inertia of 2400 in. 4 



(а) Construct an influence diagram for the horizontal reaction, H, by the 
graphical method. Check the ordinate at the center of the span by an alge¬ 
braic solution. 

(б) Construct influence diagrams for the thrust and bending moment at the 
quarter point and center of span. 

(c) Calculate the maximum unit stress at the quarter point and center of 
span for a dead load of 800 lb per linear foot; and for a live load of 1200 lb per 
linear foot. 

68. Calculate the unit stress at the quarter point and at the center of the 
span of the arch in Problem 67 for a temperature change of ±60° F. Use a 
coefficient of linear expansion of 6.5 X 10 ~ 6 , and a modulus of elasticity of 
29.5 X 10 6 lb per in. 2 
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69. What is the vertical deflection at the center of the span of the steel arch 
in Problem 67 for the combined weight of 2000 lb per linear foot across the 
entire span and a temperature drop of 60° F? 

70. If the steel arch of Problem 67 is fixed at the supports instead of hinged, 
solve the following problems by the methods illustrated in the text. 

(a) Construct influence diagrams for the horizontal and vertical components 
(H a , V a ), and the moment M a at the support. 

(b) Construct influence diagrams for the thrust and bending moment at the 
quarter point and center of span. 

(c) Calculate the horizontal component H a and moment M a for a tempera¬ 
ture change of ±60° F for the coefficients given in Problem 68. 

71. The reinforced-concrete arch shown is fixed at the abutments and has 
the dimensionfljpven in the table below. Construct influence diagrams for the 



reactions H a , V a , and M a by the semi-graphical method. Assume that the 
width is constant and that the moment of inertia varies as the cube of the depth. 


Point 

x (ft) 

y (ft) 

Depth (in.) 

TAN 4 > 

0 

0 

0 . 

42.0 

1.229 

1 

5 

5.61 

37.7 

1.023 

2 

10 

10.27 

34.6 

0.846 

3 

15 

14.11 

32.2 

0.694 

4 

20 

17.24 

30.1 

0.561 

5 

25 

19.75 

28.6 

0.445 

6 

30 

21.71 

27.2 

0.342 

7 

35 

23.18 

26.2 

0.248 

8 

40 

24.20 

25.4 

0.162 

9 

45 

24.80 

24.7 

0.080 

10 

50 

25.00 

24.0 

0.0 


72. Determine the position of the elastic center of the arch in Problem 71. 
Calculate the reactions H a , V a , and M a for a concentrated load of 10 kips at the 
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center of the span by use of the elastic center. Check with the values that were 
obtained in Problem 71. 

73. Determine the stiffness factor, carry-over factor, and correction for H a 
for the arch in Problem 71, from the numerical values used in the solution of 
that problem. 

74. What are the internal forces acting at points A and B in the frame 
shown? 



75. Determine the internal forces acting at points A and A r of the fuselage 
frame shown. Assume that the resisting shear forces vary from a maximum 



at A to zero at points B and C, as in Example 53, and that they are acting on 
the axis of the frame. The frame ABA'C is continuous, but the member AA f 
is hinged. 
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CHAPTER IX 


FLEXIBLE MEMBERS 

83. Introduction. In the preceding chapters various structures 
have been analyzed for the condition that the deflection is sufficiently 
small, as compared to the overall dimensions, to be neglected when cal¬ 
culating stresses and displacements. As the length-depth ratios of the 
members increase, however, proportions are reached where such an 
assumption is not permissible. The error involved in neglecting the 
displacement of the axes of the members in flexible structures may lead 
either to dangerous conclusions or to an uneconomical design. It 
therefore seems essential that the engineer be familiar with such struc¬ 
tures, at least to the extent of recognizing the problems when they 
occur. At the same time, it will often be expedient to avoid the mathe¬ 
matically complex exact solutions by substituting a solution by suc¬ 
cessive approximations or even an approximate one. The fundamental 
equations must, of course, always remain the basis for judging the 
validity of any short cut in the numerical calculations. A number of 



■*-*■ P lbs per uni1 distance 

i i j \ r i i i i tt j i r rr .. 


f " ^Straight 

'Straight ^ ( a ) 

Fig. 153a. 


statically indeterminate problems in which the deflection is important 
will now be considered to illustrate both the fundamental equations 
and the use of successive approximations. 

84. Wires Subjected to Radial Pressure. 

When a straight member that has no flexural 
resistance is subjected to a radial pressure, 

Fig. 153a, the tension T must be constant 
throughout. The tension is constant because 
the equilibrium of any element ds, Fig. 1536, 
requires that 

dO dO 

Ti cos — = T 2 cos — 

2 2 

259 


V 


A 

,/$\ & 


/ *1 ' i 


Fig. 1536. 


Ti = T 2 = T 
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pds 'dddd 

-= sin — = — (for small angles) 

2T 2 2 

ds = r d$ 

T m d2 y 

p = - * T -- 

r cte 2 


(129a) 


(1296) 


- = —- for small curvature 
r dx 2 

Although ite above equation of equilibrium gives the relation be¬ 
tween T, y ) p , and L, the numerical value of T cannot be calculated 
directly. To determine T it is necessary to combine the above equi¬ 
librium equation with, the strain condition that the change in length of 
the wire due to the constant tension T be consistent with the displace¬ 
ments necessary to provide equilibrium. The change in length of the 
wire A L due to the tension T is 

TL 

A L = — (130a) 

AE 

while the change in length due to relatively small deflections is ob¬ 
tained in the following manner: _ 

ds = y/ dx 2 + dy 2 = dx yj . 1 + ^ 

Expanding by the binomial theorem gives 

If only the first two terms of the series are used, the increase in length 
equals 

03W 

Equating this value to that obtained by equation 130a gives 
TL 1 r L (dy \ 2 . 


From equation 129 


“-1 /*(*)* 
AE 2 Jo \dxJ 

s _ M f*" b +c> 


so that a numerical solution for T can be made for any distribution of p. 
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Fig. 164. 


Example 54. The value of T for a constant pressure p over the 
entire span, Fig. 154, will be calculated. 

d 2 y 

T —- = p 
dx 2 

r— = px +:c 1 

dx 

px 2 


Ty = —+C*x + C 2 


When 


Therefore, 


x = 0 
x = L 


y = 0 C 2 = 0 


y = 0 C x = 

-;(-!) 


2 


% p 
dx 

Substituting this expression in equation 131 gives 

T ) 2 


from which 


2^0 T 2 \ 2/ 

p 2 L 2 AE 


rp3 __ 


24 


If p == 4 lb per in., L = 20 ft, A == 0.05 in. 2 , and E = 27 X 10 6 lb 


per in/ 


p _ (4)(4)(400)(144)(0.05)(27)(10») _ ^ 

24 

T = 1000 a/ 52 = 3730 lb 
3730 

or a unit stress of-= 74,600 lb per in. 2 

0.05 
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If the wire has an initial tension T 0 before the pressure is applied, 
the change in length A L is due to the difference between the initial and 
final tension, or 

AE 2 Jo \dxj 

For a constant pressure p and initial tension To, we obtain 

(T-T 0 )L 1 /^p 2 / L\ 2 


from which 


-i/R-D* 


T\T - To) = 


p 2 L 2 AE 


2 ’ 6 (T - T 0 ) 

This equation can be quickly solved by trial. 

Let T 0 equal 800 lb with the other values remaining as before. Then 


pL (4) (20) (12) 


AE = 135 X 10 4 


T = 48,000 ■ 


'6 (T - 800) 


By trial, T = 4010 lb. Any change in span length due to tempera¬ 
ture or movement of the supports can be added algebraically to A L. 

85. Compression Members with Transverse Loads. When a flexi¬ 
ble member with some flexural strength is subjected to combined axial 



Fig. 155. 


and transverse loads as in Fig. 155a, the bending moments that are 
caused by the axial load P acting through the displacement y may be 
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of considerable magnitude. As the calculation of the stresses in such 
members is fully discussed in many books on strength of materials, 
only the deformation equations that are necessary for the analysis of 
continuous beams and frames will be treated here. In the following 
derivation it is assumed that the stresses are within the proportional 
limit and that the member has sufficient rigidity to prevent buckling. 

The bending moment M x at any section of the member ab, Fig. 155, 
is equal to 

M x = M 8 + Py (133) 


where M a is the bending moment when the axial load P is not acting, 
Fig. 1555. The equation of the elastic curve is 


d? ” ~ Hi 


(134) 


and, for a member with constant El, this equation becomes 


d 2 y 

dx 2 


+ 




(135) 


in which a 2 = — . The general solution of this equation is 
El 

m s i m" i mV 

y = A cosax + B sin ax -— + -i + • • • 

i a I a i 


in which 


M" = 


d 2 M s 

dx 2 


M 1V = 


dx 4 


(136) 


For a uniform load of w pounds per unit length, and end couples of 


Mab and M ba , 


M . 


M ab (l — X ) 
- 


x 

— Mba - + 

V 


wl 

— X 
2 


wx 2 

~2 


m: = -w mV = o 
or 

y = A cos ax + B sin ax 

Mobil -x ) MbaX wl x wx 2 w 

PI + PI 2 P + 2P a?P K 
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The boundary conditions are 

„ ^ , w 

j/ = 0 x = 0 or ^ = —+ ^ 

y = 0 x = 1 or 


(M ab w\ 

i-—— l cos al — 

\P a 2 P/ 


M ba W 
~F + oFp 


(138a) 


(1386) 


As the slope at any point of the elastic curve can be obtained from 
the equation 

= —Aa sin ax + Ba cos ax -— + — 2 —• (139a) 

ax Far 

the end rotations 9 a and 6b can be determined by substituting the proper 
value of x ) that is, for x — 0 


(dy\ _ M's 

0 a = (/) =5a-—* 

\dx/ Xca o F 


(1396) 


After substituting the value of B and M' 9 for x = 0 in equation 1396 
and replacing al by a, we obtain the following relation: 


M a b Mba 

6 a =-(1 — a cot a) - (a cosec a — 1) 

PI V PI 

wl /tan a/2 1\ 

+ ~P \ a 2/ 

In the same manner, for x = l, 


(140a) 


(~) - 
\dx/ x ^i 


M a b i ^ ba n , \ 

- (a cosec a — 1) H-(1 — a cot a) 

PI PI 


wl /tan a/2 1\ 

A—-J (140M 


in which a = 


Solving equation 140a and 6 for M ab and M ba 


gives the usual form of the slope-deflection equations 


M ah = CiK6 a + C 2 K6 b + (Ci + C 2 )K - + M Fa b (141a) 

L 


Mba = C 2 Kd a + CiKOb + (Cl + C 2 )K - + Mpba (1416) 

Lt 
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in which 


Ci = 


1 — a cot a 


2 tan a/2 


- 1 


(142a) 


C 2 = 


a COSCC a — 1 
2 tan a /2 


(1426) 


1 - 


2 tan a /2 


Mpab = — iWVfca = 


El 
K = — 
l 


2 a tan a /2 

Y 2 

Yi 


wl 2 


(142c) 


After the values of CiK, C 2 E, and the fixed-end moments are deter¬ 
mined, the distribution and carry-over factors are calculated in the 
usual manner. The carry-over factor is, of course, 


C 2 ol cosec a — 1 
Ci 1 — a cot a 


(142d) 


A diagram in the Appendix gives Ci and values for various val- 

w 


ues of a. 

86 . Tension Members with Transverse Loads. If an axial tensile 
load instead of compression is used, Fig. 156, the equations become 


in which a 2 = 
P 


M x = M 8 - Py 



l 


Fig. .156. 


(143a) 

(1436) 


The general solution of this differential equation gives the equa¬ 
tion of the elastic curve as 

M 8 1 M's 1 M™ 

y = A cosh ax + B sinh ax + + “ 2-77 + “4 ~Y~ 

1 a x a i 


(143c) 
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If the evaluation of the constants A and B and the end slopes 0 a and 
0 b is carried out for a uniform distribution w pounds per unit length and 
for end couples M a b and Mba in the same manner as was previously 
used for the axial compressive force, we again obtain 


M ab = CiKda + C 2 K0 b + (Ci + C 2 )K - + M Fab 

Ju ' 


in which 


M ba = C 2 K6 a + CM + (Ci + C 2 )K - + M Fba 

Lj 


Cl = 


a coth a — 1 


1 - 


2 tanh a/2 


C 2 = 


1 — a cosch a 


1 - 


2 tanh a/2 


(2 tanh a/2 — a\ 

M™ ‘ ' V 2« 2 tanh «/2 7 



(141a) 

(1416) 

(144a) 

(1446) 

fl44ci 


Q 

Values of Cj and — for various values of a can be obtained from 
Ci 

diagrams in the Appendix. 

87. Principle of Superposition. Reciprocal Theorem. From equa¬ 
tions 136 and 143 it is apparent that the displacements y and 6 are 
linear functions of M a b, M ba , and W if P, E, I, and l are kept constant. 
Consequently, the displacements due to any combination of trans¬ 
verse loads can be added algebraically in any order provided that all 
displacements are calculated with the same value of the axial load P 
acting. However, if the axial load varies with the transverse loading, 
as it frequently does, the true value of P may be difficult to obtain. 
Fortunately, the value of the axial load P in most structures is not 
sensitive to changes in the stiffness of the member. 

If the development of the reciprocal theorem in Article 7, Chapter II, 
is studied it will be found that the discussion there will apply to mem¬ 
bers with both transverse and axial loads if, in addition to the work 
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done by the vertical loads, there is added an amount of work done by 
the axial load P equal to 

P4 l -L (X£) dx <i45 > 

However, compared to the %PA terms in equation 6 the work indi¬ 
cated by equation 145 can be neglected for an originally straight mem¬ 
ber with small displacements. As we shall see later, this assumption is 
sufficiently accurate for many practical problems even when the 
structure is originally curved, like an arch or suspension bridge. In 
general it is safe to use the reciprocal theorem when the a term is kept 
constant. 

Example SS. The fixed-end moments for the member ab in Fig. 157a 
will be calculated for a value of a equal to 2 by means of the reciprocal 




Fig. 157. 


theorem. If any moment M ab is applied to the member as shown in 
Fig. 1576, producing the elastic curve shown, then, by the reciprocal 
theorem, 

From equation 142d, the value of Mba is 

Co ol cosec a — 1 , 

M ba = — M ab =- Mab = 0.6262M ab 

Cl 1 — a cot a 

From equations 137 and 138 

Mab Mab ' a Mba . a 

(3t)*-iia = — COS - - — cot a sin - - — cosec a sin - 


which gives for a = 2 


Mab M b a 
~2P + ~2P 


(y)x-U 2 - 0.159- 


268 


FLEXIBLE MEMBERS 


From equation 140a, 


from which 
Therefore, 
MFab 


(1 — a cot a) — —— (a cosec a — 1) 
PI PI 


0 a = 1.1642 


Mab 

~pT 




0.159 


Mab ' 


w 


a. 1642 


M a b i 
-pi 


= 0.1365H7 (.1361TTZ by exact solution) 


The fixed-end moments can be calculated by the above method for 
any position of W and for any value of a. 

88. Use of Trigonometric Series. The mathematical difficulties 
that are involved in the solution of equation 136 may often be avoided 
by the use of trigonometric series in calculating the displacements y 
and 6. In equations 133 and 134, the bending moment M, and dis¬ 
placement y can usually be represented by a Fourier series of the type 


y 


, nirx 

A n sin — 

(146a) 

nirx 

A n sin — 

(1466) 


- - j n * A * sin 


and from equation 1466 we obtain 
d?y ~ 2 

dx 2 t n „i 

Substituting these values in equation 134 gives 
it 2 v-'* „ . nirx 

-Eip2-, nAnBm ~r = 


nirx 

~F 


n= 1 


E , nirx . . nirx 

A n sin — - P > A n sin — 

n=1 1 »-l 1 


(147a) 


To satisfy equation 147a for each term of the series, the coefficients 
must have the relation 

A -L( A ’» —) 

An P/VnV - a 2 / 


( 1476 ) 
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The elastic curve is therefore known whenever the coefficients A' n 
for the bending moments M a are determined. These coefficients can 
ordinarily be calculated from the requirement that 


x ■ U 


* mrx 

M 8 sin- dx 

l 


(147c) 


For example, if a concentrated load W is applied at a distance c from 
one end, the equations for M, are 

wu - c ) 

M, =- x for x —> 0 to c 

l 


M, — — (l — x) for x —* c to l 


From equation 147c, we obtain 


‘H[/ 


from which 


W (l - c) mrx r 

- x sin- dx + / 

l 1/ c 

t 2 Wl nirc 
A „ = -jpj sin —- 
nV l 


Wc(l — x) . mrx 


sin- dx 

l 


(148a) 


and the equation of the elastic curve as given by equations 1466 and 
1476 is 


(1486) 


ir 2 El Ln 2 (n 2 7r 2 — a 2 ) 


mrc . mrx 



2 Wl 3 

00 

sin-sin 

l 

i 

y = 

' V 2 EI 

n= 1 

n 2 (n 2 7r 2 — 

a 2 ) 




mrc 

mrx 


2 Wl 2 


sin — cos 


dy 


l 

i 

dx 

7 rEI 

(=i 

n(n 2 7r 2 — 

a 2 ) 


(148c) 


(148d) 


The end slopes are readily obtained from equation 148d, and, with 
the end rotations known, the fixed-end moments can be calculated 
from equations 141a and 6 in the same manner as for beams without 
axial loads. By changing the term nV - a 2 in the denominator of 
equation 1476 to n 2 i r 2 + a 2 , equations 147 and 148 can also be used _ 
when an axial tensile force is acting. 
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Example 56. The fixed-end moments for the member in Fig. 157a 
will be calculated from equations 141a and b by taking 0„ and 6 b equal 
to the rotations due to the transverse load W but with opposite sign. 
From equation 148d, for 


x = 0 


c 


1 

2 


2 Wl 2 
irEI 


r 1 1 

_tt 2 - a 2 ~ 3(9tt 2 - a : 


For 


a = 2 

2WI 


3(97i 

El 


+ 


: 2 ) 5(25tt 2 - a 2 ) 


-] 


= K 


Wl 


e a = -e b =-[0.1703 - 0.0039] = 0.1059 — 

. 7 tK E 


Using equations 142a and b, we obtain 

1 — 2 cot 2 1.9153 

^ 1 2 tan 1 0.55741 

-1 

2 


3.435 


C 2 


2 cosec 2—1 1.1995 

2 tan 1 0.55741 

- 1 

2 


and from equation 141a, 

/ Wl\ ( WV\ 

M Fab = 3.435^f -0.1059— j + 2.15X^0.1059 —j = -0.1361TF? 


89. Continuous Beams with Axial Loads. After the coefficients and 
fixed-end moments for each span of a continuous beam with axial 
loads have been calculated by equation 142 or 144, the actual end 
moments can then be obtained by the moment-distribution method in 
the usual manner. For axial compressive loads the carry-over factors 
are larger than 0.5, and as these carry-over factors increase the rate of 
convergence of the corrections decreases. When the value of a is 
equal to tt the carry-over factor is equal to unity. For this value the 
convergence by the moment-distribution method is likely to be slow 
and, therefore, for such problems the direct use of equations 141a and b 
as in the slope-deflection solution in Chapter III is preferable. Both 
the moment-distribution and slope-deflection methods are illustrated 
in Example 57. 
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Example 57. The end moments for the continuous beam shown in 
Fig. 158 will be calculated by both the moment-distribution and slope- 
deflection methods. 

J Sym about £ 


w/O tbs/inch 

H 1 ,1 1111 im 


A 

20 ' 


P-2000/bs 
SO" 


1353 


+2000 +/J23 

0 -8610 

+1526 


+28 


+4 


1+2000 ~5335 


i t rrrrrn ii 


P*6000/bs 


60' 


C 


~647\ [624 


6 / 


1+3/85 - 3/85 
\+2782~H700\ 
*r-l28 


-78- 

+50 


IT 

+8 


+30 

'~/9 


1+5935 ~/602\ 


Fig. 158. 


P a 8/f00 
44\ 


f 


376\[376 


\P690i69di 
-77 *77 


-U +// 


W2-/6021 


EEL 


60' 


S24\ 


For all spans 


£ a 1.5 X 10° lb per in. 2 
I = 4.0 in. 4 
El = 6.0 X 10 6 in. 2 -lb 


For span AB 


a = Y 


( 2000 ) ( 80 ) ( 80 ) 

76.0) (10 s ) “ 


= 1.46 


from equations 142a and b, 
1 - 0.163 


Cx = 


1.225 - 1 
1.46 


= 3.72 


C 2 = 


0.9939 


- 1 


0.225 
Cl 


= 2.09 


C' b = Cx — 7T ~ 2.55 (For binge at a) 

Ci 

1—1 225 

M F ab - --- wl 2 = (-0.0861) (-10) (80) 2 = 5510in.-lb 

F (2) (1.46) (.8949) 

M F ba = —5510 in.-lb 
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For a hinge at A 

( 2 09\ 

—) (5510) = -8610 in.-lb 


For span BC 


a — yj- 


(6000) (60) (60) 


= 1.893 


( 6 . 0 ) ( 10 6 ) 

Ci = 3.51 C 2 = 2.14 
Mfbc = 3185 in.-lb Mfcb — —3185 in.-lb 
For span CC' 

= 1.604 Ci = 3.63 C 2 = 2.08 
Mfcc' = 1690 in.-lb 


From symmetry it is known that 


6 C > — —Oc 

therefore 

Mcc = 3.63 Kdc 4“ 2.08 KOct = 1.5 5K6c 

If the stiffness factor of span CC' is taken as 1.55 K the rotation of 
6c is taken into consideration and no carry-over is necessary. 

Distribution and Carry-over Factors 


Member 

C 

K 

CK 

r 

Carry-over 




Joint B 



BA 

2.55 

4.0 

80 

0.1275 

0.353 

0 

BC 

3.51 

4.0 

60 

0.2340 

0.647 

0.61 




ZCK = 0.3615 

1.000 





Joint C 



CB 

3.51 

il9 

60 

0.2340 

0.624 

0.61 

CC ' 

1.55 

il9 

44 

0.1410 

0.376 





XCK = 0.375 

1.000 



The distribution of the fixed-end moments is shown in Fig. 158. 
These operations are performed in the usual way. 

When the proper coefficients and fixed-end moments are substituted 
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in equations 141a and b the end moments for the continuous beam in 
Fig. 158 can be expressed in the following form: 

M B a = O.12750 5 - 7487 
Mbc = 0.23406 + O.1430 c + 3185 
M cb = 0.14306 + 0.2340c - 3185 
M C c = 0.1410c + 1690 

When the above expressions for end moments are substituted in the 
equilibrium equations 

M b a + Mbc = 0 
Mcb + Mcc = 0 

the following equations are obtained 

0.36206 + 0.1430c = 4302 
0.14306 + 0.3750c = 1495 

0b = 12,130 0c = -648 

If these values of 0 are substituted back in the slope-deflection equa¬ 
tions the numerical values of the end moments become 

Mba = 5937 in.-lb M C b = -1602in.-lb 

90. Bending Moments in Beams with Axial Loads. The bending 
moment at any section of a beam that is subjected to both transverse 
and axial loads is obtained by substituting the proper value of y from 
equation 136 into equation 133, or 143c into 143a. The displacement 
y for a beam with uniform load w and an axial compressive load P, 
both constant across the span, can be expressed by means of equations 
137 and 138 in the form 

1 / wl 2 \ 

y = — yA' cos ka + B' sin ka — M 8 -(149) 


from which 


in which 


wl 2 

A ' = Mab H-9 


A f cos 


B' = - 


a 

os a + (^Mba 


wl 2 \ 


«2 




sin a 


(150a) 


(1505) 


a — 


x 

*”7 


! PI 2 

Hi 
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The bending moment M x at a distance x from the left support is, 
therefore, 


M x = M 8 + Py = A' cos ka + B' sin ha — 


(151) 


As A f and B ' are constants the bending moment can be calculated for 
any value of ha. 

The maximum bending moment is obtained when the value of k 
satisfies the condition 

^ x = — aA' sin ka + aB' cos ka = 0 (152a) 


dk 


or 


B' 

tan ka — — 
A 


(152 b) 


Example 58. The bending moments at several sections in span BC 
of the continuous beam in Fig. 158 will be calculated by means of 
equation 151. 

Wp _ (-10K60K60) _ _ 10 , 040 


a = 1.893 


a 2 (1.893) 2 


cos a = -0.31665 M B c = 5935 

sin a = 0.94853 Mcb = — 1602 

A' = 5935 - 10,010 = -4105 

(—4105) (—0.31665) + (-1602 + 10,040) 
jg' = — - - ——- — — 1U,27U 


Therefore, 


0.94853 

M x = -4105 cos ka - 10,270 sin ka + 10,040 
For various values of k, M x has the following values: 


k l 

ka 

M x 

0 

0 

5935 in. 

0.2 

0.379 

2430 

0.4 

0.7572 

10 

0.6 

1.1358 

-1000 

0.8 

1.5144 

-440 

1.0 

1.893 

1600 


For the minimum moment, 

tan ka = 


-10,270 
-4105 
ka = 1.19 
1.19 

k =-= 0.629 

1.89 


2.50 


M m i„ = (—4105)(0.372) - (10,270)(0.928) + 10,040 = -lOlOin.-lb 
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91. Beams with Variable Cross Section Subjected to Axial Loads. 

When both the bending moment M x and the moment of inertia I in 
equation 134 vary with the distance x, a direct solution for the equar 
tion of the elastic curve is not often feasible. For such problems, in¬ 
direct methods, that is, solutions by trial, are frequently the most 
practical approach. The indirect procedure is particularly satisfactory 
when successive trial values indicate a rapidly converging series. The 
general procedure for a solution by trial when the axial load is known 
is straightforward and easy to understand, even though the numerical 
work is laborious. It consists of estimating the bending moment Py 
due to the axial load, by assuming some elastic curve for the member, 
and adding this moment to M s , the moment for a straight member. If 

, . M .. ! 

the elastic curve which is then calculated from this — diagram agrees 

with the assumed values, the solution is correct. If the calculated dis¬ 
placements differ from the assumed values, the solution must be re¬ 
peated by using a different elastic curve until the two values agree. 
The amount of work required will depend somewhat upon the ability 
of the designer to approximate the final values. 

For the first approximation, the following procedure will frequently 

M, 

give satisfactory results. Remove the axial load and draw the ^ 

diagram which is used as the applied load on the conjugate beam. Cal¬ 
culate the bending moments in the conjugate beams at several points 
which are equal to the displacements y Q in the actual beam. Now apply 
the axial load P and assume that the displacements y 0 are increased in 
proportion to the increase in bending moment, that is, 

y _ M. + Py 

yo M, 

or 

2/o 

y ~ Pyo 
M, 

M 

These estimated values of y are then used to draw a new ^ diagram, 

from which the first calculated values of y are determined. If these cal¬ 
culated values of y differ too much from the estimated ones, they should 
be used as a new set of estimated displacements and the operation 
should be repeated. In most problems, two approximations are usually 
sufficient. 
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Many short cuts and time-saving procedures are, of course, possible 
in solutions by trial. The reader is referred to a paper by N. M. 
Newmark, “Numerical Procedure for Computing Deflections, Moments, 
and Buckling Loads,” in the Trans. Am. Soc. C. E. f Vol. 108, 1943, for 
some excellent suggestions for arrangement of the calculations and for 
the use of trial solutions in general. Most designers encounter the 
problem so seldom that they would probably prefer a procedure with 
which they are familiar even though a more rapid method is possible. 

Example 59. The coefficients C i, C 2 , and C 3 for the general slope- 
deflection equations will be calculated for the beam shown in Fig. 159 


n tio fV 'ab -, 
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Fig. 159. 


by the method of successive trials. This problem is identical with the 
one solved on p. 1221 of Bcf. 9-2. The following steps will be used in 
the solution: 

(а) The displacements y 0 are calculated for a moment at the left 
end, M a b , equal to 12 and with the axial load P removed. For calcu- 

M 

lating yo the —~ diagram is divided into areas as indicated in Fig. 160a, 
El 

an arrangement that makes the calculated displacements slightly 
larger than the correct value. The correction, which is one-sixth of the 
product of the concentrated load at the point and the increment i, can 
be made if desired, but it hardly seems necessary in this problem. The 
values of y 0 are given in Fig. 1605. 

(б) After the values of yo have been calculated, the estimated values 
of y , the displacements when the axial load P is also acting, are deter¬ 
mined from the relation 


V o 

y x _Pyo 

Ms 

For example, at point 6 

35.2L 2 


u _ 55 7_ 

/ EI 0 \ /35.2H 2 \ ' EI 0 

1 “ \16iV \ W 0 6 ) 


say 56 
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The revised — value at point 6 is therefore 

/EIq\ /56f 2 \ 

M _M. + Py _ 60 + \16 p)\EI 0 ) _ ^38 

7 “ 47o 4/ 0 “ I 0 

M 

The — values at the other points are estimated in the same manner. 

These values are calculated roughly as they are estimated values only. 
Estimated values of y are shown in Fig. 160c. 
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(c) After the concentrated loads on the conjugate beam have been 
revised, see Fig. 160d, these new loads are used in calculating another 
set of displacements which are given in parentheses. A comparison of 
these values with the estimated values in Fig. 160c shows that the 
estimated values were approximately 10 per cent too large. 

(d) The concentrated loads on the conjugate beam in Fig. 160c were 
determined from the calculated displacements in Fig. 160d. The 
second set of calculated displacements given in parentheses are suf¬ 
ficiently close to the first set of calculated values to make a further 
revision unnecessary. The end rotations for a unit end moment at 
the left end are, therefore, 


Pal ** 

144 

Eh 

= 0.2024 

Eh 

1! 

* 2 

9.92 

L 

= 0.0689 

L 

144 

Eh 

Eh 


(e) In Figs. 161a, b, c, d, and e is shown the corresponding solution 
for a moment of 12 applied at the right end. The values recorded in 
these diagrams were obtained in the same manner as was explained in 
steps (a)-(d) for Fig. 160. From the final values in Fig. 161e, the end 
rotations for a unit moment acting at the right end are 


0a2 


062 = 


9.73 L 
144 W 0 
11.38 L 
144 EI 0 


0.0676- 

El o 

L 

0.079 - 

EI 0 


(/) After the end rotations for the unit end moments have been de¬ 
termined, the coefficients can be calculated from equations 58a, b, and c 
as for beams with variable moments of inertia. From the above 0 
values, we obtain 


A 


Ci 


C 2 

C 3 


= (0.2024) (0.079) - (0.0683) 2 
0.079 


A 
0.0683 
A 

0.2024 


= 6.97 

= 6.03 

- 17.86 


0.01133 
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, , 6.97£7 0 A7MEI 0 , 

The stiffness factors are therefore —-— and---, and the carry- 


6.03 , 6.03 

over factors = 0.865 and ^ ^ 


0.338. 




92. Suspension Bridges. The analysis and design of suspension 
bridges frequently involve special problems that require more compre¬ 
hensive treatment than is given in the following discussion. The funda¬ 
mental equations for ordinary conditions will be considered here, and 
the reader who desires to continue his study of the suoject further 
should consult the references listed at the end of the chapter. As the 
suspension bridge is ordinarily constructed, it consists of the cables, 
towers, anchorages, stiffening trusses or girders, suspenders, and road- 
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way. The suspension bridge shown in Fig. 162 has three spans in which 
the stiffening trusses are hinged at the towers and in which the cables 
are loaded in all spans. Other arrangements that are sometimes used 
include continuous stiffening trusses, unloaded cables in the end spans, 



self-anchored bridges, and various types of cables. For the conven¬ 
tional type of suspension bridge that is shown in Fig. 162, the follow¬ 
ing assumptions are commonly made in the analysis: 

(a) The dead weight is uniformly distributed and is carried entirely 
by the cable. For this loading condition the shape of the cable is para¬ 
bolic and the cable must be placed in an assigned position during con¬ 
struction. 

(b) The deflection r, of the stiffening truss for live loads is the same 
as for the cable. Any change in length of the suspenders is therefore 
neglected. 

(c) The proportion of the live load that is taken by the cable, desig¬ 
nated in Fig. 163 by q, is often assumed to be uniformly distributed so 
as to simplify the mathematical solution. This assumption means that 
the shape of the cable is taken as a parabola for combined dead and 
live loads. The error involved in this assumption depends upon the 
ratio of live to dead load as well as the physical characteristics of the 
cable and stiffening truss. For large structures in which the dead 
weight is a major portion of the total, the error is small. 

In the solution in wliich the displacements are represented by 
trigonometric series no assumption as to the distribution of q is neces¬ 
sary. For this reason, as well as others, such a solution has many 
advantages. 

(d) The horizontal component H of the cable stress is assumed to 
be constant for all spans unless the cable is fixed to unusually stiff 
towers. 

(e) In calculating the external work that occurs when the live load is 
applied to the structure, it is assumed that the deflection is proportional 
to the applied live load. This assumption is permissible for the ratio of 
live to dead load and for the sag-span ratios ordinarily used. 
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93. Calculation of the Horizontal Component H The horizontal 
component H of the stress in the cable is usually determined first in 
the analysis of suspension bridges. From assumption (a) in Art. 92 the 
uniform dead load w is taken entirely by the cable and the value of H& 



can therefore be calculated directly from equilibrium conditions. 
Taking moments about point B, Fig. 163, we obtain 

wl 2 

IId = — (153a) 

8 / 

in which / = maximum cable sag in center span. 

I = length of center span. 
w = uniformly distributed dead load. 

The equation of the cable for point B as origin is 


ifx 

y = -p (* “ *) 


wx 

2Hd 


(J ~ x) 


(1536) 


The sag-span ratio - is known from preliminary studies. In the spin- 
l 


ning of the cables the wires must be set at the proper elevation so that 
the desired sag-span ratio is obtained at normal temperatures after the 
roadway is completed. Considerable calculations are required to de¬ 
termine the correct elevation of the wires during construction (see 


Ref. 9-3). 

As the live load is carried by both the stiffening truss and the cable, 
the structure is once statically indeterminate for this loading condition. 
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The additional horizontal component II l in the cable, due to the live 
load, is usually selected as the redundant quantity to be determined. 
The total horizontal component H is therefore equal to 

H = H d + II L = H d { 1 + 0) (154) 

where 


It will be shown that the numerical value of II depends upon the 
change in temperature as well as upon the magnitude and distribution 
of the live and dead loads. By equating the external work done on the 
cable to the^rresponding strain energy existing in the cable, an equa¬ 
tion is obtained from wjiich the value of the horizontal component H 
can be determined by trial. The external work, for any portion ds of 
the cable, that is cau§pd by applying an increment of live load q to the 
dead load w is 


dW e = wrj dx + - t) dx 
2 



(155a) 


This equation obviously implies a linear relation between q and the 
displacement rj. Such a linear variation does not theoretically exist, 
and the only justification for using it is that the displacements that are 
calculated from this assumption arc found to be practically linear for 
actual structures (see Ref. 9*9). This assumption would not be war¬ 
ranted for the analysis of the horizontal wire in Article 84, for in such 
a member the displacements are far from being proportional to the 
load. 

The total external work for all spans is 

W e =]Tjf (w + ^ v dx (1556) 


in which the 2 means that the integration is made for all spans. 

The internal work or strain energy in any element ds of the cable is 

dWi = (t d + y) + a<) ds (156a) 

in which the tension T in the cable at any section is equal to 

ds 

T = H sec $ = H — (1566) 

dx 

at = deformation per unit length due to change in temperature. 
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Therefore, 


or 


■ ( Hd + t) ix (s i + “') * 

^ (i+f) [S o ( 3 ° + ^ 3 * <i56c) 


The total internal work for all spans is 


^ (i+0 £ / [ S 6 (3* + 3 * (167) 


in which the integration is made for all spans. 
For equilibrium of any portion of the cable, 

d 2 y 
Hd 


and 

from which 


(I Id + IIl) 


dx 2 
d 2 (y + y) 
dx 2 


—w 


= - (w + q) 


(158a) 

(1586) 


H D fl + HD fl + Hjl p- + n L d / 2 =-w- q (158c) 
dx 2 dx 2 dx 2 d.c 

Substituting the value of w in equation 158a into equation 158c gives 
Ih (t 2 V d 2 rj 

2 = ~TT H d -J3 ~ //a(1 + 8) d^ 


or 


II D dx 2 


q = (3w — IId( 1 + 0) j 2 


d 2 r) 

dx 2 


(15 Sd) 


After combining equations 1556, 157, and 158d, we obtain 

M‘+D£/[s'(!)' + - 3 * 

-Ejf[ 


wfi Hd( l + P) d 2 y] 

W + V 2 




dx (159) 


from which the value of /? can be calculated by trial alter the displace¬ 
ment y has also been expressed in terms of /3. 

In solving equation 159 it is necessary to evaluate the integrals 

/(S’* “ d /(£)* 

for all spans. The solution of these integrals for a parabolic curve with 
origin at the center of the span gives 



284 


FLEXIBLE MEMBERS 


For center span 
4 fx' 2 

y = ir 


dy 8 fx' 


is = dx' yfl 


+ 


64 fx 


• 2„/2 


[1/5 16/ 2 ’ 


\/ 16/V 3 l (~ 4/ / 16A«1 

)( 1 + t) +iAA( 1 + ir) J 

/•* rfs 2 A 2 / 64/V 2 \ r 16 A 

X^- 2 / ( 1+ — )*-t + 7?J 


(160a) 

(1606) 


For side spans (see Fig. 164) 




(160c) 

(160d) 


Approximate values for the above integrals can be easily obtained by 
expanding the expressions by the binomial theorem and then integrat¬ 
ing the various terms. This operation will be left to the reader. 

94. Value of Displacement t\ for Center Span. Before equation 159 

can be solved for 0, the terms v and ^ must be expressed in terms of 

/3, the dead load w, the live load p, and the properties of the stiffening 
truss. This relation is obtained from the fundamental equation of the 
elastic curve of the stiffening truss in practically the same manner as 
for the beams in Article 86. From Fig. 163, the bending moment due 
to the live load p at any section through the stiffening truss at a dis¬ 
tance x from the left end is 




M = M, — (H d + Ii L )r, - H L y 

(161a) 

and, therefore, 



If we let 

d 2 r, 

dx 2 

M -Ms + (Hd + H l )v + H L y 

ei 

(1616) 


, H d + H l H d ( 1 + 0) 

or —- 

EI EI 

(161c) 

then 


d 2 y „ Mg HlV 

EI 

(161d) 
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The solution of this equation, as given in Art. 86, is 

1 (M, 1 d 2 M. 

V -A cost l ax + Bmkax + -[^ + - t -^-+--- 


El \a 2 a 4 dx 2 


(162) 


The integration constants A and B must satisfy the boundary condi¬ 
tions and the conditions of continuity of the elastic curve for any 
particular loading. For a partial uniform loading on the roadway, the 
bending moment M, and therefore the displacement y must be ex¬ 
pressed by three different equations, and, consequently, there are six 
integration constants to evaluate. This requirement makes the exact 
solution of the differential equation extremely laborious. The only 
alternative, as has already been seen, is to express the displacement y 
by a trigonometric series, as was done by S. Timoshenko and other 
investigators. (See Ref. 9-6, 9-8, and 9-11.) 

As in Article 88, the displacement y is expressed by the series 

vx . 2tx . nirx 

y = aj sin-f- a 2 sin ——!-•••— / , a « sin ~~j~ (Uwa) 


d 2 y 

dx 2 


7 r 2 , . nirx 

- ^ n 2 a n sin — 

1 n=l 1 


( 1635) 


In Article 88 it was shown that the bending moment in a simply sup¬ 
ported beam for a concentrated load W at a distance c from the left 
support is expressed by the Fourier series, 


M, = 


2 Wl 




mrc 

sin — sin 

—T 7T l 


mrx 

~T 


(164) 


A uniform load that extends from h\l to 1 C 2 I (Fis* 163) is equivalent 
to a number of concentrated loads p dz which are at a distance z = c 
from the left support. Therefore, the moment caused by the uniform 
load is 

2 pi r z 1 smmrz _ . mrx 


M, 


2 pi r z = k d ^ 

7T 2 Jz=H 


7T 


l 


• dz sin 


l 


which, after integration, gives 
2 pi 2 


M 8 = 


E 

n= 1 


(cos nirk\ — cos nirk 2 ) . nirx 

-:-—-sin- 

n 3 l 


(165a) 


(1655) 
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The equation for the original position of the cable 
4 f w 

is readily developed into the Fourier series 

2 wl 2 (1 — cos nr) . nrx 


V = 


E 


• sin ■ 


l 


(166a) 


(1666) 


IIor 

When the above Fourier series are substituted in equation 161d 
we obtain 


o oo 

7T 2 

/2 2-U 

1 n= 1 


n 2 a n sin 


nrx ^ H d ( 1 + 0) 
__ - 


El 


T sin 


n= 1 


71TX 

~T 


2 pi 2 


oo 

E 


(cos nrk\ — cos nrk 2 ) . wra 
---sin 


r 3 EI £-i n * 1 

211 lv: 1 2 rr-^. (1 — cos nr) . nrx 


+ 


EIH D r J f-t 


z 


■ sin- 


l 


(167a) 


For any value of sin , equation 167a requires that the coefficients 
l 

a n have the value 


~7 
CIn 


2 r 2 H D (1 4- 0)1 2 pi 2 /cos nrki — cos nrk 2 


+ 


El 


I] = _ 

‘J “ r 3 E 


) 


• Hr ' a 
or since — = 0 

Ud 


■ 3 EI \ 

Wtf ri - cos nA 
EIH D r 3 V n 3 / 


2£ 4 [p(cos nrki — cos nrk 2 ) + @w(l — cos n7r)] 
= »V[nV£f + Hn(l + 0)J 2 ] 


The above expression for the coefficients a n contains the term 0 
which is also the unknown quantity in equation 159. However, as 
equation 159 must be solved by trial the calculation of the coefficients 
a n for any assumed value of 0 does not add much work to the entire 
solution. Once equation 159 has been solved for 0, the cable stress, 
deflections, bending moments, and shear in the stiffening truss are 
readily ascertained. 



VALUE OF DISPLACEMENT n FOR SIDE SPANS 287 

After substituting the value of v from equation 163a into equation 
159, the term 

f (168a) 

2 dx 2 


becomes for any value of a n 
H d ( 1 + P) 


which is equal to 


H d ( 1 + P) 


r l n 2 ir 2 „ . 

i 

0) f (n 2 v 2 2 \ 

— L v i 2 an J 


„ nwx 
2 - dx 


Consequently the value of the term for all values of a n is 

H d ( 1 + P)* 2 2 2 


(1686) 


(168c) 


95. Value of the Displacement ii for the Side Spans. For the side 
spans the equilibrium of the cable requires that 

- d%y - (169a) 


IId — — w \ 


which after integrating twice gives 


/Ivy =---h C\x + C2 

2 


(1696) 



Fig. 164. 


If point B (Fig. 164) at the top of the tower is selected as the origin, 
v = 0 when 2 = 0 or C 2 = 0 

fl Will 

y = fi when x = h or Ci = Hd ~ ^ 
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Therefore 


but 



W\X 2 
~2~ 


+ 


Wih 

- X 

2 



Consequently, the equation for the shape of the cable is 


(169c) 


yi ~ — (hx - x 2 ) am 

2 Hd 

This equation is identical in form with equation 166a, and therefore, 
if y is replaced by y\ ) l by l\ 9 1 by 1 i, the equation for the elastic curve 
of the stiffening trugs in a side span can be obtained in the same 
manner as for the center span. That is, if for the side span 


then 


V 


= 2 > 


mrx 
sin-- 

h 


(170a) 


2Zj[p(cos nwki —. cos mrk 2 ) 4~ ~~ CQS n7r )] (^70h) 

?{ S TT 3 [n 2 Tr 2 Eh + Hd(1 + M 


Also, as for the center span, the term 


f. 


* {m -> 
2 dx 2 4 li ~i 


96. Flexible Arches. In Chapter VIII the analysis of arches and 
curved members was made by the elastic theory; that is, the displace¬ 
ment of the arch axis was neglected. However, in the design of long- 
span arch bridges the stresses that are calculated by the elastic theory 
are found to be considerably less than their true values as given by the 
deflection theory, which considers the movement of the arch axis. An 
exact mathematical solution of an arch rib by the deflection theory is 
similar to the analysis of a suspension bridge, although the numerical 
calculations are even more laborious and difficult. The increased diffi¬ 
culty arises in the expression for the internal work in the arch rib, 
which involves both flexural and direct stresses, whereas the internal 
work in the cable of a suspension bridge is due only to axial tension. 
To mitigate these mathematical difficulties many investigators have 
confined their analysis to special problems in which the equations can 
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be simplified. In spite of such assumptions the numerical work in¬ 
volves tremendous effort. The references at the end of the chapter will 
be found useful for further study of these problems. 

The longest solid-rib arch bridge that has yet been built is the 
Rainbow Arch bridge over the Niagara River (Ref. 9-17). It is 
interesting to note that the maximum positive bending moment at the 
quarter point of a two-hinged arch rib that was first investigated for 
this bridge was 63 per cent more for the deflection theory than for the 
elastic theory. For the fixed arch rib that was actually constructed 
this moment was about 18 per cent larger by the deflection theory. It 
is apparent that for structures of this magnitude the deflection of the 
arch rib must be considered. 

In the analysis of the Rainbow Arch bridge, a method of successive 
approximations was found to be most advantageous. In most solutions 
by this method, the values of the reactions, shears, and bending 
moments as determined by the elastic theory are used as the first ap¬ 
proximation, and from them a trial position of the arch is determined 
by either algebraic or graphical methods. The coordinates of the vari¬ 
ous elements into which the arch axis is divided are then corrected and 
the numerical operations repeated. The corrections become less for 
each repetition until the difference can be neglected. This work, which 
is similar to the procedure in Example 59, can usually be reduced by- 
anticipating some of the corrections in advance. The practical esti¬ 
mation of such corrections is described by the designers of the Rainbow 
Arch bridge in Ref. 9-17. Every design of bridges of this type will 
require special treatment. 


PROBLEMS 

76. A wire whose cross-sectional area is 0.06 in. 2 is subjected to the loading 
shown. Determine the total tension in the wire and the maximum sag, if E 
equals 27 X 10 6 lb per in. 2 Assume no initial tension. 


.5 



77. Determine the tension in the wire of Problem 76 if an initial tension T 0 
of 1000 lb is acting before the radial pressure is applied. 
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78. Calculate the fixed-end moments for the beam shown by use of trigo¬ 
nometric series as in Example 56. Use a equal to 2. 


P 


Problem 78. 



79. Determine the end moments in the continuous beam for the transverse 
and axial loads given on the diagram. Draw the bending-moment diagram 
for span be. El = 8 X 10 6 for all spans. 
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Problem 79. 


80. Calculate the coefficients of the slope-deflection equations for the 
member shown. Use the method of successive approximations as in Exam¬ 
ple 59. 
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Problem 80. 


81. Determine the fixed-end moments for the beam in Problem 80, for a 
concentrated load of 1000 lb at the center of the span. 
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CHAPTER X 


SPECIAL PROBLEMS IN STATICALLY INDETERMINATE 

STRESSES 

Frames with Semi-Rigid Connections 

97. Intrdffttction. In many types of structures the beams are riveted 
or welded to columns and girders by means of angle and tee sections. 
A typical example of a beam-to-column connection is illustrated in Fig. 
165 in which an I-beam frames into an H-column. The flanges of the 
beam are connected to the flanges of the column by two tee sections 
while the web is connected by angles. Angles are also commonly used 
to connect the flanges. The tee and angle sections are fastened to the 

beam and column by means of rivets, or 
bolted or welded connections are sometimes 
used. 

Such structural details necessitate a dis¬ 
continuity in the cross section of the beam 
that will increase noticeably the strain at 
the ends of the member. The magnitude 
of this strain in the connection details 
cannot be calculated accurately by rational 
methods as local stress concentration and 
deformation make the problem too complicated. As the reactive 
forces between the column and the beam must pass through the 
rivets, severe local deformation may occur in addition to the distortion 
of the tee and angle sections. In experimental work it is difficult to 
evaluate the separate effects of such individual factors as change in 
length of rivets, local bending of angles or tees, shearing deformation, 
and local bending of the column flanges. For this reason experimental 
results for a particular arrangement of connection details can seldom be 
applied to other types of connections, and consequently it is desirable 
to have experimental data for each type of connection that is used. 

98. Experimental Results. Considerable experimental work has 
been performed in England and in the United States on the deforma¬ 
tion of typical riveted and welded beam connections. The effect of this 
deformation upon the stresses in beams and columns has also been 
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studied. Particular mention will be made at this time of the results of a 
comprehensive research program that are recorded in the First, Second, 
and Final Reports of the Steel Structures Research Committee of Great, 
Britain and to the tests conducted at Lehigh University for the Ameri¬ 
can Institute of Steel Construction. In this research work many tests 



Fia. 166. 


were made of the amount of deformation in beam connections similar 
to the one shown in Fig. 165. The deformation within the connection 
is measured by the relation between the moment applied to the connec¬ 
tion and the rotation 4> of the end of the beam with respect to the axis 
of the col umn. Typical curves recorded in the Second Report of the Steel 
Structures Research Committee are shown in Fig. 166. It is apparent 
from these curves that no linear relationship exists between the applied 
moment M and the end rotation <t> of the beam connection. However, a 
somewhat rough approximation of the curve over a limited range can 
be made by a straight line, which, if the slope is selected somewhat low, 
will give a conservative design. 

When the moment-rotation curve for a typical beam connection is 
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approximated by one or several straight lines, the moment can be ex¬ 
pressed by equations of the type 


M = \l/<t> 


(172) 


where ^ is the slope of the straight line. 


The quantity 


— is equivalent 


to — in a beam and can be treated as such in the calculations. 
El 

99. Slope-Deflection Equations for Semi-Rigid Connections. Once 
the stiffness factor \p of the connection is selected from tests it can be 
used in determining the coefficients for the slope-deflection equations. 

In these cSfbulations it is convenient to consider the quantity — 

as a concentrated load on the conjugate beam, which makes the con¬ 
nection equivalent taa change in cross section of the beam. The deriva¬ 
tion can then proceed in the manner explained in Article 20, Chapter 
III, for beams of constant cross section, and Article 46, Chapter VI, 
for variable cross section, by superimposing the rotations due to the 
two end moments. A unit moment at end a in member ab , Fig. 167a, 



would give a load on the conjugate beam as shown, where \p a and \pb 
are the stiffness factors for the connections at a and 6, respectively. The 
distances c x and c 2 are commonly assumed equal to zero which is equiva¬ 
lent to placing the connection at the center of the joint. 

For a unit moment applied at a with the distances c x and c 2 equal to 
zero the end rotations are 


, L 1_ 
^ ~ a EI + 


(173a) 



(1736) 
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When a unit end moment is applied at 6, Fig. 1676, the end rotations 
are 

A = 


L 

6ZJ7 


„ L 1 
A ~ 3EI + ipb 

The total rotations for any end moments are 

Af baE 

~qeT 


d a = Mat, 

M a hL 


(Jr+ t ) 


d b = — 


6 El 


+ M 


ba 


(J> + t ) 


(174a) 

(1746) 

(175a) 

(1756) 


When equations 175a and b are solved for M a i and Mba> the usual form 
of the slope-deflection equations is obtained, that is, 


El 

M a b = ” \C\0a + C2&b\ 
E 

El 

Mba = — \p2®a + CaOb] 
E 


in which 


Ci 


12 C" 


4 C'C" 


(176a) 

(1766) 

(177a) 


6 

° 2 = 4C'C" - 1 
12C' 

° 3 = 4C'C" - 1 
3 K 

C = 1 + — 

Ya 

3 K 

C" = 1 + — 
ib 


(1776) 

(177c) 

(177d) 

(177e) 


El 


100. Fixed-End Moments for Semi-Rigid Connections. The fixed- 

end moments for beams with constant cross section and with semi-rigid 
connections can be expressed in terms of the fixed-end moments for rigid 
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connections and the coefficients Ci, C 2) C 3 . Let M Fab and Mpba denote 
the fixed-end moments for rigid connections and M' Fab and M Fba the cor¬ 
responding values for semi-rigid connections. These connections are 
assumed to be at the center of the joints. The values of M'p ab and M' Fba 
can be obtained from the following equations: 


M'p ab = \\MpabQCi — C 2 ) + M Fb a(2C 2 — C\)] (178a) 
M' Fba = l[M Fab (2C 2 - C z ) + M Fba (2C 3 - C 2 )] (178 b) 


where Ci, C 2 , and C 3 have the values given by Equations 177a, b, and c. 

For a uniformly distributed load w across the entire span, the values 
of the fixedjgid moments are 


wL 2 

MFab= -TT“ (Cl “ C 2 ) 

24 

(179a) 

, wL 2 

Mp ba = —— (C 3 — C 2 ) 

24 

(1796) 


Once the values of the terms are selected the analysis of any struc¬ 
tural frame is made in the same manner as for members with variable 
moments of inertia. 

Example 60 . The frame in Fig. 168 will be analyzed for semi-rigid 
connections between the beams and columns and for a condition of half 



fixity at the base of the columns. From a study of test results the value 
of p for all connections will be selected as 

i = 100 X 10 6 in.-lb 


FIXED-END MOMENTS 


297 


Therefore we obtain for the 18-in. WF @ 50-lb beams from equations 
177d and e 

(3) (30) (10 6 ) (800) cn 

C = C" = 1 + — = 3.50 


(24) (12) (100) (10 6 ) 


From equations 177a, b, and c 


Ci = C 3 


6 


(12) (3.50) 
(4)(3.50) 2 - 1 


= 0.875 


For span be 


Mpbc — ~ 


Co = — = 0.125 
48 

(30)(6)(18) 2 (30) (18) ( 6) 2 


(24) 2 


= —135 ft-kips 


(24) 2 

Mpcb — +135 ft-kips 
From equations 178a and b 

M'pbc = |[-135(1.75 - 0.125) + 135.0(0.25 - 0.875)] 

= — 50.63 ft-kips 

M' Fcb = +50.63 ft-kips 
From equations 179a and b 

_ (1.0) (24) (24) 5 _ ai26 j = _ lg o f t _kips 

Fce (24) 

M'pec = + 18.0 ft-kips 


Distribution and Carry-over Factors 





Joint b 



Member 

C 

K = i 

CK 

r 

Carry-over 

ba 

3.5 

0.871 

3.05 

0.556 

2(1 - 0.6) _ 2g6 

4 -0.5 

be 

0.875 

2.78 

2.44 

0.444 

= 0.143 

0.876 




2CK = 5.49 

1.000 





Joint c 



cb 

0.875 

2.78 

2.44 

0.203 

0.143 

ce 

0.875 

2.78 

2.44 

0.203 

0.143 

cd 

3.5 

2.04 

7.15 

0.594 

0.286 




2CK = 12.03 

1.00 
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The distribution of the fixed-end moments is shown in Fig. 169a. 
The numerical calculations are the same as for beams with rigid connec¬ 
tions. From the end moments in the columns, the horizontal restrain¬ 
ing force at b is found to be 

F = 1.90 + 0.87 - 2.64 = 0.13 kips 



This restraining force is removed in the usual manner by assuming 
that points 6, c, and e have some horizontal displacement, say 


Therefore 

MFab — MFba ~ M,Fef = Mp/e — 

(6) (2.04) (100) 


E A = 100 units 

(6) (0.871) (100) 


14 


= 37.4 


Mpcd il ^Fdc 


14 


= 87.3 


The distribution of these fixed-end moments is shown in Fig. 169f». 
It should be noticed that a condition of half fixity is maintained at the 
base of all columns by first distributing the fixed-end moment at the 
base, then using a coefficient of 3.5 in calculating the distribution factor 
at the top of the column and finally a carry-over factor of 0.286 back to 
the base. The force F' necessary to give the final end moments is 


F’ = 1.995 + 4.41 + 1.995 = 8.40 kips 
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Therefore, the correct moments are obtained by adding, to the mo- 
0 13 

ments in Fig. 169a, . times the moments in Fig. 1696. 

O.tU 



101. Discussion of Semi-Rigid Connections. No attempt has been 
made in the preceding articles to describe a general procedure for the 
design of beams with semi-rigid connections. Most designers have the 
idea that the average beam connection becomes entirely flexible under 
increasing load. This condition cannot be realized because even if the 
connection reaches a state in which it has no further resistance to rota¬ 
tion it will still maintain a considerable proportion of the end moment 
that has been developed. In other words, the resistance that has been 
developed does not disappear after the stiffness of the connection which 
was designated by i approaches zero. However, the amount of resist¬ 
ance developed under different load conditions is uncertain because of 
the variable nature of the stiffness factor \p, and such uncertainty has, 
in the past, encouraged the ignoring of the resistance entirely.. There is 
no doubt that some economy of material can be obtained in certain 
building frames by adopting minimum values for the stiffness of the 
connection and then by designing the beams for the end moments as 
computed from these minimum values. Whether any over-all economy 
is obtained will depend upon the extent to which the analysis can be 
shortened by reasonable approximations. It seems likely that such 
design procedures will be available in the near future. 
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Calculation of Stresses in Space Frames 

102. Deformation Equations for Axial Stress. In Chapter III, 
equations were derived that expressed the value of the end moments 
acting on any member in terms of the rotation and translation of the 
ends of the members. These deformation equations, or slope-deflection 
equations as they were called, were found to be extremely useful m the 
solution of statically indetermine frame structures. Similar equations 

will now be developed for the 
axial stress in any member in 
a space frame in terms of the 
linear motion of thje ends of 
the members. 

Let the member ab, Fig. 170, 
represent any member in a 
space structure whose ends o 
and b have coordinates x a , y a , 
z a , and Xb, Vb, zi > with respect 
to. some origin 0. The linear 
movement of the end points a and b in the x, y, z directions will be 
designated by u a , v a , w a and u b , v b , w b , respectively. The projections 
of the length ab on the three coordinate axes will be called X ab , Y a b, 
and Z a b, so that 

Xab “ .To 
Yab “ ya Vb 
Zab “ ' %b 

In terms of orthogonal projections, the length of the member L is de¬ 
fined by the relation 

L 2 = X 2 +Y 2 + Z 2 (180a) 

and, by the usual rules of variation, we obtain the relation 

2L(AL) = 2X(AX) + 27(AY) + 2Z(AZ) 



Therefore 


since 


AL = - [(Wa - Ub)X + (»„ - Vb)Y + ( W a - W b )Z] 
L 

AX — Ua U b 

AY = Va - Vb 
A Z = Wa - Wb 


(1806) 
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But, for any axial stress S in the member, 



in which AE equals the cross-sectional area times the modulus of elas¬ 
ticity. Therefore 


s = — AL = ^ [(u« - u b )X + (fa - Vb)Y + (w a - w b )Z\ (181) 
L L 2 

The components of the stress S in the direction of the selected axes 
will therefore be equal to 


S x = —— = —— {(u a - u b )X 2 + {pa - v b )XY + (w a - w b )XZ] (182a) 
L L 3 

S ,E,E -„ s) xK + <».-»») r 2 + (».- «i>rzi (182i.) 

L L 3 

St = — = [(w a - U b )XZ + (fa ~ V b ) YZ + (l®a ~ W b )Z 2 ] (182c) 
L L 3 


If 


Q = 


L T 


then the components of stress for any member can be expressed in terms 
of the linear displacements of the joints by means of equations 182a, 
b, and c as soon as the quantities QX 2 , QY 2 , QZ 2 , QXY, QXZ, and 

QYZ are determined. . 

103. Eq uili brium and Compatibility Equations. As the conditions 
of statical equilibrium at any joint require that there be no unbalanced 
components at that point, the following equilibrium equations must be 
satisfied at each joint: 

S S x -ZF z = Q ( 183 «) 


S S v - ZF U = 0 
S S z - 2F* = 0 


(1836) 

(183c) 


In the above equations, F x , F v , and F z represent the components 
erf the external loads applied at the joint. 

If the values of S x , S v , S z from equations 182 are substituted in the 
equilibrium equations 183 the following compatibility equations for 
any joint a are obtained: 
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UaSQX 2 + VaSQXY + WoZQXZ - 2 u n (QX 2 )n - S V n (QXY)n 

- 2 w n {QXZ) n - 2 F xa = 0 (184o) 

Ua 2QXY + VaXQY 2 + WaZQYZ - 2 u n (QXY) n - 2v n (QY 2 ) n 

-2w n (QYZ)n - 2 Fya = o (1846) 

UaZQXZ + v a ZQYZ + w 0 2QZ 2 - Zu n (.QXZ) n - 2t ’ n (QYZ) n 

-2w n (QZ 2 ) n - 2F*„ = 0 (184c) 

In equations 184 the subscript n refers to any joint connected to the 
joint a by a member. Until the reader is familiar with the procedure it 
will probabl**be better for him to substitute the expressions for S x , 
S v , and S z from equations 182 directly into equations 183. Once the 
notation is thoroughly understood, however, equations 184 save con¬ 
siderable time. * 

104. Use of the Deformation Equations. Calculating the stresses in 
space frames by means of equations 182 and 183 is similar to solving for 
end moments by the slope-deflection method. The final equations 184 
have the linear displacements of the joints as unknowns, and, as there 
are three such equations for each joint, a unique solution is possible. 
After the displacements u, v, and w of each joint have been determined, 
the stress in each member is known from equation 181. This method 
of analysis requires the solving of 3 n simultaneous equations, where n 
is the number of joints free to move in any direction. The solution of 
this number of equations can become laborious for a structure with 
many joints. The use of group or block displacements as suggested by 
Southwell (Ref. 10-6) to simplify the mathematical procedure will be 

discussed later. . 

Considerable care must be exercised to maintain a consistent sign 
convention throughout the calculations. First, the coordinates x, y, and 
z of each joint must be established correctly with respect to the refer¬ 
ence axes. Then the projections X, Y, and Z for each member must be 
made consistent with the coordinates of the joints by subtracting the 
coordinates for the opposite end of each member from the coordinates 
of the joint for which the equations are to be written. That is, if a 
member ab has coordinates ( 6 , —4, — 8 ) for point a and (—4, 6 , —20) 
for point 6 , the values of X, Y, and Z to be used in expressing the com¬ 
ponents of stress at point a are 

X ab = x a - x b = 6 - (-4) = 10 
Y ab = y a - Vb = (-4) - ( 6 ) = -10 
Z ab = z a -z b =- 8 - (-20) = +12 
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For writing the necessary equations for the stress components at point 
b, the values are ^ _ 4 _ ^ = _ 10 

Y ba = 6 - (-4) = 10 
Z ba = -20 - (-8) = -12 

That is, the signs for point b are opposite to those for point a. 

If the proper signs for X, Y, and Z are substituted into the equations, 
then S xa , S ya , S za , the components acting upon the member ab at end a, 
will have directions consistent with the directions of the references 
axes x y, and 2 . The stress S in the member ab as obtained from equa¬ 
tion 181 will be tension when positive and compression when negative. 
It is therefore apparent that the correct signs for all stresses are ob¬ 
tained automatically if the quantities X, Y, and Z are consistent with 

the coordinates of the joints. . 

Example 61. The stresses for all members of the space frame m 
Fig 171 will be determined by means of the deformation equations. 



As points A, B, C, and D are considered fixe<I support*s cinly th<, dis 
placements of joints E, F, and 0 are involved m the analys s. The 
necessary constants in terms of Q, X, Y and Z are tabulatedm TaWe 
14 for each joint. It should be noted that the sign of the terms X, Y, 
and Z is important. The quantities from Table 14 are then substituted 
into the compatibility equations 184a, b, and c, w ^h ft re wn en or 
each joint E, F, and G. This operation gives equations 185 which are 
solved for the displacements u, v, and w for each joint. Various met - 
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ods of solving such simultaneous equations are possible, but, as each 
person has his favorite procedure, no particular solution will be given 
here. The numerical values of the stresses given in Table 15 are then 
obtained by substituting the numerical value of the displacements in 
equation 181. The components S x > Sy , and Sz are obtained by multi- 

X Y Z 

plying the stress by the ratios — , — , and — . The discrepancies in the 

summations of the X, Y, and Z components are due to solution of the 
simultaneous equations by successive approximations. However, the 
results are sufficiently accurate for all practical purposes. 


TABLE 14 



A 

L 








Member 

in. 2 

ft 

T 

o 

X 

QX 2 

QY 2 

QZ 2 

QXY 

QXZ 

QYZ 

EA 

5 

12.68 

0.245 

6.13 

8.81 

24.5 

7.35 

12.25 

14.70 

EB 

5 

12.68 

0.245 

6.13 

8.81 

24.5 

-7.35 

-12.25 

14.70 

EC 

8 

15.78 

0.204 

10.0 

20.4 

20.4 

14.28 

-14.28 

-20.4 

ED 

8 

15.78 

0.204 

10.0 

20.4 

20.4 

-14.28 

14.28 

-20.4 

EF 

3 

6.70 

0.997 

8.98 

35.95 

0 

-17.97 

0 

0 

EG 

3 

6.70 

0.997 

8.98 

35.95 

0 

17.97 

0 

0 



Total 

50.22 

130.32 

89.8 

0 

0 

-11.4 

FA 

5 

15.76 

0.128 

0.51 

18.41 

12.80 

3.07 

2.56 

15.35 

FC 

3 

14.7 

0.095 

9.46 

1.51 

9.46 

3.79 

-9.46 

-3.79 

FD 

3 

11.49 

0.198 

3.17 

3.17 

19.80 

-3.17 

7.92 

-7.92 

FE 

3 

6.7 

0.997 

8.98 

35.95 

0 

-17.97 

0 

0 

FG 

3 

6.0 

1.39 

50.0 

0 

0 

0 

0 

0 



Total 

72.12 

59.04 

42.06 

-14.28 

1.02 

3.64 

GB 

5 

15.76 

0.128 

0.51 

18.41 

12.80 

-3.07 

-2.56 

15.35 

GC 

3 

11.49 

0.198 

3.17 

3.17 

19.80 

3.17 

-7.92 

-7.92 

GD 

3 

14.7 

0.095 

9.46 

1.51 

9.46 

-3.79 

9.46 

-3.79 

GE 

3 

6.7 

0.997 

8.98 

35.95 

0 

17.97 

0 

0 

GF 

3 

6.0 

1.39 

50.0 

0 

0 

0 

0 

0 




Total 

72.12 

59.04 

42.06 

14.28 

-1.02 

3.64 


Joint E 

50.22 u e - 8.98m/ - 8.98m* + 17.97iy - 17.97v* = 0 

130.3y„ - 11 Aw e + 17.97m/ - 17.97m* - 35.95»/ - 35.95v, = 20,000 lb 

—llAv e + 89.8to e = 0 or w e = 0.127« e 


Joint F 

72.12m/ — 14.28y/ + 1.02 w/ — 8.98m,, - 50.0m* + 17.97v e = 0 

— 14.28m/ + 59.04v/ + 3.64u>/ + 17.97 m* - 35.95v e = 12,000 lb 

1.02m/ + 3.64v/ + 42.06w/ = 0 or w s = - 0.024m/ — 0.0865v/ (185) 
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Joint 0 

72.12w s + 14.28t'g — 1.02 w t — 8.98u e — 50.0u/ — 17.97v«. = 0 
14.28« g + 59.04« g + 3.64w g — 17.97u«, - 35.95»„ = 0 
— 1.02w g + 3.64t>/ + 42.06 w e = 0 or w e = 0.024w g - 0.0865v g 


Solving the above equations, we obtain 
u e = -81.1 u f = 39.5 

v e = 323.8 v f = 436.1 

w e = 41.1 Wf — —38.7 

Substituting these values back in equations 
stresses shown in Table 15 


M g = 66.4 

v g = 156.3 
w g = -11.9 
181 and 182 gives the 


Member 

S 

EA 

+6,040 

EB 

+8,550 

EC 

-7,250 

ED 

-10,920 

EF 

+2,090 

EG 

-3,760 


FA 

+9,920 

FC 

-3,520 

FD 

-4,480 

FE 

+2,090 

FG 

+1,348 


GB 

+3,280 

GC 

-2,040 

GD 

-162 

GE 

-3,760 

GF 

+1,348 


TABLE 15 

L 

s x 

12.68 

+2,390 

12.68 

-3,380 

15.78 

+3,220 

15.78 

-4,850 

6.70 

+940 

6.70 

+ 1,690 

Total 

+10 

15.76 

+1,260 

14.7 

+2,400 

11.49 

-1,570 

6.7 

-940 

6.0 

-1,350 

Total 

-200 

15.76 

-420 

11.49 

+710 

14.7 

-110 

6.7 

-1,690 

6.0 

+1,350 

Total 

-160 


Sy S, 


+2,860 

+4,770 

+4,050 

+6,750 

+4,600 

-4,600 

+6,920 

-6,920 

-1,870 

0 

+3,370 

0 

+ 19,930 

0 

+7,560 

+6,300 

+960 

-2,400 

+ 1,570 

-3,910 

+ 1,870 

0 

0 

0 

+ 11,960 

-10 

+2,500 

+2,080 

+710 

-1,780 

+40 

-110 

-3,360 

0 

0 

0 

-110 

+ 190 


105. Group and Rigid Block Displacements. In the preceding dis¬ 
cussion and application of the deformation equations it was assumed 
that the movement of the joints was governed only by equations 184a, 
b, and c. However, the conditions of the problem will frequently permit 
a simplification of the equations by assuming certain relations between 
the relative movement of the joints. Such assumptions must, of course, 
be based upon an estimation of the actual physical conditions tha,t exist 
in the structure and will probably never provide an exact solution. 
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Nevertheless, such assumptions will usually be necessary to make the 
solution possible from a practical viewpoint, and the results will, in 
general, satisfy the equilibrium conditions. Any local discrepancy can 
be distributed later without introducing any serious errors. 

The assumption of rigid block displacements will be illustrated by the 
solution of the structure in Fig. 172. An exact analysis for all stresses 
by considering the movement of every joint would be impractical. 
However, if the portion above section x-x is assumed to move as a rigid 



Fig. 172. 


body, then the movement of points A, B, C, and D can be expressed in 
terms of one vertical displacement v , a horizontal displacement u , and a 
rotation 0. These displacements must satisfy the three equilibrium 
conditions for the rigid body, and consequently the problem reduces to 
three equations with three unknowns. Other sections can then be 
taken and various sets of stresses obtained that satisfy the equilibrium 
condition for the structure as a unit. Local discrepancies in the equi¬ 
librium conditions at a joint, or in the strain relations, must be cor¬ 
rected by approximation. The success of such an analysis will depend 
upon the astuteness of the person making the calculations, for the pro¬ 
cedure must be varied to fit the conditions of the problem. 

Instead of relating the movements of the various joints by assuming 
a rigid body condition, it will sometimes be better to assume other types 
of related displacements which can be combined to satisfy the com¬ 
patibility equations. Such solutions will usually be involved, but are 
often the most direct and accurate method of analysis for complicated 
space frameworks. The reader should consult the references at the end 
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of the chapter, particularly Ref. 10-7, for applications of this method to 
such problems as the hull stresses in rigid airships. 

106. Stresses in Engine Mount Frames. The stress in any member 
of a supporting frame for a radial aircraft engine (see Fig. 173) can be 
readily obtained by assuming that the engine and ring move as a rigid 
body. The analysis is readily made by means of the following sequence 
of steps in the numerical solution * 



1 Tabulate coordinates x, y, and 2 for all points with respect to 0. 
Prepare tables X, 7, 7, L, A, Q, QX 2 , QY 2 , QZ 2 , QXY, QXZ,mdQYZ. 
Assume that all points on the ring mount must move as a rigid body, 
that is, they can have a movement along the z axis equal to u, along the 
y axis equal to v, along the 2 axis equal to w, a rotation about they axis 
equal to d y , about the z axis equal to 0 2 , and about the x axis equal to <t> x 

^ 2. Assume any displacement +w for all joints A, B,C, and D, hold¬ 
ing E and F fixed. Calculate the stress S in each member and the 
summations of S x , S y , and S l , respectively, at each support. Deter¬ 
mine the necessary applied force at 0 from the S values, and represent 

the various components by P x 1 , P v u Pzi> M vu an(i , 

3. Assume any displacement +v for the joints A, B } C, and m 
do the same as in part 2 above. Determine the components of the 
applied force at 0, P x z, Py 2 , P - 2 . M x i, M V 2 , and M t 2 - 

4. Assume any displacement +w. Calculate stresses S and the 
components of the applied force at 0, P * 3 , P v z, Pzz, M x3 , M „ 3 , an 


t. Assume a rotation 4> x , and calculate stresses S and the components 
P x 4 , Pyi, Pz4> M xi> M yi , and M zi . 

* A similar arrangement for the solution of this problem has been proposed and 
used by Dr. R. B. Moorman, Goodyear Aircraft Corp., Akron, Ohio. 
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6. For an assumed rotation d y , calculate stress and the necessary 

components at point 0, P X 5 > Py5? P M z $, M y 5 , and M z 5 . 

7. Also, assume any rotation 6 Z , calculate stresses and components 
of the applied load at point 0, P x 6, PyQ> P *6, M x $, M yQ) and M zQ . 

To obtain the maximum combined stress in any member for any 
loading condition, the following separate problems should be solved. 

A. Calculate the stresses for an axial load i* „ of 1000 lb applied at O. 
To solve this problem, we can set 

Pxl + Px 2 + Px 3 + Px 4 + Px 5 + Px 6 = K = 1000 
Py‘2 4* PyZ 4" Pyi 4" Py5 4" Py6 ~ 0 
Pzl + Pz2 4" Pz3 4" Px4 4" Pz5 4" Pz6 ~ 0 (186) 

M xi + M x2 + M x3 4- M x 4 4- M x5 4- M x6 = 0 
Myl 4" My2 4" My3 + Myi 4" My, 4“ My, — 0 
Mzl 4- Mz2 4- Mz3 4- Mzi + Mz5 4- MzQ = 0 


Calculate u, v, w, 4>x, K and 0„ and solve for all stresses. Designate 
stresses by • 

B. Calculate the stresses for a horizontal load of 1000 lb applied 
at O. Let stresses be equal to Sb • To solve this problem, the following 
conditions must be satisfied: 


Pxl 

4- 

Px 2 

+ 

Px 3 4- 

P x4 

+ 

Px 5 4- 

Px 6 = 

= 0 

Pyl 

4- 

Py2 

+ 

Py 3 + 

Py 4 

+ 

Py 5 4“ 

Py6 = 

= 1000 

Pzl 

+ 

P z2 

4* 

Pz 3 + 

Pz 4 

+ 

Pz 5 4- 

Pz6 = 

= 0 

M x i 

4- 

M x 2 

4- 

Mx3 4- 

Mx 4 

4* 

M x 5 4- 

M x , - 

= 0 

M yl 

+ 

M v 2 

+ 

M V 3 + 

M yi 

+ 

My5 4" 

My, ~ 

= 0 

Mzi 

4- 

m z2 

4- 

Mz3 + 

Mzt 

4- 

M z5 4* 

Mz 8 = 

= 0 


(187) 


C. Calculate the stresses for a vertical load K of 1000 lb applied at 
q Let stresses be $(j • 

D. Calculate the stresses for a torque M x of 1000 ft-lb. Let stre&es 

E. Calculate stresses for a moment M v of 1000 ft-lb. Let stresses 


F. Calculate the stresses for a moment M z of 1000 ft-lb. 
be Sp. 


Let stresses 
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Then, for any combination of applied forces, F x , F y , F z , M x , M v , 
and M z , the stress S in any member is 


8 


F x Sa ~b FySf) ~\~F x Sc H~ M x Sp j- MySE d~ M z Sf 


1000 


Shearing Stresses in Thin-Walled Closed Sections 

107. She arin g Stress Due to Torsion. The shearing stress /« on 
any element ds of a thin-walled closed section, Fig. 174, due to a 
twisting moment T is assumed to be uniformly distributed over the 
thickness t in the plane of the cross section. The shearing force q for 
ds equal to unity is therefore equal to 

q = f 3 t pounds per linear inch (189) 

where q is defined as the unit shearing force and the distribution of ' q 
around the perimeter of a closed section is termed the shear flow. The 
value of q in a single cell closed section subjected 
to torsion only must be constant around the section 
regardless of the thickness t unless the shearing de¬ 
formation is prevented. This statement follows 
from the fact that the unit shearing force on an 
element such as abed in Fig. 174 can vary only if 
there is a change in the normal stress, or if some 
external shearing stress is applied to the surfa.ee. 

As these axial or external stresses are not acting 
when the section is subjected to torsion only, the 
shearing force q must be constant for all elements. 

The resisting torque about any point 0 due to any element whose 

length is ds is ^ = {q ds)h = 2fi(area OAB) (190) 

The total resisting torque T r which must be equal to the applied 
torque T is, therefore, 

T r = T = (p qhds = 2 qA 

where A is the total area enclosed by the section and j) represents 

integration around the perimeter. The constant unit shearing force g 
is therefore easily calculated by the following eapressron, «ually 
called Bredt’s formula, 

( 191 ) 



9 “aZ 
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108* Shearing Deformation Due to Torsion. If a out is made at any 
section x-x in a closed section, Fig. 175, the shearing deformation of 
all elements will tend to produce a relative movement of the two sides. 
The effect of the shearing stress upon one element is shown in Fig. 175. 
The movement of points a and b for a unit of length ad and unit perime¬ 


ter ab is 



Q_ 

to 


(192) 






Fia. 176. 


The internal work or strain energy in the material for any distance ds 
along the perimeter is therefore 

q Tq ds 

dW ‘-2 Kd ‘^G 

If the torque about any fixed point 0 is T, it can be replaced by the 

couple — as shown in Fig. 175. The external work per unit of length is 
r 


therefore equal to 


T T<t> 

-Ax = — 
2 r 2 


Equating the external 
of cell, we obtain 

or 


work to the total internal work per unit length 


n 

2 

<#> 


,JL / 

4 AG J 

~L/ 

2 AG J 


q ds 
t 

q ds 
t 


(193a) 


where <t> is the angle of twist per unit length of cell. 

In general the perimeter is divided into several elements whose 
lengths are known and over which the shear flow q and thickness t are 
constant. The integration should then be replaced by the summation 
of the terms for the elements, that is, 


1 Q 
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Example 62. The shearing stresses and the angle of twist will be 
calculated for the cell in Fig. 176 for a torque of 30,000 in.-lb. 


For nose section 


For web 


30,000 
(2) (140) 

107 

0051 " 
107 

0.072 ~ 


From equation 1936, 


= 107 lb per in. 
2100 lb per in. 2 
1490 lb per in. 2 


107 / 3( L I 18 \ 

* = (2)(140)G \0.051 + 0.072/ 


320 

— radians per 


inch of length 


109. Torsional Stresses in Multiple-Cell Sections. The shearing 
stresses in the walls of multiple-cell sections such as Fig. 177 are 



calculated by means of equations 191 and 193 together with the 
following conditions: 

(а) The shear flow q' into an intersection of elements 

must equal the shear flow out, or q' — q" — <?"' = 0 (see Jp 

Fig. 177a). _ Fig. 177a. 

(б) The angle of twist <t> for each cell is the same. 

(c) The sum of the resisting torques for all cells must equal the total 

torque applied to the section. 

Condition (a) is based upon the equilibrium of a corner element with 
respect to the axial direction. Taking 

ZF* = 0 


or 


q> -q" - q"' = 0 

q" 1 = q' — q" 


(194) 
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The second condition (5) can be visualized by considering the move¬ 
ment of a gap in the element common to two cells, with respect to the 
same point 0. By referring to Fig. 175 it is apparent that 


and 

where 


0 1 “ 0 2 
0 2 == 03 


0 1 


1 Q. A 8 

2AiG t 

■ z 


0 2 “ 


2A 2 G 


03 


q As 
t 

q As 


_ i 

~~ 2 A,G t 


The third condition (c) states that 

T x + T 2 + T s = T 


(195) 


2{q\A\ + + # 3 ^ 3 ) “■ T (196) 

As the shear flow can be expressed in terms of one unknown q value 
for each cell, the above relations are sufficient to obtain a unique 
solution. 

Example 63. The shearing stresses in the three-cell section shown in 
Fig. 177 will be calculated for a torque of 40,000 ft-lb. The notation 
for the shear flow in the various elements is indicated on the sketch. 
By means of equation 1935 the angle of twist 0 for each cell can be 
written in the form 


1 r 36?1 18(g! - g 2 ) 1 

^ ~ (2)(160)GL0.051 + 0.102 J 

1 T 38 q 2 14(^2 ~ g3) 37g 2 18( —gi + g 2 ) 1 

4,2 = (2)(600)G L 0.072 ' 0.102 0.051 0.102 J 

1 T 28q 3 6g 3 2793 14( —g 2 + g3) 1 

~ (21 (280)G L 0.051 + 0.072 0.051 0.102 J 


Equating 
we obtain 


01 = 02 = 03 


2.769! - 0.55292 = -0.14791 + 1.30592 - O.II 493 - 0.1479i 

+ 1.30592 - O.II493 = -0.24592 + 2.3I93 
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Eliminating q 3 from the above equations gives 

q 2 — 1.625gi 

TT.liminfl.t.ing q 2 from the above equations gives 

q 3 = 0.977gi 

Substituting these values of q 3 and q 2 into equation 196 gives 2[160gi 
+ 600 (1.6265,) + 280 (0.977s,)] = (40,000)(12), from which 

qi = 170.5 lb per in. 

and, therefore, 

q 2 = (1.625) (170.5) = 277 lb per in. 
g 3 = (0.978) (170.5) = 166.5 lb per in. 

110. Flexural Stresses in Unsymmetrical Closed Sections. The 

normal stresses on the effective area of an unsymmetrical closed section, 
as in Fig. 178, can be calculated by the usual flexure formula if the 



principal axes of inertia are used as the axes of rotation. The principal 
axes of inertia OX' and OY' are ordinarily determined with respect to 
any reference axes OX and OY passing through the centroid 0 of the 
effective area by means of the equation 


The principal 
198a and b. 


tan 26 = 


2I X 


moments of inertia are then calculated by 


I x , = I x cos 2 6 + I v sin 2 6 - Ixv Sin 26 
Iy> = Iy cos 2 6 + /* sin 2 6 + h v sin 2 6 


(197) 

equations 

(198a) 

(1986) 
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in which I x and I y are the moments of inertia about OX and OF, re¬ 
spectively. I xy is the product of inertia about axes OX and UY. 


The other necessary relations are 

M x > = M x cos 6 - M v sin Q ( 199a ) 

My = M y cos e + M x sin 6 (1"&) 

x' = x cos 6 + y sin 6 (199c) 

y' = y cos 6 — x sin 0 (199 d) 


The normal stresses / are calculated for bending about the principal 
axes by the usual bending formula 

- i = Mx ’ y ' _i_ My,x ' (200) 

J h' Iy 

However, the normal stress can also be calculated directly from the 
reference axes OX and OF by means of the following equation (see 

Ref. 10-9): ' .. r N 

(MJx — MJxy)x , ( MJv — Mylxyiy (201) 

f ~ I x Iy — 1%, Ixly — Ilv 

Example 64. The normal stresses acting upon the flange area Ai in 
the closed section of Fig. 178 will be calculated by means of equations 
198, 199, and 200. The properties of the section with respect to the 
axes OX and OF, where 0 is the centroid of the areas A u A 2 , A 3 •••, 
are given in Table 16. 


Table 16. Properties with Respect to Axes OX and OY 



Area 



No. 

in. 2 

X 

y 

Ai 

1.2 

-12.1 

+6.11 

At 

0.6 

-4.9 

+6.81 

a 3 

0.4 

+5.9 

+6.41 

Ai 

0.6 

+20.3 

+4.51 

At, 

0.6 

+20.3 

-6.99 

At 

0.4 

+5.9 

-8.29 

A, 

0.4 

-4.9 

-8.19 

As 

0.8 

-12.1 

-7.39 


Ax 1 

175.69 

14.41 

13.92 

247.25 

247.25 

13.92 

9.60 

117.13 


Ay 2 

44.80 

27.83 
16.44 
12.20 
29.32 
27.49 

26.83 
43.69 


Axy 

-88.72 

- 20.02 

15.13 

54.93 

-85.14 

-19.66 

16.05 

71.54 


I v = 839.17 Ix = 228.60 Ixy = -55.79 
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From equation 197 the angle 6 that the principal axis OX' makes 

839.17 - 228.60 

20 = 169° 38' 40" or 349° 38' 40" 
e = 84° 49' 20" or -5° 10' 40" 
cos _ 5° 10' 40" = 0.9959 sin - 5° 10' 40" = -0.0901 
x' = 0.9959* - O.OOOly 
y' = 0.9959*/ + 0.0901* 

From equations 198a and b, the values of the principal moments of 
inertia are 

/ , = (228.60)(0.9959) 2 + (839.17)(0.0901) 2 - (-55.79)(-0.1764) 

= 223.70 in. 4 

I v , = (839.17) (.9959) 2 + (228.60) (0.0901) 2 + (—55.79)(—0.1764) 

= 844.00 in. 4 

For area Ai 

x > = (-12.1X0.9959) + (6.11)(—0.0901) = -12.60 
y' = (6.11)(0.9959) - (—12.1)(—0.0901) = 4.99 

From equation 200, 

MA 4.99) M V ’{- 12.60) 


/ = 


• + 


- 0.022337*' - 0.0149JW tf « 


but 


223.7 ‘ 844.0 

M x ' — 0.9959 M x + 0.090137 v 

-0.090137* + 0.995937 a 

/ = 0.023537* - 0.012837a 


37a' 


Therefore 

The same result is obtained directly from equation 201 by substitut¬ 
ing the numerical values of I x , Iv, and I xy . 

111. Shearing Stresses in Closed Section Due _ 

to Transverse Forces. From the equilibrium con¬ 
ditions for an element abed, Fig. 179, it is apparent 
that any variation in the normal stresses / due to a 
change in the bending moment must cause a change 
in the shearing stress. Thus, if /i and f 2 are the 




% 

*- 7 ~sy 

/tdf-kea.dA 

Fig. 179. 
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normal stresses and qi and q 2 are the shearing forces per unit length, 
then 

ZF* = 0 
or 

(fi — h) dA + gi — 22 = 0 
?2 = ?i + (/i ~ /z) dA 


U -f2=~ r 1 - + 

lx' 


A Mx’V' A My>x f y yV 1 yx'd 

--- -|- —---- -\ - 

J ; lx* ly* 


where 


*■* A M X ' per unit length = V y > * 1 
A M y > per unit length = V x f • 1 

and being the transverse shear parallel to the y f and x' axes, 
respectively. 

Let 

Q x , = y ' dA 
dA 

then Tr _ t 7 n 

. , y*'Qv' ^ 909 ^ 

«2 - 31 + -J— + —J — (202j 


Equation 202 can be stated in the following terms: the unit shearing 
force ff 2 at any point 2 is equal to the unit shearing force q x at any point 

VO 

1, plus the change in the unit shearing force — between the two points 

with respect to the principal axes. If some point where the shearing 
stress is zero is known, such as at a free surface or an axis of symmetry, 
then all shearing stresses can be calculated from the change in the unit 


shearing force 



(203) 


However, for a closed section, such as Fig. 178, there are no points 
at which the shearing stresses are known, and, consequently, there is 
one redundant q value in each cell. If the unit shearing force in the 
sheet between the flange areas .4 2 and A 2 , Fig. 178, is designated by q 
and the unit shearing force in the nose section by q , then the unit 
shearing force q in any part of the perimeter can be expressed in terms 
of q' and q" by equation 202. The two redundant quantities q 1 and g" 
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can then be determined from the condition that no twisting of the sec¬ 
tion takes place, in other words, that the angle of twist <f> for each cell 
is zero. This strain condition gives for each cell in the section an equa¬ 
tion of the type 

*=—y\--o 

2AG*-I t 

or simply 


k q As 


= 0 


(204) 


Bv applying equation 204 to each cell, the two redundant quantities 
and q" can be calculated. With q' and q" known, the shearing force 
a at any part of the perimeter is determined from equation 202. lhis 
methodof solution is applicable to any number of cells. The numerical 

operations will be explained by an example. • t?.„ i 7 q 

Example 65. The shear flow around the section shown in Fig. 178 
will be determined for a transverse shear V v > of 1000 lb parallel to t e 
v > axis. The unit shearing force q' between the flange areas A 2 and A 3 
and q" in the nose section are selected as the redundant quantities. 
Using the value of & that was computed in Example 64, the unit 
shearing force q at any part of the perimeter in the rear cell is given by 
equation 202 as 100(M? / 

9 = 9 ' + _ ^T 

As the flange areas are considered concentrated at certain points, the 
shear flow 4 is constant between these areas. Table 17 gives the vabes 
of q for each segment of the perimeter between the flange areas. The 
calculations were made by starting with q' between areas A 2 and A 3 
and progressing clockwise around the cell. 


Segment 

Flange 

Area 

Az-Az 

0.6 

Az-Aa 

0.4 

Aa-Az 

0.6 

Ap-As 

0.6 

A&-A7 

0.4 

Ar-Ag 

0.4 

As-Ai (web) 

0.8 

A 1 -A 2 

1.2 


TABLE 17 

1000Q 

y' 

Q = Ay' 

A9 " 223.7 

+6.34 

+3.80 

16.99 

+6.91 

2.76 

12.34 

+6.32 

3.79 

16.94 

-5.13 

-3.08 

-13.77 

-7.73 

-3.09 

-13.81 

-8.60 

-3.44 

-15.38 

-8.45 

-6.76 

-30.22 

+5.00 

+6.00 

+26.82 


q = q' + Ag 

q' 

q' +12.34 
q' +29.28 
q' + 15.51 
«' + 1.7 
q' - 13.68 
q' — q" -43.90 
q' - 17.08 
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When the area Ag is reached at the junction of the two cells the 
equilibrium condition requires that the shear flow out of the junction 
must equal the shear flow in plus the change in the unit shear —30.22. 
The shear flow in the web between Ag and A\ is therefore 

q = q' - 13.68 - q" - 30.22 = q’ - q" - 43.9 

In the same manner the shear flow between areas A\ and A 2 is 


q = {q f - q" - 43.9) + q" + 26.82 = q’ - 17.08 


q As 

To evaluate q' and q" the summation of the quantities must be 


made zero^w each cell. Table 18 gives the values of these quantities 
for the segments of the rear cell. 

^ TABLE 18 


Segment 

Q 

As 

t 

A%-As 

q' 

10.9 

0.072 

As~Ai 

#' + 12.34 

14.6 

0.072 

A4-A6 

#' +29.28 

11.5 

0.102 

A 5 - A 6 

#' + 15.51 

14.6 

0.051 

A 6-A 7 

#'+ 1.7 

10.9 

0.051 

A7-A8 

s 

CO 

1 

7.3 

0.051 

Ay-Ai 

#'-#" _ 43.90 

13.5 

0.102 

Ar +2 

► 0 ^ 

1 

© 

00 

7.3 

0.072 


As q As 

t t 

151.3 151.3#' 

202.7 202.7#'+ 2501.3 

112.7 112.7#'+3299.9 
286.2 286.2#'+4439.0 
213.6 213.6#'+ 363.1 
143.1 143.1#' - 1957.6 

132.4 132.4#' - 5812.4- 132.4#" 

101.4 101.4#'- 1731.9 

1343.4#'- 132.4#" + 1101.4 


9 As 

For rear cell 2_j ~~£~ = 


25 q" 

Nose section- 

0.051 


490 . 23 " 


Web section = -132.4g' + 132.4g" + 5812.4 


or for front cell 


= -132.43' + 622.63" + 5812.4 


Equating the summation of the — terms for each cell to zero gives 


1343.43' - 132.43" + 1101.4 = 0 
-132.43' + 622 . 63 " + 5812.4 = 0 
from which we obtain 

3 ' = -1.76 lb per in. 3 " = -9.72 lb per in. 
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112. Shear Center for Closed Section. In the preceding discussion 
of the shear flow in a closed section due to transverse shear, the location 
of the resultant applied shearing force was not specified. As the deter¬ 
mination of the redundant internal unit shearing forces is based on the 
assumption that there is no twist of the cross section due to the bending 
moments and transverse shears, the external shearing forces must be 
applied at that point in the cross section about which the resultant 
internal twisting moment of the shearing forces around the perimeter 
is zero. In algebraic terms this condition can be expressed as 

1,(q A s)r' = 0 (205) 

where r' is the arm of the internal shearing force with respect to the 
shear center O'. 

The position of the shear center O' is moot easily obtained from the 
centroid 0 by the equation 

Vf = 2(g A s)r (206) 

in which r and f are measureJ with respect to the centroid 0. 

The transverse shear can first be taken parallel to the Y' axis as in 
Example 65, and the distance fj -‘an be determined. The calculations 
should then be repeated for a shear parallel to the X’ axis and the dis¬ 
tance f 2 should be determined. It follows from the definition of the 
shear center that any system of applied forces can be resolved into 
resultant shearing forces through the shear center, a resultant torque, 
and bending moments about the principal axes. The stresses due to 
these resultant forces can be analyzed independently in the manner 
explained in this section unless certain restrictions to the distribution 
of the stresses are imposed by the reactions or supports. Reference 
10-11 should be consulted for a discussion of special problems that 
arise when the usual shearing deformation cannot take place. 
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APPENDIX 


Coefficients and Fixed-End Moments foe Symmetrical Beams with 
Parabolic Haunches 




1. Stiffness Coefficient, k 



2. Carry * over Factor, C 



3. Uniform Load f.e.m. Coefficient,/ 



4. Concentrated Load f.e.m. Coefficient,/ 
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Coefficients and Fixed-End Moments at the Large End of an Unstm- 
metrical Beam with a Straight Haunch 
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Coefficients and Fixed-End Moments at the Small End of an Unsym- 
metrical Beam with a Straight Haunch 



1. Stiffness Coefficient, k 
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Coefficients and Fixed-End Moments at the Large End of a an Unsym- 
metrical Beam with a Parabolic Haunch 
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Coefficients and Fixed-End Moments at the Small End of an Unsym 
metrical Beam with a Parabolic Haunch 


1. Stiffness Coefficient, k 
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4. Concentrated Load f.e.m. Coefficient,/ 
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Coefficients C \ and C2 for Beams and Columns with Sudden Change in 

Cross Section 
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Coefficients Cs for Beams and Columns with Sudden Change in Cross 

Section 
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Fixed-End Moments for Beams and Columns with Concentrated Load 
Applied at Change in Cross Section 
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Fixed-End Moments for a Uniform Load Acting on Beams and Columns 
with Sudden Change in Cross Section 



Courtesy of D. 8. Ling. 
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Fixed-End Moments for Beams and Columns with an External Moment 
Applied at Change in Cross Section 





Values of C, and C} Values of Carry-over Factor 
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Coefficients for Members with Axial Load and Constant Cross Section 
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Airplanes, thin-walled sections for, 309 
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horizontal reactions for, 214 
with fixed ends, 218 
displacements in, 219 
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reactions for, 220 
Arch trusses, continuous, 207 
two-hinged, 205 

Area moments, theorems of, 30 
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Beams, continuous, 65, 70 
deflection of, 17, 30, 33 
shearing deformation in, 15, 19, 68 
with axial loads, 262, 275 
with variable /, 132, 275 
Bending-moment diagrams, 56 
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Bent columns as continuous beams, 192 
Bents, continuous, 186 
Bredt’s formula, 309 
Building frames, 75 
axial stresses in, 85 
maximum moments in, 81 
maximum shears in, 84 
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Carry-over factors, 64 

effect of shearing deformation upon, 
69 

for beams with axial loads, 265, 266 
for beams with semi-rigid connec¬ 
tions, 297 

for continuous trusses, 177 
for curved members, 230 


Carry-over factors ( Continued) 
for members with variable /, 142 
for partially restrained ends, 79 
Castigliano’s theorem, 21 
Coefficients for slope-deflection equa¬ 
tions, 133, 265, 266 

Column bases, effect of restraint in, 
195 

Columns, maximum stresses in, 85 
Compression members with transverse 
loads, 262 

Conjugate-beam method, 33 
Continuous arch trusses, 207 
Continuous beams, 65, 70 
with axial loads, 270 
with variable /, 132 
Continuous bents, 186 
vertical reactions for, 189 
with fixed bases, 194 
with hinged bases, 187 
with stepped columns, 200 
Continuous-frame bridges, 153 
live-load moments in, 155 
shrinkage and temperature stresses 
in, 160 

Continuous frames, 48, 75 
with curved members, 231 
with semi-rigid connections, 296 
with variable /, 143 
Continuous trusses, 167 
deflections in, 167, 168, 174 
end couples in, 176 
equivalent continuous beams for, 183 
fixed-end couples in, 179 
influence diagrams for, 171 
reactions for, 170, 171 
Cross, Hardy, 62 
Cross method, 62 

Deflection theory, for arches, 288 
for suspension bridges, 279 
importance of, 259 
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Deflections, in arches, 24, 219 
in beams, 17, 30, 33, 262 
in trusses, 19, 40 
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methods of calculating, 21, 30, 33, 40 
Deformation, effect of shearing, 25, 68 
Deformation equations, for arches, 229 
for frames, 95, 107, 240 
for members in space frames, 300 
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Distribution factors, 63, 71 
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for beams with variable 142 
for continuous trusses, 177 
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12 
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for beams, 33, 150 
End rotations, 35, 49, 176, 264 
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Engine mount frames, 307 
Equilibrium conditions, I, 53 
Equilibrium equations, 1, 54, 301 
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truss, 183 
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bent, 187 
External work, 10 

Fixed-end arches, 218 
Fixed-end moments, 4, 50 
for arch beams, 221 
for beams with axial loads, 265, 266, 
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for beams with constant 7, 37, 53 
for beams with variable 7, 134, 321 
for beams with semi-rigid connec¬ 
tions, 295 

for continuous trusses, 176, 179 
graphical solutions for, 149, 180, 221 
Fixed points, 82 
Flexible members, 259 
Flexural stresses in unsymmetrical sec¬ 
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Fourier series, 268, 285 
Frames, see Continuous frames 
Fuselage frames, 248 

G^ble frames, analysis of, 105 
displacements in, 46 
Graphical solutions, for deflections, 40, 
44, 150 

for influence diagrams, 149, 172, 215, 
220 

Greene, C. E., 32 

Haunched beams, 138, 139, 321 
Hooke’s law, 9 

Horizontal reactions, in bents, 188 
in fixed arches, 223 
in frames, 57 

in suspension bridge cables, 281 
in two-hinged arches, 213 

Idealized force systems, 3 
Indetermination, degree of statical, 2 
Influence diagrams, 12, 81, 154 
for end moments in trusses, 180 
for fixed-end moments, 148, 221, 
321 

for horizontal reactions in arches, 
214, 223 

for moments in bridge frames, 157 
for reactions of continuous trusses, 
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for shear, 84 
Internal deformation, 14 
Internal redundancy, 4, 5 
Internal work, 15, 21 
Iteration, method of, 96, 275 

Joints, definition, 48 
displacements, 90 
effective cross section within, 138 
rotation and translation, 49 

Least work, principle of, 27 

Ling, D. S., 200 

Live load, effect of, 81, 153 

Maxwell, Clerk, 10 
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Moment diagrams, 66 
maximum and minimum, 83 
Muller-Breslau, 148, 180 

Nicolai, L. F., Ill 

Neutral point method (elastic center), 
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Newmark, N. M., 276 

Panel method, 111 
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frames, 113 
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Principle, of minimum energy, 26 
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tinuous frames 
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Riveted beam connections, 293 
Rotation diagrams, 43 
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Shear diagrams, 56 
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effect of, 25, 68 
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for beams with axial loads, 265, 266, 
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for beams with semi-rigid construc¬ 
tion, 294, 295 

for beams with variable /, 142, 143, 
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for continuous trusses, 178 
for curved members, 230 
for members with partial restraint, 
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Strain conditions, 5 
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primary moments in, 113 
secondary ufffhients in, 116 
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17 
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examples of, 45, 46, 102 
for trusses, 40 

examples of, 40, 173 
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